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CHAPTER 1

Stable formulas, both 2-valued and real-valued

This chapter introduces the two notions of stability used in these notes. Section[I.1]defines
p-types, definability and the order property for a single formula, and states the main theorem
on definability of p-types (Theorem, whose proof occupies Chapter Sectiontreats
a formula as a {0, 1}-valued function, extends the notion of stability to bounded real-valued
functions, and relates it to reflexive Banach spaces.

1.1. The 2-valued case: p-types and type definability

Throughout this section and Chapter 2] T is a fixed first-order theory in a language L, and
o(x,y) is a fixed L-formula consistent with 7', where x and y are finite tuples of variables.
Tuples of elements are written a,b,... and are always of the appropriate length. We put
k = |L| 4+ Rg, and for u € {0, 1} we write ¢! = ¢ and ©° = —p.

Definition 1.1.1. Let M = T.
(a) A p-formula over M is a formula ¢(z,b)" with b € M and u € {0, 1}.
(b) A complete p-type over M (in the variables x) is a set p of p-formulas over M such
that
(i) p is consistent with the elementary diagram of M, and
(ii) for each b € M, exactly one of p(z,b) and —p(z,b) belongs to p.
The set of complete p-types over M is denoted S, (M).

A complete ¢-type p is determined by the set D, = {b € M : ¢(z,b) € p}, since
p={p(x,0) : b€ Dy} U{~p(x,b) : b€ M\ Dp}. Every p-type is of the form tp,,(c/M) =
{o(z,b)* : b€ M, N | p(c,b)"} for some element ¢ of an elementary extension N = M.
Conversely, every such set is a complete @-type.

Lemma 1.1.2 (finite satisfiability). Let p € S,(M). For every finite set {¢(x,b)" : 1 <
k} C p there is a € M with M = )\, p(a, b)) .

Proof. The L(M)-sentence 3z A\;_; ¢(x,b)" is consistent with the elementary diagram of
M. That diagram is a complete L(M )-theory, so the sentence belongs to it, i.e. it is true in
M. ©

Definition 1.1.3. Let p € S,(M).

(a) pis definable if there is an L(M)-formula ¢ (y), a @-definition of p, such that for all
be M,

p(x,b) €p = M E=1p(b).

Equivalently, D, = 1)(M) is a definable subset of M.
(b) A positive Boolean combination of instances of ¢ over M is a formula of the form

VA elay),

i<n aceW;
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6 1. STABLE FORMULAS, BOTH 2-VALUED AND REAL-VALUED

where n < w and Wy,..., W, _1 are finite subsets of M. By convention the empty
disjunction is L and the empty conjunction is T. Every formula built from formulas
o(a,y) (a € M) using only A and V is equivalent to one of this form. If ¢ is
quantifier-free, so is every positive Boolean combination of its instances.

The notion that governs definability is the order property.
Definition 1.1.4. Let M = T and n > 1. An n-ladder for ¢ in M consists of tuples
ai,-...,ay and by, ..., b, of elements of M such that, for all 1 <i,5 < n,

M}:go(ai,bj) = 1< 7.

We say that ¢ has the order property if for every n some model of T contains an n-ladder for
p, and that ¢ is stable otherwise.

b1 ba b3 by

aq by al
as b3 )
) by as
ai by a4

FIGURE 1. A 4-ladder. Left: a; and b; are joined when ¢(a;,b;) holds, i.e.
when i < j. The pairs (a;, b;) are the rungs (thick), and each a; also reaches
every b; above its own rung (gray). Right: the truth table of p(a;, b;), with
shaded cells where ¢ holds. It is a staircase, which is why an n-ladder is also
called a half-graph.

Figure |I| explains the name. Put the a; on one rail and the b; on the other, both in
increasing order, and join a; to b; whenever ¢(a;, b;) holds. The “horizontal” pairs (a;, b;)
form the rungs of a ladder. The defining feature is the asymmetry between the two directions:
a; is related to every b; at or above its rung and to none below. So ¢ linearly orders the
rungs: ¢ < j if and only if ¢(a;, b;).

The order property is a condition on configurations of elements in models of T’; it is not

a formula, and it plays no role in the definitions of types. Those are produced in Section 2.1
and are positive Boolean combinations of instances of .
Remark 1.1.5. An (n + 1)-ladder contains an n-ladder. Hence, by compactness, ¢ has the
order property if and only if some model of T' contains an infinite sequence (a;, b;)i<, with
¢(a;,bj) <= i < j. The choice of “<” is immaterial. Suppose ¢(a;,b;) <= i > j for
1 <4,j < n. Reversing the indices, a; = an+1—; and b; = by11-j, gives p(a},b;) <= i < j.
Shifting, b7 = b/, then gives ¢(a},b]) <= i < jfor 1 <4,j <n—1. Soa “>"-pattern of
length n yields an (n — 1)-ladder.
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Theorem 1.1.6 (Definability of types). The following are equivalent.

(1) ¢ does not have the order property.

(2) For every M =T, everyp € S,(M) has a p-definition that is a positive Boolean
combination of instances p(a,y) with a € M.

(3) For every M =T, every p € S,(M) is definable.

In short: all p-types are definable if and only if ¢ does not have the order property. The
implication (1) = (2) is proved in Section and (2) = (3) is trivial. For (3) = (1) we
show in Sections that if ¢ has the order property, then some @-type is not definable.
The route passes through binary trees.

1.2. The real-valued case

In this section we follow Iovino [49]. A formula is identified with a {0, 1}-valued function,
and stability becomes a property of bounded real-valued functions: the exchangeability of
iterated limits. This point of view connects stability with reflexivity of Banach spaces, via a
characterization of reflexivity due to James [50] that closely resembles the order property.

1.2.1. Stability and iterated limit exchange. Let M be an L-structure and ¢(z,y)
an L-formula. We identify ¢ with the function ¢: M*l x MY — {0,1} that takes the value
1 at (a,b) if and only if M E ¢(a,b). More generally, a function ¢: A x B — {0,1} on
arbitrary sets A, B has the order property if there are sequences (am,)m<w in A and (by)n<w
in B such that

O(am,by) =1 <= m < n.

Definition 1.2.1. A function ¢: A x B — {0,1} is unstable if either ¢ or ¢ = 1 — ¢ has
the order property. It is stable if it is not unstable. A formula ¢(z,y) is stable on M if the
corresponding function on Ml x MYl is stable.
Remark 1.2.2. A formula ¢(z,y) is stable in the sense of Definition if and only if it
is stable on every model of T'. Indeed, if ¢ has the order property, then by compactness
(Remark some model contains an infinite ladder, so ¢ is unstable on that model. Con-
versely, if ¢ or —¢ has the order property on some M |= T, then M contains n-ladders
for ¢ for every n: directly in the first case, and by Remark in the second, since
“@(am,by) <= m < n means p(am,b,) < m >n.

We now recall convergence along ultrafilters. Let X be a topological space, (a;)icr a
family in X, a € X, and U an ultrafilter on I. We write

(1.1) lzi’rﬁlai =a
if for every neighborhood O of a we have {i € I : a; € O} € U. If X is Hausdorff, the limit
is unique when it exists. If A C X, then a € A if and only if there are a family (a;);c; in
A and an ultrafilter U on I such that holds. The space X is compact if and only if
lim; y a; exists for every family (a;);er in X and every ultrafilter U on I. In particular, every
bounded family of real numbers has a limit along every ultrafilter. Finally, a map f: X - Y
is continuous if and only if f(lim;q a;) = lim; ( f(a;) whenever the left-hand limit exists.
The next proposition extracts sequences from iterated limits taken along arbitrary fami-
lies. It is used several times below.
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Proposition 1.2.3. Let ¢: A x B — [0,1], let (a;)icr be a family in A and (bj);cs a family
in B, and let U, V be ultrafilters on I, J with

lim lmep(ai,bj) =, lim lme(ai,b) = 5.

Then there are ig,i1,... € I and jo,j1,... € J such that
lp(ai,,,bj,) —al <27™ ifm < n, lp(ai,,, bi,) — Bl <28 ifn < m.
Proof. By definition of the limits, for every € > 0 there are U, € U and V; € V such that
i1el, = {lji%lgo(ai,bj) —a| <e,

jEVe = [limep(ai,b)) = B] <e.
2y
Also, for all i € I, 7€ J and ¢ > 0 there are V! € V and Ug € U such that
J eV = [elai b)) — limp(aibj)| <,
icU! = [¢(as, bs) — lirl? ©(a;, bj)| <e.
1y
Choose recursively

in €Upn (Y UEY, v EVann [ Viin.
k<N k<N
These sets are finite intersections of members of an ultrafilter, hence nonempty. If m < n,
then j, € V,™, and i € Uy-m, 50 |p(ai,,,bj,) —a] < 27" +27™ < 217 If n < m, then

im € Ugﬁm and j,, € Vo-n, so |p(ai,,,b;,) — Bl <27™ 427" < 2177, @)

Proposition 1.2.4. Let ¢: A x B — {0,1}. The following are equivalent.

(1) ¢ is stable.

(2) For all sequences (ap,) in A and (by) in B and all ultrafilters U,V on N,
lim 1i b)) = lim i s bn).
iy g el ) = iy i p(am, Bn)

Proof. (2) = (1). Suppose ¢(am,b,) =1 <= m < n, and let U = V be a nonprincipal
ultrafilter on N. For fixed m, ¢(am,b,) = 1 for all n > m, so the left-hand side of (2) is 1.
For fixed n, ¢(am,b,) = 0 for all m > n, so the right-hand side is 0. If instead —¢ has the
order property, the two sides are 0 and 1.

(1) = (2). Suppose the two iterated limits are o # (. Both lie in {0,1}. By Propo-
sition there are sequences (a’,) in A and (b)) in B with |p(al,, b)) — a| < 217™ for

m

m < n and |p(al,,b,) — B] < 217" for n < m. Since ¢ is {0,1}-valued, ¢(al,,b.,) = « for
2 <m < nand g(a,,b),) = f for 2 < n < m. Put ¢ = ah,,, and d, = b, 3. Since
2m+2 < 2n+3 <= m < n, we get (cm,d,) = a if m < n and p(cm,d,) = 8 if m > n.
So ¢ has the order property if « = 1, and —¢ has it if & = 0. ©

This motivates the following definition.
Definition 1.2.5. A bounded function ¢: A x B — R is stable if, for all sequences (a,,) in
A and (by,) in B and all ultrafilters U,V on N,
lim lim ¢(am,by) = lim lim @(ay,, by).

m,U n,V n,V m,U
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By Proposition for {0,1}-valued functions this agrees with Definition By
Proposition the sequences in Definition [1.2.5] can be replaced by arbitrary families.
For a bounded set of continuous functions on a compact space, the same condition is the
hypothesis of Grothendieck’s double limit criterion (Appendix .

Corollary 1.2.6. If ¢: AxB — [0, 1] is stable, then lim; i lim; v p(a;, b;) = lim; v lim; ¢ (a;, b;)
for all families (a;)icr, (bj)jes and all ultrafilters W on I, 'V on J.

Proof. If the two limits are « # 3, take (iy,), (jn) as in Proposition and a nonprincipal
ultrafilter W on N. For fixed m, lim,, w ¢(as,,, bj,) is within 21=m of @, s0 lim,, w limy, w ¢(as,,, bj,) =
a. Symmetrically, the other iterated limit is 8, which contradicts the stability of ¢. ©

1.2.2. Stability and continuous extendability.
Definition 1.2.7. Let ¢: A x B — [0,1]. For a € A, the left p-type of a is the function
ltp,(a): y = ¢(a,y) on B. For b € B, the right p-type of b is the function rtp,(b) : z — ¢(,b)
on A. The space of left p-types LS(p) is the closure of {ltp,(a) : a € A} in [0, 1] with the
product topology, and the space of right ¢-types RS(y) is the closure of {rtp,(b) : b € B} in
[0,1]4. Both spaces are compact.
Proposition 1.2.8. For ¢: A x B — [0, 1] the following are equivalent.

(1) ¢ is stable.
(2) There is a separately continuous function ¢: LS(p) x RS(p) — [0,1] such that

cﬁ(ltpw(a),rtgp(b)) = ¢(a,b) for all (a,b) € A x B.

Proof. (1) = (2). Let p € LS(y) and ¢ € RS(y). There are families (a;)icr in A, (bj)jes in
B and ultrafilters U on I, V on J with

p= 1%1 Itp,(ai), q= 1]11\171 rtpy, (b5)-

By Corollary lim; o lim; v ¢(as, bj) = lim;y lim; y ¢(as, bj). Define ¢(p,q) to be this
common value. Since limits in the product topology are computed coordinatewise, this means
(1.2) ¢(p, q) = lim q(a;) = lim p(b;).

7, U 7,V

!/

¢ is well defined. Suppose also p = lim;y ltp,(a;) and ¢ = lim;y rtp¢(b;). Then
limjyp(z,b;) = gq(z) = lim;y p(x,b;) for every z € A, and lim;yp(aiy) = ply) =
lim; o¢ p(a}, y) for every y € B. Hence, using Corollary for the middle step,

lim lim p(as, bj) = limlim o(a;, b;) = lin limn (s, b;) = lirn Lim p(ag, b).

¢ extends . Take constant families.

o is separately continuous. Fix p, and let ¢ = limy 1 g in RS(y), where W is an ultrafilter
on a set K. Write g = lim; vy, rtp,(bx,;) with j ranging over a set Ji. On J' = {(k,j) : k €
K, j € Ji} let V' be the ultrafilter of all X C J" with {k: {j: (k,j) € X} € Vx} € W. For
every family (2;;) in a compact Hausdorff space, lim, ;) v 2x,; = limg w lim;y, 2x ;. Hence
q = lim, j) v 1tp, (bk,;), and by ,

; = 1 be ;) = lim lim p(by,_;) = lim ¢ .
¢(p,q) (kf})%p( k) klyrgvlj}\r?r;p( k.j) k{%@(ﬂ‘lk)

So ¢(p, -) is continuous. Continuity of ¢(-, q) is proved symmetrically.
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(2) = (1). Let (am), (bn) be sequences in A, B, let U,V be ultrafilters on N, and put
p = limp, 1 1tpy, (@) and g = limy, y rtp,(b,). Then (p,q) € LS(p) x RS(p), and by separate
continuity

71711,mu 1715{71 ©(am,bn) = }}gﬂ@(ltp@(am)u Q) =¢(p,q) = ITIL’I{} l}gﬁ ©(am; bn). €

1.2.3. Stability and reflexivity. For a Banach space F with dual E*, we write Bg
for the closed unit ball of E and (x,y) for y(x), where x € E and y € E*. Recall that E is
reflexive if the canonical embedding of F into E** is surjective.
Theorem 1.2.9 (Iovino). For ¢: A x B — [0,1] the following are equivalent.

(1) ¢ is stable.
(2) There are a reflexive Banach space E and maps u: A — Bg and v: B — Bp» such
that

pl,y) = (u(@),v(y))  for all (x,y) € AX B.

Proof. See [49, Theorem 3.3]. For (1) = (2), stability is used to show that the operator
T: (>°(A)* — £>°(B) given by Tu(y) = [ ¢(x,y) du(z) is weakly compact; this step goes back
to Krivine and Maurey [51] and Raynaud [52]. The theorem of Davis, Figiel, Johnson and
Pelczyriski [46] then factors T' through a reflexive space. The implication (2) = (1) follows
from the weak compactness of Br and the weak® compactness of Bp«. ©

By Remark and Proposition a formula p(x,y) is stable in the sense of Def-
inition if and only if, in every model M = T, it is the restriction of the pairing map
B x B« — R for some reflexive Banach space E (depending on M), composed with maps
M*l — Bp and MW — Bp-.

1.2.4. Stability and polynomial approximation. Theorem [1.1.6|says that a -type
over a model of a stable theory is defined by a Boolean combination of instances ¢(a,y).
On {0,1} the Boolean connectives are polynomials: -t = 1 —t and t A s = ts. So the
real-valued analogue of a definition is a uniform limit of polynomials in instances of . The
Stone—Weierstrass theorem shows that stability is exactly what is needed for such approx-
imations to exist. This is the approach to definability taken in continuous logic, where
Stone—Weierstrass shows that the continuous functions on a type space are exactly the uni-
form limits of formulas [43, Propositions 1.4, 3.4 and 3.10]. It is also the approach of Ben
Yaacov [42], who derives the definability of types in stable theories from Grothendieck’s
double-limit criterion [44] (Appendix [A). Grothendieck’s criterion is the same interchange of
iterated limits as Definition [[.2.5
Fact 1.2.10 (Stone—Weierstrass). Let K be a compact Hausdorff space and let F C C(K)
be a family of continuous real-valued functions that separates the points of K. Then every
f € C(K) is a uniform limit on K of functions of the form P(q1,...,gx), wheregy,...,gr € F
and P is a real polynomial in k variables.

Fix ¢p: Ax B — [0,1]. For a € A, let e5: RS(¢) — [0, 1] be the evaluation map eq(q) =
q(a), and for b € B, let e5: LS(¢) — [0,1] be ep(p) = p(b). These maps are continuous,
because RS(¢) and LS(p) carry the product topology. On realized types they are instances
of v eq(rtp, (b)) = ¢(a,b) = ep(ltp,(a)). The family {e, : a € A} separates the points of
RS(y), since two distinct functions ¢ # ¢’ in [0, 1]4 differ at some a € A. Likewise {e; : b € B}
separates the points of LS(y).

Theorem 1.2.11. For ¢: A x B — [0, 1] the following are equivalent.

(1) ¢ is stable.
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(2) There is a function ¢: LS(p) x RS(p) — [0, 1] with ¢(ltp,(a), rtp,(b)) = ¢(a,b) for
all (a,b) € A x B, such that for every e > 0:
(a) for every p € LS(yp) there are ay,...,a; € A and a real polynomial P with

[¢(p.a) — P(a(ar), .. q(ax))| <& for all g € RS();
(b) for every q € RS(¢) there are by,...,by € B and a real polynomial Q with
[2(p,q) = Q(p(1),-...p(01))| <& for all p € LS(p).
In this case, ¢ is the function of Proposition . Taking q = rtp,(b) in (a) gives
Ip(b) — P(p(ar,b),...,olar,b))| < e for all b e B.

So every left p-type is a uniform limit on B of polynomials in instances ¢(a,y) with a € A,
and symmetrically for right types.

Proof. (1) = (2). Let ¢ be the separately continuous function given by Proposition m
For fixed p, the function ¢(p,-) is continuous on the compact Hausdorff space RS(¢). Ap-
plying Fact [1.2.10| with F = {e, : a € A} gives (a). Clause (b) follows in the same way, using
the continuity of ¢(+,¢) on LS(¢) and F = {e, : b € B}. For the displayed consequence, note
that p(b) = ¢(p, rtp,(b)). Indeed, if p = lim; y ltp,(a;), then continuity in the first variable
gives G(p,rtp,, (b)) = lim, (as, ) = p(0).

(2) = (1). Each function ¢ — P(q(a1), ..., q(ax)) is continuous on RS(y). By (a), ¢(p, -)
is a uniform limit of such functions, so it is continuous. By (b), ¢(+,¢) is continuous for the
same reason. Hence ¢ is separately continuous, and ¢ is stable by Proposition [1.2.8 ©

The approximation in Theorem is required on all of RS(yp) (respectively LS(¢)),
not only at realized types. The next example shows that approximation on B alone does not
imply stability.

Example 1.2.12. Let A = B = N and ¢(m,n) =1 if m < n, ¢(m,n) = 0 otherwise. Then
¢ has the order property, so it is unstable. Here ltp,,(m) is the indicator function of [m, co),
and RS(¢) consists of the indicator functions of the intervals [0, n] together with the constant
function 1. Similarly, LS(¢) consists of the functions ltp,(m) together with the constant
function 0. So every p € LS(yp), viewed as a function on B, is either an instance ¢(m,-) or
the constant 0, which is trivially a polynomial in instances. Symmetrically, every g € RS(p)
is an instance or the constant 1. The failure appears at the unrealized pair (0,1). If ¢ were
separately continuous and extended ¢ as in Theorem then ¢(0,1tp,(n)) = 0(n) =0
for all n, and rtp,,(n) — 1, so $(0,1) = 0. But also ¢(ltp,(m),1) = 1(m) = 1 for all m, and
ltp,(m) — 0, so $(0,1) = 1.
Corollary 1.2.13. Let M be an L-structure and let p(x,y) be a formula that is stable on
M. Then every p € LS(p) is defined by a Boolean combination of instances: there are
ai,...,an € Ml and a Boolean combination ¥(y) of p(ay,y),...,e(ar,y) such that, for all
be MY,

p(b) =1 = M = w(b).
If M = T, then LS(p) is the set of p-types over M, identified with their characteristic
functions on M. Every such type is finitely satisfiable in M, hence a pointwise limit of
realized types. So every p-type over a model is definable.

Proof. Apply Theorem [1.2.11| with ¢ = % to get ai,...,a; and P. Both p(b) and ¢(a;,b) lie

in {0,1}, so p(b) = 1 if and only if t = (¢(a1,b),...,@(ax,b)) belongs to S = {t € {0,1}* :
P(t) > 3}. Take ¥(y) = V,cg Ni<k ¢(ai,y)t, with the notation ¢! = ¢ and ©° = —p. ©)
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By Remark[1.2.2] a formula without the order property is stable on every model of T'. So
Corollary [1.2.13] gives (1) = (3) of Theorem [.1.6| The definition it produces is a Boolean
combination of instances rather than a positive one, and its size depends on p.

Remark 1.2.14. (1) Lattice version. The lattice form of the Stone-Weierstrass theo-
rem replaces polynomials by the operations max, min and affine maps. This is the
form used in continuous logic, where it shows that a small set of connectives gener-
ates all continuous connectives up to uniform approximation [43, Proposition 1.4].

(2) Convex combinations. Stability gives more than a polynomial approximation. By
Grothendieck’s criterion (Proposition [A.1.6)), stability of ¢ implies that {e, : a € A}
is relatively weakly compact in C(RS(y)). In that case p = lim;y Itp,,(a;) implies
that ¢(p, -) is the weak limit of the functions e,, along U. Mazur’s lemma then shows
that 4(p,-) is a uniform limit of convex combinations }_, )‘jeaij' So p is a uniform

limit on B of averages of instances ¢(a,y). Ben Yaacov [42] uses this to recover the
familiar forms of the defining formulas.

1.3. Historical remarks

Section Counting types begins with Morley’s proof of Lo$’s conjecture [35]. There he
introduced totally transcendental theories, the w-stable theories, which have only countably
many types over countable sets. Shelah introduced stable theories in general in [41]. In [36]
he moved from theories to single formulas. There he defined when a formula ¢(x;y) is stable
in A\: it has at most A p-types over sets of size A [36], Definition 2.1]. He also defined the order
property [36], Definition 2.2] and proved that stability is equivalent to its absence. The ladder
formulation of Definition |[1.1.4]is a finitary restatement of Shelah’s condition. Definable types
were introduced by Gaifman in his study of end extensions of models of Peano arithmetic [40],
and Shelah arrived at them independently. The theorem that p-types are definable when ¢ is
stable is [36, Theorem 3.1]; see also [57, Chapter II]. Today it is often called the fundamental
theorem of stability theory. Ben Yaacov [42] observed that it follows from Grothendieck’s
1952 work on weak compactness in function spaces [44] (Appendix . This is the viewpoint
of Section [[.2l

Section Interchanging iterated limits is an old theme. For double sequences of reals,
the classical sufficient condition is uniform convergence in one variable (the Moore-Osgood
theorem). The condition of Definition requires the iterated limits to agree along all
pairs of sequences. It comes from functional analysis, and reached model theory through
Banach space geometry.

Namioka
Davis—Figiel-Johnson—Pelczynski
Simons Khanaki
Grothendieck Ptak Simons Krivine-Maurey Tovino Pillay
Eberlein-Smulian Namioka Young; Pryce Koénig  Tovino Ben Yaacov
1940 1950 1960 1970 1980 1990 2000 2010 2020

1940-1947 Eberlein—Smulian. Smulian (1940) and Eberlein [17] (1947) prove that
in a Banach space weak compactness and weak sequential compactness
coincide, so that weak compactness can be tested along sequences.
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1950-1952 Grothendieck. Grothendieck proves the double limit criterion, announced
in [18] and proved in [44]. For compact K, a bounded set H C C(K) is rel-
atively weakly compact if and only if lim,, lim,, f,(2.,) = lim, lim,, f,,(z)
for all sequences (f,) in H and (x,,) in K for which both iterated limits
exist. For an arbitrary topological space, the same condition decides when
pointwise limits of functions in H are continuous. See Appendix [A]

1961 Namioka. Namioka’s “substitute for Lebesgue’s bounded convergence the-
orem” [23], a combinatorial result from which Krein’s theorem on weak
compactness of closed convex hulls follows without measure theory.

1963-1964 Ptak. Ptk [26] finds a purely combinatorial lemma on the existence of
convex means, from which the double limit criterion and Krein’s theorem
follow. In [27] he characterizes, again by an interchange of iterated limits,
the bounded separately continuous functions on a product X x Y that
extend to separately weak*-continuous bilinear forms.

1968 Simons. Simons [28] introduces the Fubini characterization of the inter-
change of double limits. A bounded function on a product satisfies the
iterated limit condition if and only if its two iterated integrals agree, for
every pair of measures on the factors. This characterization plays an impor-
tant role in the proof of the factorization theorem of Davis, Figiel, Johnson
and Pelczyriski [46].

1971 Young; Pryce. N. J. Young [32] gives topological proofs of Ptak’s double-
limit theorems, based on Grothendieck’s work rather than combinatorics,
and generalizes Pték’s bilinear extension theorem. Pryce [25] applies a de-
vice of Whitley to pointwise compactness in spaces of continuous functions.

1972 Simons. In three consecutive papers, Simons gives an elementary proof of
Ptak’s lemma [31]. He also proves the “sup-limsup” theorem now known
as Sitmons’ inequality [29], and relates minimax theorems to James’s char-
acterization of reflexivity [30].

1974 Davis—Figiel-Johnson—Pelczynski. Davis, Figiel, Johnson and Petczynski [46]
prove that every weakly compact operator factors through a reflexive Ba-
nach space. This is the key step in the proof of Theorem

1974 Namioka. Namioka [24] studies when separately continuous functions on
products are jointly continuous at many points. This is the question behind
Proposition [I.2.8

1981 Krivine—Maurey. Krivine and Maurey [51] apply the interchange of limits

to the norm and define stable Banach spaces. They prove that every stable
Banach space contains some £, almost isometrically, generalizing Aldous’s
theorem on subspaces of L.

1987 Konig. Konig [22] studies the double limit relation in angelic spaces, where
compactness can be tested by sequences.
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1994 Tovino. Iovino’s Ph.D. thesis [47] introduces stability for real-valued logic.

1999 Tovino. Iovino [49] observes that Shelah’s order property is the 2-valued
case of the same condition, and proves Theorem Propositions |1.2.4]
and are taken from his paper.

2014 Ben Yaacov. Ben Yaacov [42] derives the definability of types in stable
theories directly from Grothendieck’s criterion.

2017 Pillay. Pillay [21] comments on the model-theoretic reading of Grothendieck’s
criterion, and derives from it the positive form of the definitions.

2020 Khanaki. Khanaki [20] studies stability, NIP and NSOP systematically
through topological properties of function spaces.

Section Spaces of left and right ¢-types (Deﬁnition are the analytic counterpart
of Shelah’s spaces of p-types. The use of types in Banach space theory, as limits of functions
y — |lzn + 9|, is due to Krivine and Maurey [51]. Proposition which characterizes
stability by the existence of a separately continuous extension to pairs of types, is Proposi-
tion 2.6 of Iovino [49]. Separately continuous functions on products of compact spaces, and
their relation to iterated limits, are the subject of Grothendieck’s paper [44].
Section James [50] characterized reflexivity by the absence of sequences (a,,) in Bg
and (f,) in Bg- whose pairing takes one value for m < n and another for m > n. This
is a Banach-space form of the order property. In the early 1980s, Krivine and Maurey [51]
and Raynaud [52] showed that stable functions give rise to weakly compact operators. The
factorization theorem of Davis, Figiel, Johnson and Pelczyniski [46] (1974) says that every
weakly compact operator factors through a reflexive space. Iovino [49] combined these results
to prove Theorem [1.2.9t a formula is stable exactly when it is the pairing between the unit
balls of a reflexive space and its dual.
Section Weierstrass proved in 1885 that every continuous function on a compact
interval is a uniform limit of polynomials [39]. Stone replaced the interval by an arbitrary
compact Hausdorff space and the coordinate function by any family of functions that separates
points [37, [38]. Ben Yaacov and Usvyatsov [43] used Stone’s theorem to lay the foundations
of continuous first-order logic. There it shows that finitely many connectives suffice and that
continuous functions on type spaces are exactly the definable predicates. Ben Yaacov [42]
combined Grothendieck’s criterion with Mazur’s lemma [34] (a weakly convergent sequence
has convex combinations converging in norm). From this he derived the defining formulas of
stable types as uniform limits of averages of instances; see Remark



CHAPTER 2

Stability, trees, and definability of types

Let T be a first-order theory in a language L and let ¢(x,y) be an L-formula. The
starting point of stability theory is the question of when the p-types over models of T are
definable, i.e. given by a formula in the parameter variables. The answer is that this happens
exactly when ¢ does not have the order property. In that case the definitions can be taken to
be positive Boolean combinations of instances of ¢ itself (Theorem . Along the way we
meet a third equivalent condition: ¢ does not encode binary trees of arbitrarily large finite
height (Theorem [2.3.3).

Theorem was stated in Section [L.1] and we keep the conventions of that section
throughout this chapter.

2.1. From the absence of the order property to type definability

In this section we prove (1) = (2) of Theorem [I.1.6l The definition we obtain is built
from instances of ¢ itself using only A and V. In particular, if ¢ is quantifier-free, so is the
definition.

Theorem 2.1.1. Suppose p(x,y) does not have the order property, and let M = T and
p € Sp(M). Then there is a finite set F' C M such that, with

D={beM:p(x,b)ept and W={{a€F: M [ p(a,b)}: be D},

the formula

dew) =\ N #(a,y)
WeWw aeW
is a @-definition of p. In other words, for all b € M, o(x,b) € p if and only if M = d,p(b).
Note that W is a family of subsets of the finite set I, so it is finite and d,p is a genuine
formula.

Proof. For b € M write Sy, = {a € M : M = p(a,b)}. The only property of p we use is that
it is finitely satisfiable in M (Lemma [1.1.2).
Claim. There is a finite FF C M such that S, N F € Sy for all b€ D and b’ € M \ D.
Granting the claim, we check that d,¢ defines p. Let b € M.

(a) If b € D, then W := SN F € Wand W C S, so M = A o p(a,b). Hence
M = dyp(0).

(b) If b¢ D and W € W, say W = Sy, N F with by € D, then W Z S by the claim. So
some a € W has M |= —p(a,b), and M = =\, e w(a,b). As this holds for every
W eW, M = —dyp(b).

Proof of the claim. Suppose the claim fails. Then for every finite F* C M there are b € D
and b € M\ D with S, N F C Sy, i.e. M = ¢(a,b) = p(a,b’) for all a € F. We choose
recursively, for i < w, elements b; € D, b, € M \ D and a; € M as follows.

15
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(a) Apply the failure of the claim to F' = {a; : j < i} to get b; € D and b, € M \ D with

(2.1) M E ¢(aj, b)) — ¢(a;,b;) for all j < i.
(b) Since ¢(z,b;) € p and —p(z, b)) € p for k < i, Lemma gives a; € M with
(2.2) M = p(a;, by) A —p(ai, by,) for all k& <.

Color each pair j < ¢ by the pair of truth values (gp(aj, bi), ¢(aj, bg)) € {0,1}2. By , the
color (1,0) never occurs. By Ramsey’s theorem there is an infinite H = {hg < h1 < ---} Cw
on which all pairs have the same color c. Let s,t < w.

Case ¢ € {(0,1),(1,1)}. If s < t, then M | p(ap,,b),,) by homogeneity. If s > ¢, then
M | =p(apn,, b)) by 2.2). So ¢(an,,b},,) holds if and only if s < t, and with 8; = Ohos
get M = p(an,,Bt) <= s<t.

Case ¢ = (0,0). If s < ¢, then M = —¢(an,,bn,) by homogeneity. If s > ¢, then M |=
o(an,,bn,) by [2:2)). So ¢(an,,bs,) holds if and only if s > ¢. For a given n, reversing the first
n indices, as = ap, ,_, and By = by, ,_,, gives M = p(as, ) <= s <t for s,t < n.

we

In both cases M contains an n-ladder for every n, so ¢ has the order property, a contra-
diction. This proves the claim and the theorem. ©

Corollary 2.1.2. If ¢ does not have the order property, then every p € S,(M), for every
M E T, is definable by a positive Boolean combination of instances ¢(a,y) with a € M. In
particular, if ¢ is quantifier-free, then p has a quantifier-free p-definition.

2.2. From the order property to tall trees

To prove (3) = (1) of Theorem we need a supply of many ¢-types over a small
model. Binary trees provide it.
Notation 2.2.1. For u € {0,1} we write ¢! = ¢ and ¢° = —p. For an ordinal y, 2<* is the
set of 0-1 sequences of length <u, and 25" = 2<" U 2". We write ¢ C 7 if ¢ is an initial
segment of 7, o C 7 if moreover o # 7, |o| for the length of o, 0™ (u) for the extension of
o by one entry u, and (u) "o for the sequence obtained by putting u in front of o. For n of
length >k, n|k is the initial segment of length k.
Definition 2.2.2. A tree of height n for ¢ in a model M =T consists of families (b, : o €
2<™) and (ay : 7 € 2™) of tuples of M such that

o (u) En = M = p(ay, bs)".

In other words, the leaf a,, satisfies p(x,b,) exactly when the branch 7 turns right (v = 1) at
the node 0. We say that ¢ encodes binary trees of arbitrarily large finite height if for every
n some model of T' contains a tree of height n for ¢. A tree of height n + 1 restricts to one
of height n.

Proposition 2.2.3. If M |= T contains an N-ladder for ¢, where N = 21 — 1, then M
contains a tree of height n. Hence, if @ has the order property, then ¢ encodes binary trees
of arbitrarily large finite height.

Proof. For o € 25" put
d(o) =Y (1—o(k))2~*D 42707 ¢ (0,1).
k<|o|

The binary expansion of d(o) is (1 — ¢(0),...,1 — o(|o| —1),1), which ends in 1. So d is
injective on 25", and its image V has exactly [25"| = 2"*! — 1 = N elements.
Claim. If o™ (u) C n with n € 2™, then d(n) < d(0) <~ u=1.
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Indeed, let k = |o|. Since n|k = o and n(k) = u,
dtn) —d(o) = —u2 D 4R R= Y (1 () 270 427,

k<j<n

Here 0 < R < (27(+D — 27n) 4 2=(n+D) < 2=(++1) Hence d(n) — d(o) is negative if u = 1
and positive if u = 0, which proves the claim.

Let ai,...,an,b1,...,by € M satisfy ¢(a;,b;) <= i < j,andlete: V — {1,...,N}
be the order isomorphism. Put b, := b.(4(s)) for o € 25" and ay := Ge(q(y)) for n € 2" If
o (u) C n, then d(n) # d(o), and so

M = plan,b) = e(d(n)) < eld(0)) = d(n) < d(o) = u=1.
Thus (bs), (ay) is a tree of height n in M. ©)

2.3. Tall trees produce non-definable types

Lemma 2.3.1 (compactness). Assume that ¢ encodes binary trees of arbitrarily large finite
height, and let u be an infinite cardinal. Then there are M' =T and tuples (bs)geo<u in M’
such that for every n € 2% the set

Eﬁ(x) = {So(xabn\a)n(a) ra < p}
is finitely satisfiable in M’ .

Proof. Add new tuples of constants cs (s € 2<#) and let T be T together with the sentences

Yo, F 1= 3 /\ gp(x,c,ﬂa)”(a) (n € 2!, F C p finite).
ack
It suffices to show that every finite I'g C I' has a model.

Let vy,,F, (4 < m) be the sentences of this form in I'g (if m = 0 there is nothing to do).
Let S be the finite set of all n;|a and 7;|(o + 1) with ¢ < m and « € F;. Note that a+1 < p
because p is a limit ordinal. Let S" = {s A s’ : 5,8’ € S}, where s A ¢ is the longest common
initial segment. S’ is finite and closed under A, because in a tree s A s’ A s” equals one of the
pairwise meets. So S’ has a least element r, and every s € S’ \ {r} has a longest predecessor
s~ €S with s~ C s.

Define f: " — 2<N, where N = |S’| + 1, by recursion on length: f(r) = 0, and f(s) =
f(s7)7(s(]s™])). Then |f(s)| < N.

Claim. If s,s' € S" and s C &, then f(s)™(s'(|s])) C f(s).

The proof is by induction on |¢'|. If s~ = s, this is the definition of f. Otherwise
s C ¢~ C ¢ by maximality of s'~. By induction, f(s)™(s'"(|s])) E f(s'7) C f(s'). Finally
s (|s]) = 5'(Is]).

By hypothesis, take My |= T containing a tree (by),co<n, (ay),con of height N. Interpret
cs as by(s) for s € §’, and arbitrarily otherwise. Fix i < m, let o* = max F; and s* = n;|(a* +
1) € §’. Pick v € 2V extending f(s*). For a € F; we have n;|a C s* and s*(a) = n;(a). By
the Claim, f(n:la)™ (n:(a)) C v, and so My = ¢p(ay, by )7(®). Hence a, witnesses 7y, r,,
and My with this interpretation is a model of I'y.

By compactness I' has a model. Its L-reduct M’, with by = cM ", is as required. ©

n;|c)

Proposition 2.3.2. Assume that ¢ encodes binary trees of arbitrarily large finite height.
Then for every cardinal X > & there is M |= T with |[M| < X and |S,(M)| > A. In particular,
some p € Sy(M) with |M| < & is not definable.
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Proof. Let u be the least cardinal with 2# > A. Then p is infinite and 4 < A. For v < p we
have 2 < A\, so [2%H] =37 _ 2" <p- A=\

Take M’ and (bs) as in Lemma By the downward Lowenheim—Skolem theorem,
there is M < M’ with |M| < X containing all bs. Each finite part of ¥, is satisfiable in M’,
hence in M, since Jx A ... is an L(M)-sentence. So ¥, is consistent with the elementary
diagram of M and extends to some p,, € S, (M).

If n # 1/, let o be least with (o) # 7/ («). Then s = n|a = 1’|, and p, and p,y disagree
on ¢(z,bs). Hence |S,(M)| > 2H > A.

For the last statement take A = k. A definable type is determined by any of its ¢-
definitions, and there are only |L(M)| < k formulas over M. So at most x types in S, (M)
are definable, and some p € S, (M) is not. ©

Proof of (3) = (1) in Theorem[1.1.6 If ¢ has the order property, then it encodes binary
trees of arbitrarily large finite height by Proposition [2.2.3] and so some ¢-type over some
model of T is not definable by Proposition [2.3.2] ©)

This completes the proof of Theorem We record the tree characterization that
came out of the proof.
Theorem 2.3.3. ¢ has the order property if and only if p encodes binary trees of arbitrarily
large finite height.

Proof. The forward direction is Proposition Conversely, if ¢ encodes tall trees, then
some p-type is not definable (Proposition [2.3.2)), so ¢ has the order property by (1) = (3) of
Theorem [L.T.6l ®

2.4. Historical remarks

Section [2.1} Definability of ¢-types over models for formulas without the order property is
due to Shelah [36], 57]. The sharper form proved here, in which the definition is a positive
Boolean combination of instances of ¢ itself, goes back to Hrushovski and Pillay [19], as Pillay
points out in [56l, Chapter 1]. Pillay [21], Remark 2.4] derives the positive form directly from
Grothendieck’s double limit criterion (Theorem by a compactness argument. Positivity
matters in applications: for example, it gives quantifier-free definitions for quantifier-free
formulas.

Section Binary trees enter stability theory through Shelah’s local rank R(—,¢,2).
In [36, Lemma 2.7] the rank of a type is computed by the consistency of the family of
formulas indexed by the branches of a binary tree of height n. That is, a formula has infinite
2-rank exactly when it encodes binary trees of arbitrarily large finite height (Definition .
Shelah showed that this happens exactly when ¢ has the order property [36, 57]. The two
directions behave very differently quantitatively. A ladder of length exponential in n yields
a tree of height n (Proposition . In the other direction, a tree yields only a ladder of
length logarithmic in its height; see Section

Section The construction of this section is the local form of Shelah’s counting argu-
ment [36]. A tree of infinite height gives 2% o-types over a countable set of parameters,
which is incompatible with definability of all ¢-types. This is also the origin of the stability
spectrum: a theory with the order property has 2* types over some set of size A, for every
infinite A\ [57].



CHAPTER 3

More stability, trees, and definability

3.1. A quantitative combinatorial proof (using Ramsey’s theorem) that trees
give the order property

Theorem was derived from the definability theorem. Here we give a direct and
quantitative proof of the implication “tall trees = order property”. It is finite combinatorics:
the Boolean case of a Ramsey-type argument due to Hodges. We follow the presentation of
Conant and Terry [45].

Definition 3.1.1. Let s,t > 1.
(a) A node embedding is a map 0: 2<% — 2<! such that p~(u) C 7 implies 0(p) ™ (u) C
0(7).
(b) A full embedding is a map 6: 255 — 2=t gsending 2<% into 2<% and 2° into 2!, with
the same property for all p, 7 € 25%.
Lemma 3.1.2. Every node embedding 0: 2<% — 2<! extends to a full embedding. If (bs),
(an) is a tree of height t in M and 0 is a full embedding 25% — 25, then (bo(o) : 0 € 2°%),
(agy) : m € 2°) is a tree of height s in M.

Proof. For n € 2, let 6(n) be any element of 2¢ extending 6(n|(s — 1))~ (n(s — 1)). Suppose
p—(u) C n. If p =mn|(s—1), the requirement holds by construction. Otherwise p™ (u) C
n|(s—1),s00(p)"(u) E 0(n|(s—1)) C O(n). The second statement is immediate, since whether

¢(ay, bs) holds depends only on the direction u with ™ (u) E 7, and full embeddings preserve
it. ©}

Lemma 3.1.3 (Ramsey lemma for trees). Let tg,t; > 1,t = to+t1—1, and 2<! = CoUC].

Then for some u € {0,1} there is a node embedding 0: 2<' — 2<! with image contained in
Cy.

Proof. Induction on t. If t = 1, then tg = t; = 1, and @ — @ works for the u with () € C,.
Let t > 1, and choose w with 0 € C,,. If t,, = 1, the map 0§ — () works, so assume t,, > 2.
For v € {0,1} and i € {0,1} let C¥ = {0 € 2<t"1: (v) "0 € C;}. Then C§UCY covers 2<t~1,
and (ty, — 1) +t1—, — 1 =t — 1. By induction, for each v either

(i) there is a node embedding x: 2<!i-v — C?_, in which case o — (v)"x(0) is a
node embedding 2<f1-v — 2<! with image in C_,,, and we are done; or
(ii) there is a node embedding y,: 2<tw~! — CV.
If (ii) holds for both v, define #: 2<t» — 2<! by §() = 0 and 6({(v) ") = (v) " xu(0).
Its image lies in Cy,. Suppose p~(u) T 7. If p = 0 then 7 = (u)" 0o and 0™ (u) C 6(7).
If p = (v)7p' then 7 = (V)"7" with p/"(u) T 7/, so xu(p) " (u) E xu(7). In both cases

0(p)"(u) C0(7), so 0 is a node embedding. ©)
Definition 3.1.4. Let (by),co<t, (an)yer be a tree in M. An up-ladder of length k in it
consists of nodes o1, ...,0} and leaves 71, ...,n such that M = ¢(ay,,bs,) <= p<gq A

down-ladder of length ¢ is defined in the same way with “p > ¢” in place of “p < ¢”.

19
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Define B(k,¢) for k,£ > 1 by B(k,1) = B(1,¢) = 1 and B(k,{) = B(k—1,0)+B(k,{—1)+1
for k,¢ > 2. One checks that B(k,?) = 2(%%;2) -1
Proposition 3.1.5. For all k,¢ > 1, every tree of height B(k,f) for ¢ in a model of T
contains an up-ladder of length k or a down-ladder of length £.

Proof. Induction on k + £. In a tree of height 1, the root () with the leaf (1) is an up-ladder
of length 1, and the root with the leaf (0) is a down-ladder of length 1. This settles the case
k=1lorl=1.

Let k,£ > 2, t = B(k, ), and let (by), (a,) be a tree of height ¢ in M. Fix a leaf n, € 2
and put

Pt ={ce2%: M E ¢(ay.,bs)}, P~ =2\ PT,

Let t* = B(k—1,)+1and ¢t~ = B(k,{ — 1)+ 1, so that ¢t +¢~ — 1 =¢. By Lemma|3.1.3
one of the two cases below occurs.
Case +: there s a node embedding 0: 9<t’ —>A2<t with image in PT. Extend it to a
full embedding 6 (Lemma [3.1.2) and set ¢(7) = 6((0)"7) for 7 € 2" ~1. Then # is a full
embedding of height B(k—1,¢). Put o9 = 6(0). Since 0™ (0) C (0) "7, we have oo™ (0) C ¢(7)
for every 7. By Lemma ¥ induces a tree of height B(k — 1,¢) in M. By induction it
contains a down-ladder of length ¢, which is then a down-ladder in the original tree, or an

up-ladder (o), 77;,)’;;%. In the latter case, let

(o1,m) = (00,74), (Up+1777p+1) = (1#(0;;)71/’(77;’7)) (1<p<k).

We check that ¢(ay,,bs,) <= p<q.

(a) For p = 1: every oy is in the image of 6, which lies in P, so ¢(ay,,bs,) holds, and

indeed 1 < gq.

(b) For p>2and ¢ = 1: 09 (0) E 1, so =¢(ay,, bs,), and indeed p > 1.

(¢) For p,q > 2: this is the up-ladder property of the smaller tree.
This is an up-ladder of length k.
Case —: there is a node embedding 0: 2<t — 2<t with image in P~. Proceed symmetrically,

with () = ((1)"7), a full embedding of height B(k,¢— 1) whose leaves all extend oo™ (1).

By induction the induced tree contains an up-ladder of length k, and we are done, or a

down-ladder (0;,,771’7)2;11. Prepend (oq,7.) as before.

(a) For p=1: —p(ay,,bs,) for all ¢, because the nodes lie in P~, and indeed 1 ¥ q.
(b) For p > 2 and ¢ = 1: ¢(ay,,bs,) holds, because oo™ (1) E 7,, and indeed p > 1.
This is a down-ladder of length £. ©

Corollary 3.1.6. If M = T contains a tree of height t = B(n + 1,n + 1) for ¢, then M
contains an n-ladder for p.

Proof. By Proposition M contains an up-ladder or a down-ladder of length n+ 1. An
up-ladder of length n + 1 is an (n + 1)-ladder, and so contains an n-ladder. A down-ladder
of length n + 1 yields an n-ladder by Remark ©

3.2. Optional: The classical proof of definability, via ranks

We give the classical proof that, in the absence of tall trees, every ¢-type is definable.
Combined with Proposition [2.2.3] it is an alternative proof of (1) = (3) in Theorem[1.1.6] Its
definitions, however, are not positive Boolean combinations of instances of ¢: they contain
quantifiers and negations that do not occur in ¢ (see Lemma [3.2.2fiv)). Assume that there
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is n such that no model of T" contains a tree of height n, and fix M = T. By a y-conjunction
over M we mean a finite conjunction 6(x) of formulas ¢(x,b)* with b € M.

Definition 3.2.1. For a ¢-conjunction 6 over M and m < w, write R(6) > m if there are
be € M (o € 2<™) such that for every n € 2™,

M= ax(e(x) AN cp(:r;,bmk)”(k)).

k<m

Thus R(A) > 0 if and only if M |= 3z 6(z). Let R(f) be the largest m with R(6) > m.
Lemma 3.2.2.
(i) R(#) < n for every 0; in particular R(0) is well defined whenever 0 is satisfiable in

M.

(i) If ' = O A x, then R(0') < R(6).

(i) If b€ M and R(O N ¢(z,b)") > m for both u € {0,1}, then R(0) > m + 1.

(iv) For each 6 and m there is an L(M)-formula g, (y) such that for all b € M,
R<9 A 90(x7b)) >m = M ): ¢9,m(b)-

Proof. (i) If R(§) > n, witnessed by (b,), then choosing a witness a, € M for each n € 2"
gives a tree of height n in M, which is impossible.
(ii) A witness for R(0') > m is a witness for R(0) > m.
(iii) Let (by)ye2<m witness R(6 A ¢(z,b)") > m. Put by = b and byy~, = by. A

branch of length m + 1 has the form (u)™n with n € 2™, and the corresponding formula is
0 A (,0)" A Njocy 0, b4, )" "), which is satisfiable in M.

(iv) Take
Yom(y) i=3o)serem [\ Fo(0@) Ap(@m) A N ol ze)™),
UEQm k<m
whose parameters are those of 6. ®

Proposition 3.2.3. If for some n no model of T contains a tree of height n, then every
p € Sp(M) is definable.

Proof. Let ®, be the set of finite conjunctions of members of p. Each 6§ € ®,, is satisfiable in
M: 3z 0 is an L(M)-sentence consistent with the complete theory of (M, b)pens, hence true
in M. By Lemma (i), choose § € ¢, with m = R(#) minimal. We show that ¢y, is a
p-definition of p, i.e. that for b € M,

o(z,b) €p < R(O N p(z,b)) > m.
If p(z,b) € p, then O A p(z,b) € ®,, so its rank is > m by minimality. Conversely, suppose
o(x,b) ¢ p. Then —p(z,b) € p, so R( A—p(x,b)) > m by minimality. If also R(0 Ap(x,b)) >

m, then Lemma [3.2.2((iii) would give R(f) > m+1, a contradiction. The equivalence together
with Lemma [3.2.2{iv) shows that p is definable. @)

Remark 3.2.4.

(a) The arguments are effective. An up- or down-ladder of length n + 1 appears in any
tree of height B(n+1,n+1) = (Q:jf) — 1. Conversely, a ladder of length 2"+ —1
yields a tree of height n.

(b) Theorem uses only that p is finitely satisfiable in M (Lemma [1.1.2). So it
applies to any @-type over a set A that is finitely satisfiable in A. Its parameters
come from the finite set F', whereas the rank argument of Proposition yields a
definition whose parameters are those of the formula 6 of minimal rank.
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(c) Without finite satisfiability, definitions over the parameter set cannot be expected

in general, and the restriction to types over models is essential. Definition [3.2.5] and
Example below make this precise.

Definition 3.2.5. Let N =T, AC N, and p € S,(N).

(a) A complete p-type over A is defined as in Definition with b ranging over A
instead of M it is finitely satisfiable in A if every finite subset of it is realized by an
element of A.

(b) pis definable over A if it has a y-definition that is an L(A)-formula.

(c) pis definable almost over A if it has a ¢-definition of the form ) (y, ¢), with ¥(y, 2)
an L-formula and ¢ a tuple of IV, such that only finitely many distinct subsets of NV
are of the form (N, ) with ¢/ € N realizing the same complete type over A as c.
In other words, the definition of p has only finitely many conjugates over A.

Definable over A implies definable almost over A: take ¢ to enumerate the parameters
from A, so that ¢’ = c is the only possibility. The converse fails.
Example 3.2.6. Let T" be the theory of an equivalence relation E with exactly two classes,
both infinite, let ¢(z,y) be E(z,y), and let A = (). Let N = T with classes C; and Cs, and
let p € S,(IN) be the ¢-type saying that x lies in C1, i.e. E(z,b) € p if and only if b € C4.
For any ¢ € C1, the formula E(y,c) is a p-definition of p. All elements of N have the same
complete type over (), so the sets E(N, ') are exactly C; and Cy. Hence p is definable almost
over (). It is not definable over (): since N has an automorphism swapping C and Cjy, every
L-formula 1 (y) without parameters defines () or N, never C;. Note that p is not finitely
satisfiable in ().

3.3. Historical remarks

Section The Ramsey-type argument that extracts ladders from trees is due to Hodges [53].
It gives a direct combinatorial proof that tall trees force the order property, without going
through definability of types. Conant and Terry [45] recently revisited it with explicit bounds,
and extended it from {0, 1}-valued formulas to real-valued functions. Their version is the one
followed here. Such quantitative bounds are what is needed for applications of stability to
finite combinatorics, such as the regularity lemma for stable graphs.

Section The rank R(6) is Shelah’s local rank R(6,¢,2) [36, 57]. The proof that a
type of minimal rank is definable is the classical route to definability of types. It is the one
found in most textbook treatments, for instance Pillay [56] and Tent—Ziegler [58]. It predates
the combinatorial and analytic proofs given elsewhere in these notes. As noted above, its
definitions involve quantifiers, whereas those of Section do not.



CHAPTER 4

Stability and notions of independence

In this chapter we characterize stable theories by the existence of a notion of independence,
written A | 1 B and read “A is independent from B over M7, satisfying a short list of natural
axioms. The most important of these are finite character, symmetry, existence of independent
extensions, and uniqueness of independent extensions. Given a type p over a model M and a
set B, the independent extensions of p to M U B are the extensions that “add no information”
beyond p. Stability turns out to be exactly the condition that every p has such an extension,
and only one.

The proof of stability = independence uses the definability of types from Chapter
Independence is witnessed by the heir, the extension of p defined by the same definition
scheme as p. The proof of the converse is a counting argument, which again goes back to
Chapter

4.1. Conventions

From now on T is a complete theory in the language L, and x = |T| = |L| + Rg. We
work inside a monster model M of T: a k-saturated and strongly K-homogeneous model for
some very large cardinal & (larger than 22", say). A set is small if it has cardinality <#&.
Letters A, B, C' denote small subsets of M; tuples may be infinite, but are always small. We
freely identify a set with a tuple enumerating it. A model is a small elementary substructure
M < M. Every model of T of size <k embeds elementarily in M, and every type over a small
set is realized in M.

We write tp(a/A) for the complete type of a over A, S,(A) for the set of complete types
over A in the variables z, and a =4 d’ for tp(a/A) = tp(a’/A). We write M B for M U B. By
strong homogeneity, a =4 a’ if and only if o(a) = o’ for some o € Aut(M/A).

Definition 4.1.1.
(a) T is stable if no L-formula ¢(x,y) has the order property (Definition |1.1.4]).
(b) For an infinite cardinal A, T" is A-stable if |Sy(A)| < A whenever |A| < A and z is a
finite tuple of variables.

Lemma 4.1.2. If T is A-stable for some A > k, then T s stable.

Proof. Suppose that ¢(x,y) has the order property. By Proposition m ¢ encodes binary
trees of arbitrarily large finite height. By Proposition there is N =T with |[N| < A and
|So(N)| > A. Since T' is complete, we may assume N < M. Every ¢-type over N is consistent
with the elementary diagram of N, so it extends to a complete type in S;(V), and distinct
e-types have distinct extensions. Hence |S;z(N)| > A > |N|, and T is not A-stable. ©

4.2. Definitions and heirs

Lemma 4.2.1. Assume T is stable, and let p € S,(M), where x may be infinite. For every
L(M)-formula o(2',y), with 2’ a finite subtuple of x and y finite, there is an L(M)-formula

23
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dpp(y) such that for allb e M,

p(a',b) €p == M = dyp(b).
Any two formulas with this property are equivalent in M. We call (dyp), the definition
scheme of p.

Proof. Write ¢(z’,y) = wo(2’,y,m) with ¢y € L and m € M. The set of formulas ¢o(z’, c)*
(c € M) that belong to p is a complete ¢o-type over M in the sense of Definition Since
o does not have the order property, Theorem shows that this @g-type has a definition
¥ (z) over M, which is a positive Boolean combination of instances of ¢g. Here z corresponds
to the parameter variables y followed by those replaced by m. Then dyp(y) := 9 (y, m) works.
If ¢1(y) and v2(y) both work, then M |= Vy (11 <> 12). This is an L(M )-sentence, so it also
holds in M. ©

Definition 4.2.2. Assume T is stable. Let p € S, (M) and let B be small. Define

p|B = {p(@’,b): p(z',y) € L(M), be B, M = dyp(b)}.
Every L(M B)-formula has the form ¢(z’,b) with ¢ € L(M) and b € B, so p|B is a set of

L(M B)-formulas.
Lemma 4.2.3. Assume T is stable and let p € Sy(M).

(a) p|B € Sz(MB), and p|B extends p.

(b) If B C D, then p|B is the restriction of p|D to M B.

(¢) If N is a model with M C N, then p|N has the same definition scheme as p, and
(p|N)|B = p|NB for every small B.

Proof. (a) Completeness. Let ¢ € L(M). Since p is complete, for every ¢ € M exactly one
of (2, ¢), ~p(a’, c) lies in p. Hence M = Vy (dp(—¢)(y) <> ~dpe(y)), and the same holds in
M. So for b € B exactly one of p(2/,b), =p(z’,b) belongs to p|B.

Consistency. Let o;(x,b;) € p|B for i < n, and put X(Z;yo,...,Un—1) = Nijcp, 0i(Ts, ¥i),
where 7 lists the variables in the z;. For ¢ € M, the formula x(Z, ¢) is in p if and only if each
vi(xi, ¢;) is, and in that case it is satisfiable in M. Therefore

M = V@(/\ dppi(yi) — dpx(ﬂ)> and M = Vg (dpx(y) — 37 x(,7)).
<n
Both sentences transfer to M. Applied to b = (by, .. .,bs—1), they give M |= 3z A\, i (i, b;).
By compactness, p|B is consistent.

Extension. For ¢ € M, p(2’,c) € p <= M = dpp(c), which holds if and only if
p(a',c) € p|B.

(b) This is immediate from the definition.

(c) By (a), p|N extends p. For n € N we have ¢(z’,n) € p|N if and only if M = d,p(n),
so dpep is a definition of p|N for ¢ € L(M). For an L(N)-formula ¢(z’,y) = po(z’, y,n) with
wo € L(M), the formula d,po(y,n) defines p|N. By the uniqueness clause of Lemma
the definition scheme of p|N is thus given, up to equivalence, by that of p. Now for b € B
and n € N,

wo(z',b,n) € (p|N)|B <= M [ dppo(b,n) <= ¢o(z',b,n) € p|NB. ©
The following lemma is the heart of the matter. It says that definitions of types over

a model commute, and it is the only place in this chapter where the absence of the order
property is used directly.
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Lemma 4.2.4 (Harrington’s lemma). Assume T is stable. Letp € Sy(M) and g € S,(M)
with z,y finite, and let p(x,y) € L(M). Write dyp(y) for the definition of p for p(x,y). Write
dqp(x) for the definition of q for ¢, regarded as a formula in the variables y with parameter
variables x. Then

dpp(y) € ¢ <= dyp(z) € p.

Proof. Choose recursively a;,b; € M (i < w) such that a; realizes p|{b; : j < i} and b;
realizes g|{a; : j < i}. This is possible by Lemma [4.2.3(a) and saturation. In particular
a; =pand b; = q.

If j < i, then since a; = p|{b;} and b; |= ¢,

M = ¢(ai, bj) <= M E=dyp(bj) <= dyp(y) € q.
If i < j, then since b; = ¢|{a;} and a; = p,
M = ¢(a;, b)) <= M = dyp(a;) < dgp(z) € p.

Suppose the two right-hand sides differ, and write ¢(z,y) = po(x,y, m) with ¢g € L and m €
M. Put by = bjm. Then either M = ¢o(a;,b;) <= i < j forall4,j, or M = ¢o(a;, b)) <=
i > j for all 4, 5. In the first case ¢g(x;y, z) has the order property directly. In the second it
has the order property by Remark Either way this contradicts stability. ©

4.3. Independence relations

Definition 4.3.1. An independence relation (over models) is a relation A |, B between
small sets A, B and models M satisfying the following axioms, for all small A, A", B, B’ and
all models M, N.

(INV) Invariance. If A |, B and o € Aut(M), then o(A4) | o(B).

o(M

) Monotonicity. If A |, B, A’ C A and B’ C B, then A’(\L)M B'.

) Base monotonicity. If A |, B and N is a model with M C N C B, then A |, B.
(TR) Transitivity. f M C N, A |, Nand A | B,then A |, NB.

) Finite character. A |, B if and only if a |, b for all finite tuples a from A and b
from B.

) Symmetry. A |, Bifandonlyif B |, A.
) Eristence (extension). For all A, M, B there is A" =y A with A" | | B.
(UN) Uniqueness (stationarity). If A=y A', A |, Band A" |, B, then A=yp A"

) Local character. For every finite tuple a and every model N there is a model M C N
with [M|<randa |, N.

In terms of types, (EX) and (UN) say that a type p € S, (M) has exactly one independent
extension to M B, namely the type over M B of any A |= p with A | B. All the other
axioms are statements about which extensions of p count as independent.

Definition 4.3.2. Assume T is stable. For small A, B and a model M we set

AL, B i< tp(A/MB)=1tp(A/M)B.

In words, tp(A/M B) is the heir of tp(A/M): it is defined by the same definition scheme.
For finite tuples a,b with p = tp(a/M), every L(Mb)-formula in x has the form ¢(z,b)
with p(z,y) € L(M). So

(4.1) al, b forall p(z,y) € L(M): M ¢(a,b) < dpp(b).

Theorem 4.3.3. For a complete theory T the following are equivalent.
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1) T is stable.
EZ; There is an independence relation satisfying all the axioms of Definition .
(3) There is a relation A |, B satisfying (UN) and (LOC).
Moreover, if T is stable, the relation of Definition satisfies all the axioms. It also
satisfies
(AR) Anti-reflexivity. If a J/M a for a finite tuple a, then a C M.

4.3.1. Proof of (1) = (2). Assume T is stable, and let | be the relation of Defini-
tion m Throughout, p = tp(A/M).
(INV). Let 0 € Aut(M). Applying o to the parameters of the definition scheme of p gives a
definition scheme for o(p) = tp(c A/oM). Hence o(p)|o(B) = o(p|B). If tp(A/MB) = p|B,
then tp(cA/oM oB) = o(p|B) = o(p)|oB.
(MON). The definition scheme of tp(A’/M) is the part of that of p that involves only
variables for A’. So tp(A’/M)|B’ is the restriction of p|B to these variables and to M B’
(Lemma[4.2.3|(b)), which is tp(A’/MB’).
(FC). The condition tp(A/M B) = p|B says that for every L(M)-formula ¢(2,y) and every
b € B we have M |= ¢(d/,b) <+ dpp(b), where o’ is the finite subtuple of A corresponding
to 2/. Each instance involves only finite ' C A and b C B, and is exactly an instance of
a" L,
(BMON). Let M C N C B and tp(A/M B) = p|B. Then tp(4/N) = p|N by Lemma [4.2.3|(b).
By Lemma [1.2.3(c), tp(A/N)|B = (p|N)|B = p|NB = p|B = tp(A/NB),so A | B.
(TR). Let M C N, tp(A/N) = p|N and tp(4/NB) = tp(A/N)|B. By Lemma [1.2.3|c),
tp(A/NB) = (p|N)|B =p|NB,ie. A |, NB.
(sym). By (Fc) it suffices to treat finite tuples a,b. Let p = tp(a/M), g = tp(b/M), and
assume a |, b. For p(z,y) € L(M), using and Lemma M

M = p(a,b) <= M Ed,p(b) <= dyp(y) € ¢ <= dyp(z) € p <= M = dyp(a).
By (4.1]) with the roles of a and b exchanged, this says b | @

(EX). By Lemma 4.2.3[(a) and saturation, p|B has a realization A’. Then A" =j; A and
AL, B

(UN). If A=) A’, then both have type p over M. If both are independent from B over M,
then tp(A/MB) = p|B = tp(A’/M B).

(Loc). Let a be finite, N a model and p = tp(a/N). For each L-formula ¢(z,y) fix a
definition dp¢(y) € L(N), and let D C N be the set of all parameters used, so |D| < k. By
downward Lowenheim—Skolem there is a model M < N with D C M and |M| < k. Each
dpp is an L(M)-formula, and on M it defines ¢ = tp(a/M) for ¢. So these formulas form a
definition scheme for ¢ (for L(M)-formulas o (z,y, m) use dppo(y, m)). Hence ¢|N is defined
by the same formulas as p. Since both are complete types over N, ¢|N = p = tp(a/N), i.e.
al, N

(AR). Suppose a J/M a with p = tp(a/M), and suppose some coordinate ag of a is not in
M. Let ¢(z,y) be the formula z¢ = yg, where z¢ and yo are the corresponding coordinates
of z and y. For ¢ € M we have ¢(z,c) ¢ p, because ag # cp. So M = —~Jyd,p(y), and the
same holds in M. By ([4.1)), M = ¢(a,a) <> dyp(a). But ¢(a,a) holds and dpp(a) fails, a

contradiction.

4.3.2. Proof of (2) = (3). This is trivial.
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4.3.3. Proof of (3) = (1). Let | satisfy (UN) and (LOC), and put A = 2%, so that
A = A. We show that T is A-stable. Then T is stable by Lemma [4.1.2

Let |A] < A and let 2 be finite. By downward Lowenheim—Skolem there is a model N O A
with |[N| < A, and restriction maps S, (N) onto S, (A). So it suffices to show |S,(N)| < A.

For each p € S;(N) choose a realization ap. By (LOC) choose a model M, C N with
|M,| < k and a, J/Mp N. Consider the map

p— (Mpv tp(ap/Mp))-
This map is injective. Indeed, suppose M, = M,y =: M and a, =y a,. Since a, J/M N and
ay L, N, (UN) gives a, =y ap, ie. p=p'.
The number of subsets of N of size <k is at most \* = A\. For each such M, |S;(M)| <
2% = X. Hence [Sz(N)| < A- A=A\ ©

4.4. Remarks

Remark 4.4.1. The proof of (3) = (1) uses only uniqueness and local character. Local
character may be weakened to |M| < kg for any fixed cardinal kg, by taking A = 2% So
stability is equivalent to the existence of a relation for which types over models have unique
independent extensions and every type is independent over a small submodel. All the other
axioms come for free once T is stable.

Remark 4.4.2. In a stable theory the relation of Definition is nonforking independence
restricted to models as bases. For M C B, tp(a/B) does not fork over M if and only if it is the
heir of tp(a/M), if and only if it is definable over M see Pillay [56] or Tent—Ziegler [58]. Non-
forking makes sense over arbitrary base sets C. There it satisfies all the axioms above except
uniqueness, which holds only over algebraically closed sets in 7°? (Harnik—Harrington [54]).
Kim and Pillay [55] proved that in a stable (indeed in a simple) theory, nonforking is the
only relation on arbitrary small sets satisfying invariance, monotonicity, transitivity, finite
character, symmetry, extension, local character and the independence theorem. Developing
forking over arbitrary sets requires considerably more machinery, which is why we have taken
models as base sets.

4.5. Historical remarks

Section Working inside a single large saturated and strongly homogeneous model goes
back to Shelah [57], who wrote € for it. The name monster model became standard later.
The notion of w-stability comes from Morley’s categoricity theorem [35]. The study of -
stability for arbitrary A, including the fact that stability is equivalent to A-stability for all A
with ATl = A, is due to Shelah [386], 57].

Section Heirs and coheirs (héritiers and cohéritiers) were introduced by Lascar and
Poizat [33]. They gave an alternative presentation of Shelah’s forking in stable theories,
based only on definability of types and finite satisfiability. Lemma says that the defi-
nitions of two types over a model commute. It is due to Harrington and appears in Harnik—
Harrington [54]. It is the key step in proving symmetry of independence in stable theories.
Section Nonforking independence was introduced by Shelah [57]. Lascar and Poizat [33)]
reformulated it in terms of heirs and definability. The characterization of stability through
abstract independence notions is due to Harnik and Harrington [54]. Kim and Pillay [55]
later extended it from stable to simple theories. They proved that a theory is simple if and
only if it carries a relation satisfying the axioms listed above, with the independence theorem
in place of uniqueness, and that such a relation is then nonforking. Theorem is the
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stable case over models, with uniqueness (stationarity over models) as the key axiom. The
anchor symbol | for independence was introduced by Makkai in a lecture in Jerusalem,
during the Model Theory Year at the Institute for Advanced Studies (1980-81), and was
adopted at once. It appears in print in Makkai’s survey [48].



CHAPTER 5

From stability to NIP

Stable theories are exactly the theories in which no formula has the order property, that
is, no formula can encode arbitrarily long ladders. Many of the best understood structures in
mathematics fail this test for a trivial reason: they carry a definable linear order. Dense linear
orders, the ordered field of real numbers and, more generally, o-minimal structures are all
unstable, and yet their definable sets are remarkably well behaved. This chapter introduces
the independence property, a combinatorial configuration much wilder than a ladder, and
the class of formulas and theories without it, the NIP formulas and theories. Every stable
formula is NIP, and the orders just mentioned are NIP, so NIP is a common generalization
of stability and of order-like tameness. We keep the conventions of Section in the first
section and those of Section [L.2]in the second.

5.1. The independence property

A ladder (Definition is a special pattern: the element a; satisfies p(x,b;) exactly
for the b; at or above its rung. The independence property asks instead that every pattern
be realized.

Definition 5.1.1. Let M =T and n > 1.

(a) Tuples by,...,b, of M are shattered by ¢ in M if for every S C {1,...,n} there is
a tuple ag of M such that, for all 1 <i <n,

M E p(ag, b)) < i€ S.

(b) ¢ has the independence property if for every n some model of T contains n tu-
ples shattered by ¢. Otherwise ¢ is NIP (“not the independence property”); NIP
formulas are also called dependent.

(¢) The VC dimension of ¢ is the largest n such that some model of T' contains n tuples
shattered by ¢, and oo if there is no largest such n. Thus ¢ is NIP if and only if its
VC dimension is finite.

A theory is NIP if every formula is NIP.

In the terminology of learning theory, the family of sets {¢(a, M) : a € M}, where
ola, M) ={be M : M = ¢(a,b)}, shatters {b1,...,b,}: every subset is cut out by one of
the sets in the family. As for ladders, an (n+ 1)-shattered family contains an n-shattered one,
so by compactness ¢ has the independence property if and only if some model of T' contains
an infinite sequence (b;)i<, such that for every S C w there is ag with ¢(ag, b;) if and only
ifiesS.

Proposition 5.1.2. If ¢ does not have the order property, then p is NIP.

Proof. Suppose b1, ..., by, are shattered by ¢ in M, witnessed by the tuples ag. For1 <i <n
put S; = {j:i < j <n}and a; = as,. Then M = ¢(a;,b;) if and only if j € S;, that is, if
and only if ¢ < j. So ay,...,a, and by,...,b, form an n-ladder. If ¢ has the independence
property, it therefore has the order property. ©

29
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The converse fails, and the first example of the chapter shows why NIP is the right notion
for ordered structures.

Example 5.1.3. Let T be the theory of (Q, <) and let ¢(z,y) be z < y. Then a; =i and
bj =7+ % satisfy ¢(a;,b;) if and only if ¢ < j, so ¢ has the order property and is unstable.
But ¢ is NIP, with VC dimension 1. Indeed, let by, bo be elements of a model, say b1 < bo.
Shattering requires some a with a < b; and a £ bo, that is, by < a < by, which is impossible.
So no two elements are shattered. A single element b is shattered, by any a < b and any
a>b.

Example 5.1.4. Let T be the theory of the random graph, whose models are the graphs in
which, for all disjoint finite sets U,V of vertices, some vertex outside U U V is adjacent to
every vertex of U and to no vertex of V. Let ¢(z,y) be the edge relation E(z,y). Any n
distinct vertices b1, ..., b, are shattered: for S C {1,...,n} apply the extension property to
U={bj:ieStand V ={b;: 7 ¢ S}. So E has the independence property.

The independence property of ¢(z,y) refers to shattering tuples on the y-side. It does
not matter which side is used. Write ¢°PP(y, z) for ¢(x,y) with the roles of the variables
exchanged.

Proposition 5.1.5. ¢ is NIP if and only if @°PP is NIP. More precisely, if some model
contains 2" tuples shattered by v, then it contains n tuples shattered by p°PP.

Proof. Index the 2" tuples as by, T C {1,...,n}, and let ag, S C P({1,...,n}), witness
that they are shattered by ¢. For 1 < ¢ < nput S; = {T :i € T} and a; = ag;. Then
M = (a;, br) if and only if T' € S;, that is, if and only if i € T'. So for every T C {1,...,n}
the tuple by satisfies °PP(bp, a;) exactly for ¢ € T, and ay,...,a, are shattered by ¢°PP.
Applying this in both directions gives the equivalence. ©

Remark 5.1.6. A formula v (z,y) has the strict order property if for every n some model M
of T contains tuples by, ..., b, with ¥(M,b1) C (M, b)) C --- C (M, by,), where ¥(M,b) =
{a e M : M = 1(a,b)}. The formula x < y of Example is the basic case. Shelah proved
that a theory is unstable if and only if some formula has the independence property or some
formula has the strict order property [57, Chapter II]. So an unstable theory is unstable
either because it encodes arbitrary subsets, as the random graph does, or because it encodes
an infinite order; NIP theories are those in which only the second reason can occur.

5.2. The real-valued case

As in Section we now replace formulas by functions on arbitrary sets. On arbitrary
sets compactness is not available, so shattering is required only for finite patterns.
Definition 5.2.1. Let A, B be sets and ¢: A x B — R a bounded function. A sequence
(bn)n<w In B is independent for ¢ if there are reals r < s such that for all disjoint finite sets
P, C w there is a € A with

e(a,by,) > s forne P and o(a,by) <r forne Q.

o has the independence property if some sequence in B is independent for ¢, and ¢ is NIP
otherwise.

For a {0,1}-valued function, any 0 < r < s < 1 may be used, and a sequence is in-
dependent exactly when each finite part of it is shattered in the sense of Definition [5.1.1
By compactness, a formula ¢(z,y) is NIP in the sense of Definition if and only if the
corresponding function on Ml x Ml is NIP for every model M ET.

Stability was characterized in Section by the exchange of iterated limits. NIP is
characterized by the existence of convergent subsequences. For b € B let e;: LS(p) — [0, 1]



5.2. THE REAL-VALUED CASE 31

be the evaluation map e(p) = p(b), as in Subsection The analytic input is Rosenthal’s
dichotomy.
Fact 5.2.2 (Rosenthal). Let X be a set and (f,) a uniformly bounded sequence of real-
valued functions on X. Then (f,) has a subsequence that converges pointwise on X, or a
subsequence (fn, ) for which there are reals r < s such that for all disjoint finite sets P,Q C w
there is x € X with fn, (z) > s for k € P and fp,(x) <r for k € Q.
Theorem 5.2.3. For ¢: A x B — [0,1] the following are equivalent.

(1) ¢ is NIP.

(2) For every sequence (by) in B, the sequence of functions (ep, ) has a subsequence that

converges pointwise on LS(y).

Proof. (2) = (1). Suppose (by,) is independent for ¢, with reals r < s, and let (by,) be
a subsequence. For each K < w choose ax € A with ¢(ak,b,,) > s for even k < K
and ¢(ak,by,) < r for odd k < K. Let U be a nonprincipal ultrafilter on w and p =
limg y Itp,(ak ), a point of LS(y). For each fixed k the inequality for k holds for all K > k,
so ep,, (p) = p(bn,) = s for even k and < r for odd k. Hence (e, (p))x does not converge.
Since the subsequence was arbitrary, (2) fails.

(1) = (2). Suppose (2) fails for (b,). By Fact applied to X = LS(¢) and f, = ey, ,
there are a subsequence (by, ) and reals r < s such that for all disjoint finite P, Q C w there is
p € LS(p) with p(b,, ) > s for k € P and p(b,,) <rfor k € Q. Fix r <1’ < s < s. Since p is
a pointwise limit of left types ltpw(a) and only finitely many coordinates are involved, some
a € A satisfies p(a, by, ) > ' for k € P and ¢(a, by, ) <1’ for k € Q. So (by,) is independent
for ¢, with ' < &', and ¢ is not NIP. ©)

The proof of (2) = (1) above is elementary; only (1) = (2) needs Rosenthal’s dichotomy.
The next proposition shows directly, using only the separately continuous extension of Propo-
sition that stability implies NIP also in the real-valued setting.

Proposition 5.2.4. Every stable function p: A x B — [0,1] is NIP.

Proof. Let ¢: LS(¢) x RS(¢) — [0,1] be the separately continuous function of Proposi-
tion m Taking a constant family in ((1.2)) gives $(p,rtp,(b)) = p(b) for all p € LS(p) and
beB.

Suppose, towards a contradiction, that (b,) is independent for ¢, with reals r < s. For
m < N choose a,, v € A with

o(am,N,bp) >s form<n<N and ©(am N, bp) <1 forn <m,
and let a,, v be arbitrary for N < m. Fix a nonprincipal ultrafilter U on w and put

P = %mu ltp,, (am,n) € LS(p).

For fixed n the displayed inequalities hold for all N > max(m,n), so
(5.1) Pm(bp) > s if n>m, Pm(bp) <7 if n < m.

Now put ¢ = lim, y rtp,,(bn) € RS(p) and p = limy, 1 pm € LS(p). We compute ¢(p, q) in
two ways.

First, by continuity of ¢(py,, -) and , &(pm, q) = limy, P (by,) > s for every m, since
Pm(bn) > s for all n > m. By continuity of ¢(-,q), ¢(p,q) = lim,, y @(Pm,q) > s.

Second, since limits in LS(y) are computed coordinatewise, p(b,) = limy, 1 pm(bn)
r for every m, because pp(b,) < r for all m > n. By continuity of ¢(p,-), ¢(p,q)
limy, p G(p, 18P, (bn)) = limy, y p(br) < 7.
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So s < ¢(p,q) < r, contradicting r < s. ©

The types py, in the proof form a ladder in LS(p) against the b,, which is exactly what
the separate continuity of ¢ forbids: an independent sequence is shattered in every pattern,
and a staircase is one of the patterns.

Remark 5.2.5. Proposition [5.2.4] can also be derived, with heavier machinery, from Theo-
rem[5.2.3] By Grothendieck’s double limit criterion, in the form of Proposition[A.1.6] stability
of ¢ makes {e, : b € B} relatively weakly compact in C(LS(¢)). By Corollary which
rests on the Eberlein-Smulian theorem (Fact , every sequence (ep, ) then has a point-
wise convergent subsequence. Thus condition (2) of Theorem holds, and ¢ is NIP by
the implication (2) = (1), which does not use Rosenthal’s dichotomy. The direct proof above
avoids both Grothendieck’s criterion and the Eberlein-Smulian theorem.

Remark 5.2.6. Theorem[I.2.9|represents stable functions by the pairing of a reflexive Banach
space with its dual. Khanaki [5] proved that ¢ is stable, NIP or NSOP according as a Banach
space naturally associated with ¢ is reflexive, Rosenthal (contains no copy of ¢1) or weakly
sequentially complete.

5.3. Historical remarks

Section The independence property was introduced by Shelah [36], in the same paper
as the order property. His theorem that an unstable theory has the independence property or
the strict order property is in [57), Chapter II]. The combinatorial notion of shattering, and the
VC dimension, were introduced independently in probability and learning theory by Vapnik
and Chervonenkis [15]; the polynomial bound on the number of traces of a family of finite
VC dimension was found independently by Sauer [11] and by Shelah [12]. Laskowski [6]
observed that a formula is NIP exactly when the family of sets it defines has finite VC
dimension, connecting model theory with learning theory.

Section Rosenthal’s dichotomy comes from his characterization of Banach spaces con-
taining ¢ [9], and the systematic study of pointwise compact sets of Baire class 1 functions
is due to Rosenthal [10] and to Bourgain, Fremlin and Talagrand [I]. Their work entered
model theory much later. The development is summarized in the following timeline.

Khanaki
Rosenthal; Bourgain—Fremlin—Talagrand Simon
Sauer; Shelah Poizat Laskowski Ben Yaacov
Shelah; Vapnik—Chervonenkis Pillay—Steinhorn Hrushovski—Peterzil-Pillay; Hrushovski—Pillay
1970 1980 1990 2000 2010 2020

1971 Shelah; Vapnik—Chervonenkis. Shelah [36] introduces the indepen-
dence property. Independently, Vapnik and Chervonenkis [15] introduce
shattering and what is now called VC dimension, in the study of uniform
convergence of empirical frequencies.

1972 Sauer; Shelah. Sauer [11] and Shelah [12] independently prove the poly-
nomial bound on the number of traces of a set system of finite VC dimen-
sion.
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Rosenthal; Bourgain—Fremlin—Talagrand. Rosenthal proves the ¢; di-
chotomy [9] and studies pointwise compact sets of Baire class 1 func-
tions [10]. Bourgain, Fremlin and Talagrand [I] develop the theory of
these “Rosenthal compacta”.

Poizat. Poizat [8] characterizes countable NIP theories by a bound on the
number of types, and develops the theory of unstable theories without the
independence property.

Pillay—Steinhorn. Pillay and Steinhorn [7] develop the theory of o-minimal
structures, following van den Dries. These structures are NIP and are the
main source of unstable NIP theories.

Laskowski. Laskowski [6] identifies NIP formulas with formulas defining
families of finite VC dimension.

Hrushovski—Peterzil-Pillay; Hrushovski—Pillay. The study of invari-
ant and generically stable measures in NIP theories [3], [4], motivated by
Pillay’s conjecture on definable groups in o-minimal structures, turns NIP
into a central topic of model theory.

Ben Yaacov. Ben Yaacov [2] extends VC classes to [0, 1]-valued functions,
the continuous analogue of NIP used in Section

Simon. Simon [14] applies the theory of Rosenthal compacta to spaces of
-types of NIP formulas, and publishes the monograph [13] on NIP theories.

Khanaki. Khanaki [20] [5] relates stability, NIP and NSOP to reflexive,
Rosenthal and weakly sequentially complete Banach spaces, respectively.






APPENDIX A

Grothendieck’s double limit criterion

This appendix states Grothendieck’s double limit criterion in the form used in Sub-
section Remark and Remark [5.2.5] and relates it to the stability of functions
(Definition [1.2.5). Throughout, K is a compact Hausdorff space and C(K) is the Banach
space of continuous real-valued functions on K with the supremum norm. The weak topology
on C(K) is the coarsest topology making every bounded linear functional continuous, and
the pointwise topology is the one induced by the product topology of RE. Point evaluations
f + f(z) are bounded linear functionals, so the weak topology is finer than the pointwise
topology.

A.1. The criterion

Definition A.1.1. A bounded set H C C(K) satisfies the double limit condition if for all
sequences (z,,) in K and (fy) in H and all ultrafilters U,V on N,
lim li =lim li .
Ji Tinn fo () = Tixg, Tian fr(2n)
In the language of Definition [I.2.5] this says that the evaluation function K x H — R,
(z, f) — f(x), is stable.
Grothendieck stated the condition with ordinary limits. The two formulations are equiv-

alent.
Lemma A.1.2. A bounded set H C C(K) satisfies the double limit condition if and only if

limlim f,,(zp,) = limlim f, (z,)
m n n m
for all sequences (xy,) in K and (f,) in H for which both iterated limits exist.

Proof. If both ordinary iterated limits exist, they are equal to the iterated limits along any
nonprincipal ultrafilters, so the double limit condition implies the second condition.
Conversely, suppose the double limit condition fails for (z,,), (f»), U and V, with iterated
limits @ # (. After an affine change of scale we may assume that all values lie in [0, 1].
Proposition applied to the function (z, f) — f(z), gives subsequences, which we still
denote (z,,) and (f,), with |fo(zm) — af < 2™ for m < n and |fu(2,) — 8] < 2177 for
n < m. By a diagonal argument we may pass to further subsequences along which lim,, f,,(z,)
exists for every m and lim,, f,,(z,,) exists for every n; the inequalities are preserved, with the
indices renumbered. Then lim,, f,(2,,) is within 2!=™ of «, so lim,, lim, f,(z,) = «, and
symmetrically lim, lim,, f,(zm,) = 8. So the second condition fails. ©

Theorem A.1.3 (Grothendieck). Let H C C(K) be bounded. The following are equivalent.

(1) H is relatively weakly compact in C(K).
(2) Every function in the pointwise closure of H in RX is continuous.
(3) H satisfies the double limit condition.
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Proof. (2) = (3). Let (xm), (fn), U, V be given, and put z = lim,, y 2, € K and f =
lim,, v f, € RE. By (2), f is continuous. Using the continuity of f and of each f,,

(3) = (2). Suppose f is in the pointwise closure of H but is not continuous at some
x € K. Then f = lim;y f; for a family (f;)icr in H and an ultrafilter U on I, and there are a
family (x;)jcs in K and an ultrafilter V on J with lim;y z; = x and lim; vy f(z;) = 8 # f(x).
(Fix € > 0 such that every neighborhood O of = contains a point zp with |f(zo) — f(z)| > ¢,
and let V be an ultrafilter on the set of neighborhoods of x containing, for each O, the set of
neighborhoods contained in O.) By continuity of each f;,

lim i fi(x) = lim fi(e) = (), limlim fi(e;) =i f(2) = 5.
After an affine change of scale, Proposition [I.2.3] and the proof of Corollary [I.2.6] turn these
families into sequences whose iterated limits along a nonprincipal ultrafilter are 5 and f(z).
This contradicts (3).

(1) = (2). Let W be the weak closure of H, which is weakly compact by (1). The identity
map from C'(K) with the weak topology to C(K) with the pointwise topology is continuous,
so W is pointwise compact, hence closed in R¥. So the pointwise closure of H is contained
in W C C(K).

(2) = (1). Let H be the pointwise closure of H. It is compact in R¥ because H
is bounded, and it is contained in C(K) by (2). It suffices to show that the weak and
pointwise topologies agree on H, since then H is weakly compact. By the Riesz representation
theorem, the weak topology is generated by the maps h + [ hdu with 1 a Radon measure
on K. On the uniformly bounded set H each such map is sequentially continuous for the
pointwise topology, by Lebesgue’s dominated convergence theorem. Grothendieck proved
that a pointwise compact subset of C'(K) is angelic: every point in the closure of a subset
is the limit of a sequence from that subset [44]; see also Pryce [25]. On an angelic space
sequentially continuous functions are continuous, which completes the proof. ©

The proof of (2) < (3) uses only ultrafilter limits and Proposition The measure-
theoretic input and the angelicity of pointwise compact sets enter only in (2) = (1).
Fact A.1.4 (Eberlein—Smulian). In a Banach space, every sequence in a relatively weakly
compact set has a weakly convergent subsequence [16}, 17].
Corollary A.1.5. If a bounded set H C C(K) satisfies the double limit condition, then every
sequence in H has a subsequence that converges pointwise on K, to a continuous function.

Proof. By Theorem H is relatively weakly compact. By Fact every sequence in
H has a subsequence converging weakly to some f € C(K). Point evaluations are bounded
linear functionals, so the subsequence converges pointwise to f. ©

We now connect the criterion with the spaces of types of Section For ¢: Ax B —
[0, 1], recall the evaluation maps e,: LS(¢) — [0,1], es(p) = p(b), and eq: RS(¢p) — [0, 1],
ea(q) = g(a), of Subsection [1.2.4]
Proposition A.1.6. Let ¢: A x B — [0,1] be stable. Then {ey, : b € B} is relatively
weakly compact in C(LS(p)), and {e, : a € A} is relatively weakly compact in C(RS(p)).
More precisely, the pointwise closure of {ey : b € B} consists of the functions ¢(-,q) with

q € RS(¢), where ¢ is the function of Proposition .
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Proof. By with a constant family, e, = (-, 1tp,(b)). If ¢ = lim;yrtp,(b;), then by
continuity of ¢(p,-) we get lim;yep (p) = 4(p,q) for every p. So every pointwise limit of
functions ey is of the form ¢(-, q), and conversely every such function is a pointwise limit of
this kind. These functions are continuous on LS(¢) by separate continuity. Hence condition
(2) of Theorem holds, and {e, : b € B} is relatively weakly compact. The statement
for {e, : a € A} is proved symmetrically. ©

A.2. Historical remarks

Section Theorem is from Grothendieck’s 1952 paper [44], announced in [18],
which also proves that pointwise compact subsets of C(K) are angelic. The Eberlein-Smulian
theorem is due to Smulian [16] and Eberlein [17]. Later proofs and extensions of the criterion,
by Namioka, Ptak, Young, Simons, Pryce and Konig, are listed in the timeline of Section 1.3
(see the historical remarks on Subsection . The reading of the criterion as a statement
about stable functions, which is the point of view of Definition and Proposition
is due to Ben Yaacov [42] and Pillay [21] for formulas, following Iovino [49] and Krivine-
Maurey [51].
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