LOCAL STABILITY IN INFINITARY REAL-VALUED LOGIC
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ABSTRACT. This paper extends local stability over countable models to the logic Le, . (R), the
infinitary extension of Keisler’s model theory of real-valued structures [18, 6], whose expressive
power places it beyond the reach of the compactness theorem. Without compactness, the types
realized in elementary extensions take the place of all types. In this form, the four classical
characterizations of stability extend to L., . (R): the absence of the order property with realized
limits of types, the commutation of iterated limits, the separately continuous extension to realized
types, and the definability of realized types by formulas that induce continuous functions on
the realized types and are compatible with limits. The definitions are explicit and canonical,
since the upper limit of the instances along any sequence of elements approximating a realized
type defines that type, with no assumption of separability for the uniform metric. Because the
realized types may form a non-Borel set, the proof rests on a double limit criterion for arbitrary
prescribed sets of limits, which we establish in the setting of Arhangel’skii’s Cj-theory. Model
existence, which Aubone, Duefiez and Iovino derived from the Cech-completeness of the spaces
of Henkin types, presents the realized types as analytic sets for relational vocabularies, and
every analytic set of binary sequences containing those that take the value 1 at only finitely
many coordinates arises in this way from a stable formula. Finally, stability is characterized by
stationary finite approximations, which recover the generic value even for types that have no
joint realization, or none with the generic value; the second phenomenon occurs even when the
local type spaces are compact.
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INTRODUCTION

In this paper we extend local stability to the logic Ly, . (R), the infinitary extension of Keisler’s
model theory of real-valued structures [18, 6]. As a language for analysis, this logic is far more
expressive than first-order logic in its two-valued and its continuous forms (Section 1). In
first-order logic, two-valued or continuous, a formula ¢(x,y) is stable precisely when any one
(equivalently, all) of the following conditions holds [25, 9].

(i) The formula ¢ does not have the order property.

(ii) In every model, iterated limits of the values of ¢ along sequences of elements commute.

(iii) Over every model, ¢ extends to a function on the product of its spaces of types that is
continuous in each variable.

(iv) Every type of ¢ over every model is definable.

(v) Over every countable model (every separable model, in continuous logic), for a countable
vocabulary, the space of types of ¢ is separable for the uniform metric, and is countable
when ¢ is two-valued.

The standard proofs of these classical characterizations rely heavily on compactness. The
expressive power of Ly, (R) places the logic beyond the reach of the compactness theorem, and
we show that the first four of these characterizations nonetheless extend to it. Let a countable
fragment F of L, (R), a countable structure M and a formula ¢(x,y) of F be given, and call ¢
stable over M when the iterated limits of the values of ¢ on M commute along every pair of
limits of types realized in elementary extensions of M, which is the generic double limit condition
of Definition 5.1. Our principal result is the following.

-
Theorem A. The stability of ¢ over M is equivalent to each of the following conditions.

(1) The formula ¢ does not have the order property with realized limits of types (Theo-
rems 4.4 and 5.2).

(2) The formula ¢ extends to a function on the product of its spaces of realized types that
is continuous in each variable (Theorem 4.6).

(3) Each realized type of ¢ extends to a continuous function on the realized types of the
dual kind, in a manner compatible with limits (Theorem /.7).

(4) Each realized type of ¢ is definable by a formula of the logic that induces a continuous
function on the realized types and is compatible with limits. For the type of an element
¢, such a definition is

ve(y) = N\ 'V elar,v),
n<w k>n

where (ar)k<w s any sequence of elements of M whose types converge to the type of

Th .2).
L ¢ (Theorem 5.2) )

The definitions in (4) are explicit and canonical: every approximating sequence yields the same
values on all realized types of the dual kind. The construction uses the same upper-limit form
for every realized type and requires no separability for the uniform metric. Thus definability is
obtained directly, even when the space of realized types has continuum many uniformly separated
points.

Theorem A rests on a double limit criterion for prescribed limits, Theorem B, which we
prove directly for bounded functions on products of countable sets. The criterion belongs to
C)p-theory, the study of spaces of continuous functions with the topology of pointwise conver-
gence. Grothendieck’s double limit criterion of 1952 is one of the sources of this theory, which
Arhangel’skii and his school built into a major branch of general topology [4, 28]. A theorem of
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Arhangel’skii asserts that every space of countable tightness, every metrizable space in particular,
is weakly Grothendieck [5, 27]: on such a space, if every infinite subset of a set of continuous
functions has a continuous limit point, then the closure of the set is compact and consists of
continuous functions. Theorem B carries the double limit condition from all limits to arbitrary
sets of limits prescribed in advance; no closedness, completeness or definability assumption is
imposed on these sets. The realized types themselves are described by the topology of the spaces
of Henkin types, the complete diagrams from which models are constructed. Aubone, Duenez
and Tovino proved that in L, (R) these spaces are Cech-complete, so that the logic enjoys a
model existence theorem [6], and this theorem is the foundation on which the theory of realized
types rests. For relational vocabularies, the set of realized types is thus a continuous image of
a Polish space, and hence an analytic set (Theorem 2.4). This description is sharp even under
stability: in Theorem 7.10 we realize every analytic subset of the space of binary patterns that
contains all patterns taking the value 1 at only finitely many coordinates as the space of realized
types of a stable formula. In particular, the sets of limits that the logical application prescribes
may be non-Borel, and Theorem B applies to them in their full generality.

[ Theorem B. Let A and B be countable sets, let ¢ be a bounded real-valued function on
A x B, let P be a set of pointwise limits of rows v(a,-), a € A, that contains the rows, and
let Q be a set of pointwise limits of columns ¢(-,b), b € B, that contains the columns. The
following conditions are equivalent:

(1) iterated limits of ¢ agree whenever the limits of the rows and of the columns along
which they are taken belong to P and to Q;

(2) there is no ladder for ¢ whose rows converge to a point of P and whose columns
converge to a point of Q;

(3) the function ¢ extends to a function on P x @ that is continuous in each variable;

(4) every point p of P extends to a single continuous function on @ whose value at each
point q of Q is the limit of q(an) along U, for every sequence (apm)m<w in A and

L every ultrafilter W on w along which the rows of the sequence converge to p. )

When P and ) comprise all limits, Theorem B contains Grothendieck’s double limit crite-
rion [13] for countable sets; when they comprise the realized types, Theorem B yields Theorem A.

The expressive power of L, ,(R) is nowhere more striking than in analysis. In first-order
continuous logic, Casazza, Duefiez and lovino proved that the norms of Tsirelson’s space and of
Schlumprecht’s space cannot be defined from the approximants of their inductive constructions [10].
In L,,u(R), a single formula, the upper limit of the approximants, defines the norm of every
Banach space whose norm is the pointwise limit of approximating seminorms dominated by
a multiple of the norm (Proposition 1.1). Tsirelson’s space, Schlumprecht’s space and the
higher-order Tsirelson spaces [3] are of this kind. The same formula defines even the norm of
the space of Argyros and Haydon, the first infinite-dimensional Banach space on which every
bounded operator is a scalar multiple of the identity plus a compact operator [2] (Example 1.2),
a space that Gowers greeted as the new “nastiest known Banach space” [12]. This logic also
defines, by a countable join of instances of the order, every cut of the rational numbers whose
upper part has no least element, and it expresses in a single sentence that each element of an
ordering has only finitely many predecessors (Section 1). The defining formula of the norms
has the same form as the definitions of types in (4), and this expressive power is why those
definitions must be compatible with limits. Agreement with a type on the model does not suffice
for a definition: every cut of the rational numbers is definable on the model even though the
order is unstable (Example 6.1). Continuity on the realized types does not suffice either, as an
example in first-order logic over the natural numbers shows (Example 6.3).
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The infinitary extension also distinguishes properties that compactness brings together. In
first-order logic, a stable formula over a countable model has a uniformly separable space of
types, each defined by a uniform limit of finite combinations of instances. In L, (R), a stable
formula may have continuum many realized types at mutual distance 2 (Example 7.5), and its
realized types may form a non-Borel analytic set (Theorem 7.10). For relational vocabularies,
descriptive set theory supplies a precise alternative: the realized types are either separable for
the uniform metric or contain a perfect set whose mutual distances are bounded away from zero
(Proposition 7.6). Definitions by uniform limits of finite combinations become a property of
individual types, characterized exactly by continuous extension to all limits of the dual types
(Proposition 7.1).

For relational vocabularies, the Polish space of Henkin types gives a second source of structure.
Without any stability assumption, a comeager set of Henkin types projects to local types uniformly
approximable by rows themselves, and therefore by individual instances (Proposition 7.8). Under
stability, this approximation yields joint continuity on entire coordinate strips: a Henkin type in
a dense Gy set on either side gives joint continuity against every Henkin type on the other side
(Corollary 7.9). The category and joint-continuity assertions concern the Henkin parametrization,
through which model existence presents the realized types.

Harnik and Harrington characterized stability by the existence of an abstract independence
relation, written with Makkai’s symbol | and satisfying axioms that include invariance, mono-
tonicity, symmetry, existence, stationarity over models, finite character and local character, and
they proved that these axioms determine the relation as nonforking [14]; Kim and Pillay obtained
the corresponding characterization of simple theories [19]. We characterize local stability in
L, (R) by a relation on finite approximations that satisfies local forms of these axioms, and we
prove that the limiting value of such a relation is uniquely determined (Theorem 8.1). This value
is the separately continuous generic value, and in the first-order case it agrees with the value
prescribed by the nonforking definition of the local type (Proposition 8.2). The characterization
supplies canonical stable values even where elementary joint realization cannot supply them.

The examples establishing this distinction satisfy Grothendieck’s double limit condition on
all local limits, not merely on the realized ones. In Proposition 8.3, the kernel extends jointly
continuously to the full compact spaces of local limits, yet two individually realized types have
no joint realization. In Proposition 8.4, both local type spaces are compact and every local limit
is realized, yet no joint realization of the designated types has the generic value. Thus stability
of a formula, compactness of its local type spaces and elementary joint realization are distinct
issues; stationary finite approximations recover the generic value throughout.

Organization of the paper. The order of the paper follows that of the proof. In Section 1
we recall the logic and display its expressive power, notably the definition of norms from their
approximants. In Section 2 we define the realized types and present them through model
existence. In Section 3 we give the C)p-theoretic setting; Theorem B is established directly in
Section 4, and Theorem A is derived from it in Section 5. In Section 6 we show by examples
why the definitions must be compatible with limits, and in Section 7 we treat the two features
of the classical theory that rest on compactness itself. In Section 8 we characterize stability by
stationary finite approximations and distinguish generic values from elementary joint realizations.
The comparison with the classical theory and the open problems close the paper, in Sections 9
and 10.

1. COUNTABLE JOINS DEFINE WHAT FIRST-ORDER LOGIC CANNOT

The interest of Ly, (R) lies in the expressive power of its countable joins. In this section we
recall real-valued infinitary logic, the infinitary extension of Keisler’s model theory of general
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real-valued structures [18, 6]. In the spirit of Keisler’s book on infinitary logic [17], we then
exhibit three definitions by countable joins that lie beyond the reach of first-order logic: the
norms of the most intricate Banach spaces, defined from their approximants; the cuts of the
rational numbers; and the finiteness of sets of predecessors.

The structures interpret function symbols by arbitrary functions and predicate symbols by
bounded real-valued functions, and the language has no equality symbol. Every formula 6 carries
a syntactic bound rg, which bounds the values of 8 in every structure and is fixed by the formation
rules, rather than recalculated from the range of 6 in a particular structure. An atomic formula
inherits the prescribed bound of its predicate symbol, and the unity symbol 1 has value and
bound 1. Rational scalar multiplication multiplies the bound by the absolute value of the scalar,
addition adds bounds, and binary maximum V takes the larger bound; suprema over variables
preserve bounds, and minimum and infimum are derived by negation. A countable join \/,, 0,
interpreted as the pointwise supremum, is admitted when the formulas share a finite tuple of
free variables and sup,, rg, is finite, and this supremum is the bound of the join; countable meets
obey the same rule.

A countable fragment F is a countable set of formulas of L, (R) that contains the atomic
formulas and the formula 1 and is closed under subformulas, under the finitary connectives,
under suprema over variables, and under substitution of variables for variables, with bound
variables renamed when necessary to avoid capture. Every sort of every structure is assumed to
be nonempty. For a structure M, a formula 6(u) and a tuple e of elements of M of the length of
u, we write 6™ (€), or §(€), for the value of § at €. A structure N is an elementary extension of
M for F, written M =g N, if M is a substructure of N and 6" () = 6™ (&) for every formula
O(u) of F and every tuple € of elements of M, the empty tuple included.

Among the Banach spaces of modern analysis, the most intricate are produced by inductive
constructions, in which the norm is the limit of a sequence of approximating norms. Tsirelson’s
space, the first infinite-dimensional Banach space found to contain no copy of cq or of ¢,, arises
in this way, and so do Schlumprecht’s space, the higher-order Tsirelson spaces and the space of
Argyros and Haydon, on which every bounded operator is a scalar multiple of the identity plus a
compact operator [2]. Casazza, Duenez and Iovino proved that the Tsirelson and Schlumprecht
norms admit no first-order definitions from their approximants in the structures considered
there [10]. Their proofs combine estimates on nonuniform convergence with local stability theory.
In L,,,(R), a single formula defines every such norm from its approximants.

Proposition 1.1 (Norms given by approximants). Let V' be a real vector space, let ||| - ||| be
a norm on V', and let (|| - ||x)k<w be seminorms on V' that converge pointwise to ||| - ||| and satisfy
x|l < C|||z||| for some real number C > 1 and all k and . Let the vocabulary consist of unary
predicate symbols Ny, for k < w, with a priori bound C, and let the structure whose universe is

the closed unit ball of (V||| - |||) interpret Ny, by || - ||x. Then the quantifier-free formula
v(z) =\ \ N(z)
n<w k>n
of Ly, w(R) satisfies v(x) = |||x||| for every x in the closed unit ball.

Proof. The interpretation respects the a priori bounds, since ||z||; < C|||z||| < C on the closed
unit ball. The atomic formulas Ni(x) share the free variable x and the a priori bound C, so the
joins Vj~, Nx(x) and their meet are formulas, and the value of v at x is inf,, supy~,, ||z||x, the
upper limit of a convergent sequence, which is its limit |||z|||. - O

For Tsirelson’s space, Schlumprecht’s space and the higher-order Tsirelson spaces, the approxi-
mants of the inductive construction increase to the norm, so that C' = 1 and the formula may be



taken to be the single join \/; Ng(x). The formula v has the form of the definitions of types in
Theorem 5.2: an upper limit of formulas that share an a priori bound.

Example 1.2 (The space of Argyros and Haydon). The space of Argyros and Haydon is a
Bourgain—Delbaen space: a closed subspace X of ¢ (I'), with the supremum norm, where I is
the union of an increasing sequence I'y C T’y C - -+ of finite sets, the stages of the construction [2,
Section 3]. The seminorms ||z||; = max,er, |(7)| increase to the norm of X, so that C' =1 in
Proposition 1.1. The single join \/; Ni(z) therefore defines the norm of X on the closed unit ball,
from the approximants given by the stages of the construction.

The countable joins reach into the theory of orders as well. On the rational numbers every cut
whose upper part has no least element is defined by a countable join of instances of the order
(see Example 6.1), whereas, by the o-minimality of the rational order, the subsets of the rational
numbers that are first-order definable with parameters are finite unions of intervals with rational
or infinite endpoints. On the natural numbers a single sentence states that every element has
finitely many predecessors (see Example 6.2), whereas, by compactness, every first-order theory
that has an infinite model of this kind also has a model with an element above infinitely many
others.

The same expressive power shapes the theory of stability. A larger fragment can exclude the
realization of a limit of types that an elementary extension realizes for the first-order fragment,
as Examples 6.2 and 6.3 will show: the limit of the values of a countable join need not be the
supremum of the limits of the values of its members. A theory of stability for the logic must
therefore single out the limits that are realized, and in Section 2 we describe these limits through
model existence.

2. MODEL EXISTENCE TAKES THE PLACE OF COMPACTNESS

In first-order logic compactness realizes every limit of types, and the types over a model form
a compact space. In Ly, ,,(R) the realized types are described instead by the model existence
theorem. In this section we fix the setting of the rest of the paper, define the local types realized
in elementary extensions of a countable structure, and show that the types of elements of the
structure approximate them. For relational vocabularies we then identify the realized types with
the images of the Henkin types of Aubone, Duefiez and Iovino [6], from which the model existence
theorem builds its models, and we conclude that the realized types form an analytic set.

For the rest of the paper, let a countable vocabulary, a countable fragment &, a countable
structure M, and a formula ¢(z,y) of F be given, where x and y are finite tuples of variables,
and write r = r,. An element corresponding to = or to y is accordingly a tuple of elements of
the appropriate sorts, and M, and M, denote the corresponding sets of tuples from M. An
element of an elementary extension is always understood together with the extension in which
the element lies.

Definition 2.1. For an element ¢ of an elementary extension N of M for F, the ¢-type of ¢ over
M, in N, is the function t(c): M, — [—r,r] given by t(c)(b) = ¢™(c,b), and, for an element d of
an elementary extension N, the ¢*-type of d over M is the function t*(d): M, — [—r,r] given by
t*(d)(a) = "~ (a,d). The set R, of realized p-types consists of the functions t(c), and the set R,
of realized *-types consists of the functions t*(d), for elements ¢ and d of elementary extensions
of M for F.

Lemma 2.2. Let ¢ be an element of an elementary extension N of M for F. Then there is a
sequence (ag)k<w i My such that p(ag,b) — ¢(c,b) for every b € M,.



Proof. Enumerate M, as (€;)i<., with repetitions if M, is finite, and let a positive integer k be
given. Choose rational numbers ¢; with |t; — ¢(c, e;)| < 1/(2k) for i < k, and let

0(1’,:{/0, s 7yk’—1) = /\ (%1 - |<,0(1', yl) - tzl‘)v
i<k
where |x| abbreviates x V (—x). The formulas 6 and sup, 6 belong to F, by the closure properties
of F. The value of 8V at (c,eq,...,ex_1) is at least 1/(2k), so (sup, 0)"(eq,...,er_1) > 0,
and elementarity gives (sup, 6) (eq,...,ex—1) > 0. Hence there is a;, € M, with |p(ay,e;) —
(e, ei)| < 3/(2k) for i < k. Every b € M, is some e;, so ¢(ag,b) — ¢(c,b) for every b € M,. O

The downward Lowenheim—Skolem property of countable fragments, which we prove for
relational vocabularies, is used below and in Section 7.
Lemma 2.3. Let the vocabulary be relational, let N be a structure, and let A be a countable
subset of N. Then there is a countable structure M with A C M and M <5 N.

Proof. Build countable sets A = Ag C A; C - - as follows: given A;, for every formula sup,, 6(u,v)
of JF, every tuple € of elements of A; and every rational number ¢ smaller than (sup, 0)N (&), add
to Aji1 an element ug of N with 6~ (ug,€) > t. Let M be the substructure of N whose universe is
the union of the sets A;, which is countable because J is countable. Every sort of M is nonempty,
by the witnesses for the formulas sup,, 1. By induction on the formulas of F, every formula has the
same values in M and in N at tuples of M: atomic formulas agree because M is a substructure,
the connectives and the countable joins are computed pointwise, and for a supremum over a
variable the elements added in the construction give (sup, 8)(€) > (sup, 0)" (€), while the
reverse inequality is clear. O

For the rest of this section the vocabulary is relational, as in the examples of Sections 6 and 7.

Let Vis be the vocabulary expanded by a constant for every element of M, and let C' be a
set of new constants that contains countably many constants of every sort, among them a tuple
ez of constants of the sorts of x and a tuple e, of constants of the sorts of y. Let Fj; ¢ be the
set of sentences obtained from the formulas of F by substituting constants of Vj; and of C' for
the free variables. The set J)s ¢ is countable, and the closure properties of J give the closure
properties of Fjrc that the results of Aubone, Dueniez and Iovino quoted below require. Let a
sentence of Fys c be given, and let n(u), with free variables u, be a subformula of the formula
from which the sentence comes. Every sentence 7(e) obtained by substituting constants e of the
appropriate sorts belongs to Fys ¢. In particular, for every sentence sup,, 6(u) of Fys ¢ and every
constant e of the sort of u, the sentence #(e) belongs to Fys,c. The set Fys ¢ is also closed under
the connectives, with variables renamed apart. A formal type assigns to every sentence 6 of Ty ¢
a value in [—7g, 7], and the formal types form the compact metrizable space [[ycs,, .[=76,70]-
A Henkin type is a formal type that satisfies the recursive equations for the conne}stives, for
the countable joins and meets, and for the suprema over variables, where the supremum over a
variable is taken over the constants of the required sort [6]. Let H be the set of Henkin types
h that satisfy the elementary diagram of M, that is, 6(a)" = 6™ (a) for every formula 6(u) of
F and every tuple a of elements of M, where a also denotes the tuple of the constants of the
elements. Define 7, (h): M, — [—r,r] and 7y (h): My — [—r,7] by

mo(h)(b) = @lex, )", my(h)(a) = @l(a, )"

We use two results of Aubone, Duefiez and Iovino [6] (see also [15, Proposition 5.1]). The first,
their Henkin realization lemma, says that every Henkin type h is realized by a term structure: the
elements of the structure are the closed terms, which for a relational vocabulary are the constants,
and every sentence of J)s ¢ takes in the structure the value assigned to it by h. The second

concerns the topology of the Henkin types: the set of Henkin types that satisfy a countable set
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of strict conditions is a G5 subset of the space of formal types. Since that space is compact and
metrizable, such a set is Polish [16, Theorem 3.11]. The elementary diagram of M is a countable
set of closed conditions, each of which is equivalent to a countable set of strict conditions, so H
is such a set and is Polish.

Theorem 2.4 (Realized types and Henkin types). Suppose that the vocabulary is
relational. Then R, = m,(H) and Ry, = m,(H), and the maps m,: H — [-r,r]™v and
my: H — [, T]MI are continuous. Consequently, the sets R, and R, are analytic subsets of
the compact metrizable spaces [—r,r]Mv and [—r,r]Me=.

Proof. The coordinates of m,(h) are coordinates of h, so m, is continuous into the product
[—r, 7] My,

Let h € H be given, and let N be the reduct to the original vocabulary of the term structure
that realizes h, in which the constant of an element of M is identified with that element. The
sorts of N are nonempty, since C' contains constants of every sort. For tuples a of elements
of M, the atomic formulas have the values that the elementary diagram prescribes, so M is a
substructure of N. For such tuples every formula 6(u) of JF satisfies 8V (a) = 6(a)* = 6™ (a),
so M =<5 N. The element ¢ of N named by e, satisfies o™ (c,b) = p(eg,b)" = m.(h)(b), so
mz(h) = t(c) € Ry.

Conversely, let ¢ be an element of an elementary extension N of M for F. By Lemma 2.3,
there is a countable structure N’ with M U {¢} € N’ and N’ <4 N, and then M =<5 N’
Choose an assignment of elements of N’ to the constants of C, sort by sort, that is onto N’
and assigns c to e;, and let h assign to every sentence of J);c the value of the sentence in
N’ under this assignment. The recursive equations hold because values in a structure obey
them, and the equations for the suprema over variables hold because every element of N’ is
named by a constant. The elementary diagram of M holds because M <4 N’, so h € H, and
7o (h)(b) = N (¢,b) = t(c)(b). The statements for the variable y are proved in the same way,
and a continuous image of a Polish space in a Polish space is analytic. O

Remark 2.5. Theorem 2.4 is the form that the model existence theorem takes for local types: a
local type is realized exactly when the elementary diagram of M, together with the conditions
that prescribe the local type, is satisfied by a Henkin type. In Keisler’s treatment of infinitary
logic, the same role is played by consistency properties [17]. Through Theorem 2.4, genericity in
the sense of Definition 5.1 below is expressed by the space of Henkin types, an object built from
the syntax, although the proofs of Section 5 work directly with the realizing elements.

The realized types are thus prescribed limits in the compact spaces of all limits of types, and
the question of stability becomes a question about iterated limits taken along prescribed limits
alone. In Sections 3 and 4 we answer the question in a setting from which logic is absent.

3. ARHANGEL’SKII’S THEOREM REDUCES RELATIVE COMPACTNESS TO COUNTABLE SETS

Grothendieck’s criterion demands the exchange of iterated limits along all sequences of points
of a compact space. Arhangel’skii’s Cp-theory characterizes relative compactness in spaces of
real-valued continuous functions whose domains reach far beyond the compact spaces, and among
its results is his theorem on spaces of countable tightness. In this section we cast the theorem as
a double limit criterion that admits only the points to which sequences converge along ultrafilters.
Logic does not enter, and neither do the countable sets of the later sections.

For a topological space Z and a real number r > 0, we regard sets of functions from Z to [—r, 7]
as subspaces of the compact Hausdorff space [—r, T]Z , with the product topology, the topology
of pointwise convergence. We write Cp(Z) for the space of continuous real-valued functions on
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Z with the topology of pointwise convergence. For a sequence (f,)n<w of functions from Z to
[~7,7] and an ultrafilter U on w, the limit lim,,_, f,, exists in [~r, 7] and is computed pointwise.
A space Z has countable tightness when every point in the closure of a subset S of Z lies in the
closure of a countable subset of S. First-countable spaces, metrizable spaces among them, have
countable tightness, and so do hereditarily separable spaces. A point z of Z lies in the closure of
the set of terms of a sequence (z,)m<w in Z exactly when the sequence converges to z along
some ultrafilter on w. If z lies in the closure, the sets {m < w : z,,, € O}, for the neighborhoods
O of z, are nonempty and closed under finite intersections, and every ultrafilter that contains
them all will serve.

Theorem 3.1 (Arhangel’skii’s theorem as a double limit criterion). Let Z be a space
of countable tightness, let r > 0 be a real number, and let A be a set of continuous functions
from Z to [—r,r]. The following conditions are equivalent:
(a) for all sequences (fn)n<w n A and (zm)m<w ™ Z, all ultrafilters W and 'V on w, and
every point z of Z to which (zm)m<w converges along V,

lim li = lim li ;

A iy Jnm) = I, 18 o)

(b) for every sequence (fn)n<w in A and every ultrafilter U on w, the function lim, . f,
18 continuous;

(c) every function in the closure of A in [—r, 7]
compact in Cy(Z).

Z is continuous, that is, A is relatively

Proof. Suppose (b), let sequences, ultrafilters and a point z be as in (a), and let g = lim,,_y fn,
which is continuous. Each f,, is continuous, so lim,, v fn(zm) = fn(z), and the left side of (a) is
lim,, 1 fn(2) = g(2). The right side is lim,,_,v g(zm) = g(z), by continuity of g.

Suppose that (b) fails, and let (fy,)n<w and U be such that g = lim,,_,y f,, is discontinuous,
at a point z say. Then there is € > 0 such that z lies in the closure of the set of points 2z’ with
lg(2") — g(z)| > e. By countable tightness, z lies in the closure of a countable subset of that
set, which is nonempty because z does not belong to the set. Enumerate the countable subset
as a sequence (2 )m<w, repetitions allowed, and let V be an ultrafilter on w along which the
sequence converges to z. As in the first paragraph, the left side of (a) is g(z), while the right
side is lim,, v g(zm ), which differs from g(z) by at least €, so (a) fails.

Condition (c) implies (b), since every limit of a sequence from A along an ultrafilter belongs
to the closure of A in [—r,r]?. Suppose (b), let f belong to the closure of A in [~r,r]%, and
suppose that f is discontinuous at a point z of Z. As in the preceding paragraph, there are ¢ > 0
and a countable set D of points 2" with |f(2') — f(z)| > € such that z lies in the closure of D.
The set Zy = {z} U D is countable, so the restriction of f to Zy belongs to the closure of the
restrictions of the members of A in the metrizable space [—r,7]%0. Hence there are f,, € A whose
restrictions to Zy converge to the restriction of f. For a nonprincipal ultrafilter U, the function
g = lim,,_yy( f is continuous by (b), and g = f on Zy. Continuity of g at z yields a point 2’ of
D with [g(2') — g(2)| < €, that is, with |f(z") — f(2)| < €, contrary to the choice of D. Hence
f is continuous. The closure of A in [—r,7]Z is then a compact subset of C,(Z), which is (c).
Conversely, a compact subset of C},(Z) containing A is closed in the Hausdorff space RZ and
contains the closure of A in [—r,7]%, since [—7,7]% is closed in RZ. O

The implication from (b) to (c) is an instance of a theorem of Arhangel’skii: every space Z
of countable tightness is weakly Grothendieck [5], that is, every set of continuous functions on
Z whose infinite subsets have limit points in Cp(Z) has compact closure in Cy,(Z). Tall gives a
short proof and a comprehensive discussion [27]. Condition (b) asserts this property of A in a
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strong form, since a limit along a nonprincipal ultrafilter of a sequence of distinct members of A
is a limit point of the set of terms of the sequence. The proof above gives the implication directly.
Condition (a) restricts the double limit condition to the points to which sequences converge along
ultrafilters. For a compact space Z of countable tightness, every sequence of points converges
along every ultrafilter, and condition (a) is the double limit condition along all sequences, as
in Grothendieck’s criterion [13]. Double limits along restricted families of sequences go back to
Pryce [22] and to K6nig and Kuhn [20]. The contribution of Theorem 3.1 is the double limit
condition (a), which the next section develops into Theorem B.

In the next section we consider a bounded function on the product of two countable sets,
with sets of limits of its rows and of its columns prescribed in advance. The one-sided criterion
proved there (Theorem 4.7) is the counterpart, for prescribed limits, of the continuity of limit
functions in Theorem 3.1: the iterated limits along the prescribed limits can be exchanged exactly
when each prescribed limit of rows determines a single continuous function on the prescribed
limits of columns, the same for every sequence of rows and every ultrafilter along which the
rows converge to it. Exchange against the columns suffices to construct the unique separately
continuous extension (Theorems 4.5 to 4.7).

4. PRESCRIBED LIMITS GOVERN THE EXCHANGE OF ITERATED LIMITS

Within this Cp-theoretic setting, we now prescribe the limits themselves. In this section we
prove Theorem B, which characterizes the exchange of iterated limits along prescribed limits, for
a bounded function on the product of two countable sets. Logic does not enter here either.

In this section, and in the parts of Section 7 that do not mention logic, let nonempty countable
sets A and B, a real number r > 0, and a function ¢: A x B — [—r,r] be given. In Section 5
these letters are specialized to the formula fixed in Section 2. For a € A, the row of a is the
function p,: B — [—r,r| given by pa(b) = ¢(a,b), and, for b € B, the column of b is the function
kp: A — [—r, 7] given by ky(a) = p(a,b). Let X be the closure of the set of rows in the product
[—r,7]B, and let Y be the closure of the set of columns in the product [—r,r]?, with the product
topologies. The sets A and B are countable, so the spaces X and Y are compact and metrizable,
and we fix metrics dx and dy for their topologies. Every point of X is the limit of a sequence
of rows, and every point of Y is the limit of a sequence of columns. The uniform metrics are
dx(p,p") = suppep [p(b) — p'(b)| on X and 0y (q,q") = sup,e4 |¢(a) — ¢'(a)| on Y. For a sequence
(Sm)m<w Of real numbers, or of points of X or of Y, and an ultrafilter U on w, we write lim,,, 1 i,
for the limit along U; limits in X and in Y along ultrafilters exist by compactness of the product
spaces and are computed pointwise.

Definition 4.1. Sets P C X and Q C Y of admissible limits are sets that contain all rows and
all columns, respectively.
Definition 4.2. Let sets P and @) of admissible limits be given. The exchange condition for
(P, Q) holds if

i o) = iy )
for all sequences (@ )m<w in A and (b, )n<w in B and all ultrafilters U and V on w such that
p = lim,_,q( pa,, belongs to P and ¢ = lim,,_,y kp, belongs to Q.

Since q(ayp,) = lim,_y @(am, by) and p(b,) = lim,, 1 @(am, b,), the exchange condition says
that the iterated limits lim,,  lim, v @(am, by) and lim, v lim,, . ©(am, b,) agree whenever
the limits of the rows and of the columns are admissible. For P = X and @) =Y, the exchange
condition is Grothendieck’s double limit condition in the ultrafilter form of Ben Yaacov [8]. If U
is principal, at mg say, then p = Pl and both limits equal ¢(am,,). The same holds when V is
principal, so only nonprincipal ultrafilters matter.
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Definition 4.3. Let sets P and @Q of admissible limits be given. An admissible ladder consists
of sequences (4 )m<w in A and (by)n<w in B and real numbers ¢ < ¢’ such that the rows p,,,
converge in X to a point of P, the columns x;, converge in Y to a point of (), and either

(1) @(am,bn) <t for m <n and @(am,b,) >t' for m > n, or

(i) @(am,bn) >t for m < n and p(am,by) <t for m > n.

For P =X and Q =Y, every ladder in the usual sense, that is, sequences and real numbers

t < t' with the pattern (i) or (ii) but with no requirement of convergence, yields an admissible
ladder: the ladder can be restricted to one subsequence of indices, used for both sequences, along
which the rows and the columns converge in the compact metrizable spaces X and Y, and the
restriction keeps the pattern of the ladder.

Theorem 4.4 (Ladders). Let sets P and Q of admissible limits be given. The exchange
condition for (P, Q) holds if and only if there is no admissible ladder.

Proof. Suppose that an admissible ladder in case (i) is given, with limits p € P and ¢ € Q.
A convergent sequence converges to the same point along every nonprincipal ultrafilter, so
p = limy, sy pa,, and g = lim,,_,y Ky, for all nonprincipal ultrafilters U and V. For each m, the
value q(a,) is the limit of ¢(am,, by,) as n — oo, which is at most ¢, so lim,, 1 ¢(ay,) < t. For each
n, the value p(by,) is the limit of p(am,b,) as m — oo, which is at least ¢/, so lim,,_,y p(b,) >t
Hence the exchange condition fails. Case (ii) is symmetric.

Conversely, suppose that the exchange condition fails, and let sequences, ultrafilters and limits
p € P and ¢ € @ be as in Definition 4.2, with a = lim,,, 1 q(ay,) different from 5 = lim,,_,vy p(by,).
By the remark after Definition 4.2, both ultrafilters are nonprincipal. Suppose that a < £, and
choose real numbers t_ <t <t <ty with a < ¢_ and ty < . Enumerate B as (e)k<, and A
as (€))g<w, with repetitions if necessary. We choose indices ng < nj < --- and mg < mj < ---
in the order ng, mg,ni,m1,..., as follows. At the stage of n;, consider the set of indices n with
p(by) > ty, with @(am,,b,) <t for every i < j, and with |k, (e}) — g(e},)| < 1/(j + 1) for every
k < j. This set belongs to V, since lim,,_,y p(b,) = 8 > t., since lim,,_,y @(am,;, bn) = q(am,) < t—
by the choice of m; below, and since ¢ = lim,,_,y kp, . The set is infinite, because V is nonprincipal,
and we choose n; in the set larger than the indices already chosen. At the stage of m;,
consider the set of indices m with q(am,) < t—, with @(am, by;) > t' for every j < i, and with
|pa,, (ex) — p(er)| < 1/(i+ 1) for every k < i. This set belongs to U for the same reasons, since
lim,, 1 @(@m; bn;) = p(bn;) > t4, and we choose m; in the set larger than the indices already
chosen. Then ¢(am,,bn;) <t for i < j and @(am,,bn;) >t for i > j, the rows p,,, converge
to p, and the columns Kb, converge to ¢, so that the sequences (@, )i, and (bnj )j<w form an
admissible ladder in case (i). If & > 3, the same construction, with the inequalities reversed,
gives case (ii). O

The proof applies to arbitrary sets P and @ of admissible limits: at each stage the ultrafilters
supply indices that keep the ladder inequalities, and the approximation of p and ¢ on finitely
many points makes the extracted rows converge to p and the extracted columns to ¢, so that the
ladder is admissible. When the exchange condition holds, the next theorem gives each pair of
prescribed limits a common value, independent of the approximating sequences, which defines
the separately continuous extension.
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Theorem 4.5 (The limit function). Let sets P and Q of admissible limits be given,

suppose that the exchange condition for (P,Q) holds, and fix p € P and q € Q. For all
sequences (ag)k<w 1 A with pa, — p and (by)n<w in B with Ky, — q, the limits limy, g(ax,)
and lim,, p(b,) ezist and are equal, and the common value D(p,q) does not depend on the
sequences. Moreover:

(1) D(pa,q) = q(a) and D(p, kp) = p(b) fora € A and b € B;

(2) D(p,q) = inf,, supy>,, q(ax) for every sequence (a)r<., in A with pa, — p;

&) 12pe)  Plpa] < ovlee) end [Disa)  2d)l < deles) forpp’ € 2 end
0,9 €Q.

Proof. For all nonprincipal ultrafilters U and V, the exchange condition gives limy_ g(ax) =
lim,,_,y p(by,). The left side does not depend on V and the right side does not depend on U, so
all limits of the bounded sequences (q(ag))k<w and (p(bn))n<w along nonprincipal ultrafilters
have one common value L. Every cluster point of a bounded sequence is the limit of the
sequence along some nonprincipal ultrafilter, so both sequences converge to L. If (a})g<, is
another sequence with Pa;, = P the same argument with the same sequence (b, )p<w. gives
limy, ¢(a},) = lim,, p(b,) = L, and likewise for another sequence of columns, so L does not depend
on the sequences. Part (1) follows from the constant sequences, part (2) holds because the upper
limit of a convergent sequence is the limit, and part (3) follows from |q(ax) — ¢'(ar)| < 0y (q,q")
and from [p(b,) — p'(bn)| < dx(p,p’) by passage to the limit. O

Theorem 4.6 (Separately continuous extension). Let sets P and Q) of admissible
limits be given. The exchange condition for (P,Q) holds if and only if there is a function
F: P xQ — [—rr] that is continuous in each variable, for the topologies of P and Q as
subspaces of X andY, and satisfies F(pa, kp) = ©(a,b) for a € A and b € B. In that case F
is unique, and F' = D.

Proof. Suppose that the exchange condition holds, and let F' = D, which extends ¢ by part (1)
of Theorem 4.5. Fix p € P, and let (g;);<. converge to ¢ in Q. For each j, choose a sequence
of columns converging to g;. By Theorem 4.5, the values of p along the sequence converge to
D(p, qj), so there is b; € B with dy (kp;,q;) < 1/(j +1) and |p(b;) — D(p,q;)| < 1/(j +1). Then
Kp; — q, s0 p(b;) — D(p,q) by Theorem 4.5, and therefore D(p,q;) — D(p,q). Thus D(p,-)
is continuous on the metrizable space @), and the symmetric argument shows that D(-,q) is
continuous on P.

Conversely, let F' be as in the statement. For a € A and ¢ € @, let (b,)n<w be a sequence
with kp, — ¢. Continuity of F'(pg,-) gives F(pq,q) = lim, ¢(a,b,) = ¢(a). Symmetrically,
F(p,kp) = p(b) for p € P and b € B. Now let sequences, ultrafilters and limits p € P
and ¢ € @ be as in Definition 4.2. The rows p,, converge to p along U, and F(-,q) is
continuous on P, so lim,, sy q(am) = limy, sy F(pa,.,q9) = F(p,q), and, in the same way,
lim,, vy p(by,) = lim, vy F(p, kp,) = F(p,q). The two limits are equal, so the exchange condition
holds. Finally, for p € P, g € Q and a sequence (ay)g<, with p,, — p, continuity of F(-,q) gives
F(p,q) = limg F(pa,,q) = limy q(ar) = D(p, q). O

The next criterion is one-sided in the sense of Grothendieck, since it concerns only the limits
of rows, evaluated at the admissible limits of columns.
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Theorem 4.7 (One-sided criterion). Let sets P and Q of admissible limits be given. The
exchange condition for (P,Q) holds if and only if, for every p € P, there is a continuous
function Gp: Q — [—r,r] such that

li =

lim g(am) = Gy(q)

for every sequence (am)m<w in A, every ultrafilter W on w with lim,, ,\ pa,, = p, and every
q € Q. In that case G, = D(p,).

Proof. If the exchange condition holds, let G, = D(p,-), which is continuous by Theorem 4.6.
For (am)m<w, U and g as in the statement, and for a sequence (by)n<w With k5, — ¢, the
exchange condition and Theorem 4.5 give lim,,, sy ¢(an,) = limy, p(b,) = D(p, q). Conversely, let
the functions G), be given. Taking ¢ = kp, gives Gp(kp) = lim,, 1 @(am, b) = p(b). For sequences,
ultrafilters and limits p and ¢ as in Definition 4.2, the hypothesis gives lim,, 1 ¢(amn) = Gp(q),
and continuity of G, on @ gives lim,_,y p(b,) = lim,,_,y Gp(ks,) = Gp(q). The last assertion
follows from the first half of the proof and from the uniqueness of the limits. O

The function G), is required to give the limits of rows at every admissible limit of columns, and
not only to extend the function b — p(b) continuously from the columns. The weaker requirement,
even imposed on both sides, does not imply the exchange condition.

Example 4.8 (The half graph). Let A = B = N, and let ¢(m,n) be 1 if m < n and —1
otherwise. The rows converge to the constant function po, = —1 on B, and the columns converge
to the constant function g, = 1 on A. The space X consists of the rows and p, the space Y
consists of the columns and ¢, and the rows and the columns are isolated points. Let P = X
and @ =Y. Every point of X extends continuously from the columns to Y: the row p,, by the
evaluation ¢ — ¢g(m), and po, by the constant —1. Symmetrically, every point of Y extends
continuously from the rows to X. The exchange condition nevertheless fails, since goo(m) =1 for
every m and ps(n) = —1 for every n. The function required by Theorem 4.7 for po, would take
the value —1 at the columns, hence at go, by continuity, and the value lim,, ¢oo(m) = 1 at ¢uo.

5. STABILITY IS THE DEFINABILITY OF REALIZED TYPES

The two strands of the argument now meet: the realized types of Section 2 supply the
prescribed limits, and Theorem B supplies the criterion. In this section we prove Theorem A.

We apply the results of Section 4 with A = M, and B = M,, the sets of tuples of elements of
M of the lengths of z and of y, and with the restriction of ¢ to A x B; Section 7 will use the
same setting. For a € M, and b € M,, the types t(a) and t*(b), computed in M, are then the
row p, and the column k. By Lemma 2.2, the realized types lie in the closures X and Y of the
rows and of the columns, and they contain the rows and the columns, which are the types of
elements of M, realized in M itself. Hence R, and R, are sets of admissible limits.

Definition 5.1. The formula ¢ satisfies the generic double limit condition over M if the exchange
condition for (R, R,) holds, and ¢ has the generic order property over M if there is an admissible
ladder for (R, Ry).

In terms of elements, the generic double limit condition says that lim,, .y ¢(am,d) =
lim,,_,v ©(c, by,) whenever c realizes the limit of the types t(a,,) along U and d realizes the
limit of the types t*(by,) along 'V, since ¢(am,d) = t*(d)(an) and ¢(c, by,) = t(c)(by). The value
(¢, d) for elements of different extensions is never used.

When ¢ satisfies the generic double limit condition over M, Theorem 4.5 applies with P = R,
and Q = Ry, and we call D(p, q) the generic value of ¢ at (p,q): the limit of ¢(ax) along any
sequence (ay)k<w in M, whose rows converge to p, and of p(b,) along any sequence (b, )n<w in
M, whose columns converge to q.

13



A formula in the instances is a formula of Ly, (R), in the vocabulary expanded by constants
for the elements of M, built from the formula 1 and from instances ¢(a,y), with a € My, by the
connectives of the logic, countable joins and meets included, without quantifiers. The value of
such a formula # at an element d of an elementary extension depends only on the values ¢(a, d), so
0 induces a function 6 on R, with 0(t*(d)) = 6(d). A realized @-type p is generically definable if
there is a formula @ in the instances such that  is continuous on R, and lim,, i ¢(am,d) = 0(d)
for every sequence (@, )m<w in My, every ultrafilter U with lim,,,_, t(am,) = p, and every element
d of an elementary extension. Such a formula 6 is called a definition of p.

Theorem 5.2 (Stability and definability of realized types). The following conditions
are equivalent:

(1) the formula ¢ satisfies the generic double limit condition over M ;
(2) the formula ¢ does not have the generic order property over M ;
(3) every realized p-type over M is generically definable.
In that case, for every element c of an elementary extension and every sequence (ag)p<w in
M, with o(ag,b) = p(c,b) for every b € My, the formula
ve(y) = N\ 'V elar,y)
n<w k>n

is a definition of t(c): the formula takes the value p(c,b) at every b € M, and the value
D(t(c),t*(d)) at every element d of an elementary extension, and every definition 6 of t(c)
satisfies = D(t(c),-).

Proof. Conditions (1) and (2) are equivalent by Theorem 4.4. The formulas ¢(ay,y) have a
priori bound r, so the joins \/;~,, ¢(ak,y) and their meet are formulas in the instances, and
the value of v, at d is inf, supys,, t*(d)(az). If (1) holds, then, by Theorem 4.5, this value is
D(t(c), t*(d)), which is ¢(c,b) for d = b € M,,. The induced function D(t(c),-) is continuous on
R, by Theorem 4.6, and Theorem 4.7 gives lim,,_,1 ¢(am,d) = D(t(c), t*(d)) = ¢.(d) whenever
lim,,y t(am) = t(c). Hence 1, is a definition, and (3) holds. If (3) holds, the functions 6
induced by the definitions satisfy the hypothesis of Theorem 4.7 for (R, Ry), so (1) holds, and
Theorem 4.7 gives § = D(t(c), ). O

For elements ¢ and d of one elementary extension, the value D(t(c), t*(d)) need not equal ¢(c, d).
For instance, in the first-order fragment, let M carry an equivalence relation E, two-valued, with
infinitely many infinite classes, let ¢ = E, and let ¢ and d be elements of one new class of an
elementary extension. Then ¢(c,d) = 1, while t(c) and t*(d) take only the value —1, so that
D(t(c),t*(d)) = —1. As with the definitions of types in first-order logic, the value D may be read
heuristically as the value of ¢ for an element realizing t(c) placed generically with respect to d.

6. EXPRESSIVE POWER DEMANDS DEFINITIONS COMPATIBLE WITH LIMITS

Theorem A asks more of a definition than agreement with the type on the model: continuity
on the realized types, and compatibility with limits. The examples of this section show that
neither requirement can be omitted, even when the fragment is first-order, and that the passage
to realized limits can render stable a formula that first-order logic declares unstable.
Example 6.1 (The double limit condition fails for an unstable formula). Let the
vocabulary consist of one binary predicate symbol < with a priori bound 1, let & be the set
of first-order formulas, let M be the ordered set @, in which a < b has the value 1 if a < b
and —1 otherwise, and let ¢(z,y) be the formula x < y. For every first-order formula 6 there
are a finite set Vpy of real numbers, depending only on 6, and, for each v € Vp, a formula 0, of
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classical first-order logic in the symbol <, such that in every structure in which < takes only
the values 1 and —1, the formula 6 takes values in Vj and takes the value v exactly where 6,
holds. The claim is proved by induction on 6. For a supremum over a variable u, the value
w is taken exactly where Jufy, A Ayey, ps 7wy holds. The ordered set R, with the same
convention, is an elementary extension of Q in classical first-order logic, since the theory of dense
linear orders without endpoints is model complete, and therefore Q <5 R. Let (am,)m<w and
(bn)n<w be increasing sequences of rational numbers with limit v/2, and let ¢ = d = /2 in R. For
a rational number b, the value ((a,,,b) converges to ¢(1/2,b), and for a rational number a, the
value o(a,b,) converges to ¢(a,/2). Hence the element /2 realizes the limits of the types of
both sequences along all nonprincipal ultrafilters U and V. Nevertheless ¢(am,, v2) = 1 for every
m and ¢(v/2,b,) = —1 for every n, so the generic double limit condition fails. The type of the
cut at /2 is still defined on Q by the formula Ve, asva(@ < y) of Ly,w(R), whose terms have
the common a priori bound 1: at a rational number b, the formula has the value 1 exactly when
some rational number a > /2 satisfies a < b, that is, exactly when /2 < b.

Example 6.2 (The generic condition holds where the double limit condition fails). Let
the vocabulary be as in Example 6.1, let M be the ordered set N with the same convention, and
let ¢(x,y) be the formula x < y. The sequences a,, = m and b, = n give lim,, lim,, @(am,,b,) =1
and limy, lim,, p(am,, b,) = —1, so Grothendieck’s double limit condition fails in M.

Let mg = 1, and, for a positive integer n, let
Tn(z) = s;lp---sup((:nl <) A A@po1 < ) A (a2, < T)),
1

Tn
so that 7 (m) is 1 if m > n and —1 otherwise. Let

o= igfn\!w(—ﬂnﬂ(l“)), T = igfirgf((u <)V —(u <)),
where the join is permitted because all of the terms have a priori bound 1. For natural numbers
n and b, let € be 1 if n < b and —1 otherwise, let €* be 1 if b < n and —1 otherwise, and let

Cnp(y) = f (=7 (2) V g1 (@) Ve(z <)), Gpy) = inf(=m (@) V mnga(2) Ve (y <))

Let J be the smallest countable fragment that contains o, 7, and the formulas ¢, and ¢, ,, for all
natural numbers n and b. In M the sentences o and 7 have the value 1, and so do the formulas
Cnp and ( , at the element b: at an element z # n either m,(z) = —1 or my41(x) = 1, and at
x = n the last term has the value 1 by the choice of € and of €*.

Let e be an element of an elementary extension N of M for F. Since 7 = 1, the predicate <
takes only the values 1 and —1 in N, and so do the formulas m,. Since oV = 1, some formula
Tne1 has the value —1 at e. Let n be the least such number, so that 7Y (e) = 1. Since fl\jb(b) =1,
the value of the last term at x = e is 1, that is, (e < b)Y = € = (n < b)M, and likewise
(b < e)N = (b < n)™. Hence every realized p-type and every realized *-type over M is the type
of an element of M.

The generic double limit condition holds. Let sequences and ultrafilters be given as in
Definition 4.2, with limits in R, and R, realized by elements ¢ and d, and let mg and ng be
natural numbers with t(c) = t(mg) and t*(d) = t*(ng). Along U the values p(a,,, mg) converge
to ¢(mo, mp) = —1, and the values ¢(am,, mo + 1) converge to p(mg, mg + 1) = 1. These values
lie in {—1,1}, so mg < an, < mo + 1, that is, a,, = mg, for U-almost all m, and likewise b,, = ng
for V-almost all n. Both limits of Definition 4.2 are therefore equal to the value of mg < ng.
Example 6.3 (The half graph in first-order logic). This example realizes Example 4.8 in
first-order logic. Let the vocabulary, the structure M = N and the formula ¢(z,y) = x < y be as
in Example 6.2, and let F be the set of first-order formulas. The sentence 7 and the formulas
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T and Gup, G of Example 6.2 are first-order. Let e be an element of an elementary extension
N of M for F. The predicate < is two-valued in N because 7V = 1. If 7Y ;(e) = —1 for some
n, then, for the least such n, the argument of Example 6.2 gives t(e) = t(n) and t*(e) = t*(n).
Otherwise 7\, () = 1 for every b € N, and the first-order formulas inf,(—m41(z) V (y < z))
and inf, (=741 (z) V —(z < y)), which have the value 1 at y = b in M, give (b < e)¥ =1 and

(e < b)N = —1. Such elements exist, for instance in an ultrapower of M by a nonprincipal
ultrafilter, which is an elementary extension by Lo$’s theorem [18]. Hence R, consists of the
types t(m) and the constant function po, = —1, and R, consists of the types t*(n) and the

constant function g, = 1. The types t(m) converge to p, and the types t*(n) converge to ¢o.
Every realized ¢-type has a continuous definition: a formula in the instances that agrees with
the type on M, and induces a continuous function on R,, with no requirement of compatibility
with limits. For t(m) such a definition is the instance ¢(m,y), whose value at ¢ is 1, and
for peo it is the formula —1. Symmetrically, every realized ¢*-type has a continuous definition
on R,: the instance p(z,n) for t*(n), with value —1 at ps, and the formula 1 for ¢. The
generic double limit condition nevertheless fails: for nonstandard elements ¢ and d and the
sequences a,, = m and b, = n, the limit of ¢(a,,d) is 1 and the limit of ¢(c,by,) is —1. The
type poo is not generically definable: a definition 6 of p, would satisfy 8(t*(n)) = peo(n) = —1,
hence 6(gs) = —1 by continuity, while compatibility with the limits of the instances ¢(m,y) at
Joo forces é(qoo) = 1. Continuity cannot be dropped from the definition of generic definability
either. The formula A,cy¢(a,y), whose terms have the common a priori bound 1, takes the
value —1 at every t*(n) and the value 1 at ¢, and it is compatible with the limits for po, as
the instances ¢(m,y) are for the types t(m). The function that the formula induces on R, is,
however, discontinuous at guo.

7. FINITE DEFINITIONS AND THE COUNTING OF TYPES REST ON COMPACTNESS

In first-order logic, every type of a stable formula over a countable model is definable by
uniform limits of finite combinations of instances, and the space of types is separable for the
uniform metric. In Ly, (R) the first becomes a property of individual types, and the second
gives way to a dichotomy. In this section we determine exactly when a realized type has such
finite definitions, show by an example that a formula satisfying the generic double limit condition
may have continuum many realized types at mutual distance 2, and, for relational vocabularies,
put in place of separability a dichotomy from descriptive set theory, together with consequences
of Baire category for the Henkin types. We close with the predicates that formulas define on the
realized types when these are few.

A finite combination of instances is a function on Y of the form ¢ — g(q(a1),...,q(ax)),
where aq,...,a; € A and g is built from the coordinates and the constant 1 by rational scalar
multiplication, addition, maximum and minimum. Each coordinate function ¢ — ¢(a) extends
the row p, from the columns to Y. Such finite combinations are continuous on Y.
Proposition 7.1. Let p € X be given. The following conditions are equivalent:

(1) there is a continuous function G on'Y with G(kp) = p(b) for every b € B;
(2) for every real number € > 0 there is a finite combination of instances h with |h(kp)—p(b)| <
€ for every b € B.

Proof. Suppose (1). The finite combinations of instances form a set of continuous functions on
the compact space Y that contains the rational constants and is closed under rational scalar
multiplication, addition, maxima and minima. For points ¢ # ¢’ of Y, real numbers o and 3, and
€ > 0, choose a € A with ¢(a) # ¢’(a) and rational numbers s and u with |sq(a) +u — a| < € and
|sq’(a) +u — B| < €. The finite combination g — sq(a) + u takes values within € of o and 3 at ¢
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and ¢'. The proof of the lattice form of the Stone-Weierstrass theorem [26] then applies with
approximate interpolation. For ¢,¢' € Y choose hy o with |hy o — G| < € at ¢ and at ¢/, a rational
constant if ¢ = ¢/. For fixed ¢, compactness gives finitely many ¢’ such that hq = ming hg 4
satisfies hy < G +eonY and hy > G — € at ¢, and compactness again gives finitely many ¢ such
that max, hy is within € of G on Y. This function is a finite combination of instances, which
gives (2).

Suppose (2), and choose finite combinations of instances hy with |hy (k) —p(b)| < 1/k for every
b € B. The continuous functions hy, satisfy |hy, — hi| < 1/k + 1/l on the dense set of columns,
hence on Y, so they converge uniformly to a continuous function G on Y with G(kp) = p(b). O

Corollary 7.2. Let sets P and Q) of admissible limits be given, with Q =Y, and suppose that
the exchange condition for (P, Q) holds. Then every p € P satisfies the equivalent conditions of
Proposition 7.1.

Proof. By Theorem 4.6, the function D(p,-) is continuous on @ =Y, and D(p, k) = p(b) by
Theorem 4.5. U

For P= X and @ =Y, Corollary 7.2 is the countable form of Grothendieck’s criterion, with
the conclusion of the Stone-Weierstrass theorem.

When J consists of first-order formulas, every point q of Y is realized. Let kp, — ¢, and let
V be a nonprincipal ultrafilter on w. By Y.o$’s theorem for first-order real-valued logic [18], the
ultrapower of M by V is an elementary extension of M through the diagonal embedding, and
the class d of the sequence (by,)n<., satisfies p(a,d) = lim,_,y ¢(a,b,) = ¢(a). Then R, =Y and,
symmetrically, R, = X, and Corollary 7.2 recovers the passage from the double limit condition
to definability by finite combinations of instances, for countable models.

A set S C X is few if S is separable for the uniform metric dx. For a function ¢ with values in
{—1,1}, distinct points of X are at dx-distance 2, and the few sets are then exactly the countable
ones.

Proposition 7.3. If every point of a set S C X satisfies the equivalent conditions of Proposi-
tion 7.1, then S is few.

Proof. For p € S, the continuous function p on Y of condition (1) is unique, since the columns
are dense in Y, and the supremum of |p — p'| over Y equals the supremum over the columns,
which is dx (p,p’). The map p — p is therefore an isometric embedding of (S, dx) into the space
of continuous functions on the compact metrizable space Y with the supremum norm. This space
is separable, and every subset of a separable metric space is separable. O

The exchange condition alone does not make the admissible limits few.

Example 7.4 (Continuum many admissible limits). Let B = N, let A be the countable
set of functions a: N — {—1,1} that take the value 1 at only finitely many points, and let
v(a,n) = a(n). The rows are the elements of A, and X is the set of all functions N — {—1,1}.
The columns &, given by k,(a) = a(n), are pairwise distinct, and Y consists of the columns
and the constant function —1, their only cluster point. For every ng, let s,, € A take the value
1 exactly at ng. Let P = X, and let Q be the set of columns. The exchange condition holds:
if Ky, — kn, along V, then s,,(b,) — 1, so b, = ng for V-almost all n, and both limits of
Definition 4.2 equal p(ng). The set P consists of continuum many points at mutual Jx-distance
2, so P is not few, and, by Proposition 7.3, some point of P does not satisfy the conditions of
Proposition 7.1. Since the columns are isolated in Y and converge to the constant function —1,
the points of P that satisfy them are exactly the eventually constant ones.

Example 7.5 (Continuum many realized types). This example realizes the phenomenon
of Example 7.4, continuum many admissible limits under the exchange condition, with realized
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types. The space Y may have more cluster points than in Example 7.4. Let the vocabulary
have two sorts, points and indices, together with a binary predicate symbol < on indices and a
predicate symbol P on pairs of a point and an index, both with a priori bound 1. Let Ny be the
structure whose indices are the natural numbers, with < as in Example 6.2, and whose points
are all functions f: N — {—1,1}, with P(f,7) = f(¢). Let ¢(z,y) be the formula P(z,y), with x
a point variable and y an index variable. Let m, and o be the formulas of Example 6.2, on the
sort of indices, let 7 be the sentence inf, inf, |u < v| A inf, inf, [P(z,v)|, and, for every natural
number n, let

Xn(x) = inf i%f(—ﬂn(u) V g1 (w) V =1 () V i1 (0) V e(, u, v)),

where €(z,u,v) = (P(xz,u) A P(z,v)) V (=P(xz,u) A —=P(z,v)) has the value 1 exactly when
P(x,u) = P(x,v) in a structure in which P is two-valued. Let F be the smallest countable
fragment that contains o, 7 and the formulas x,. These sentences and formulas have the value
1 in Ny, at every point in the case of y,, since exactly one index has exactly n predecessors.
For every natural number n, let s, be the point with s,(n) =1 and s,(i) = —1 for i # n. By
Lemma 2.3, there is a countable structure M =<4 Ny that contains all indices and all points s,,.

Every function f: N — {—1,1} is a point of Ny, and t(f)(n) = f(n). The realized p-types
over M are therefore continuum many, at mutual distance 2, and they are not few.

Let e be an index of an elementary extension N of M for F. As in Example 6.2, the sentences
o and T give a natural number n such that e has exactly n predecessors in the sense of the
formulas 7, and 7,1. For every point a of M, the value x¥(a) = 1, taken at u = ¢ and v = n,
then gives P(a,e) = P(a,n). Hence every realized p*-type over M is the type of an index of M.

The generic double limit condition holds. Let sequences and ultrafilters be given as in
Definition 4.2, with limits in R, and R, realized by elements ¢ and d, and let ng be a natural
number with t*(d) = t*(ng). At the point sy, of M, the values P(s,,, b,) converge along V to
P(Sngy,n0) = 1, 80 by, = ng for V-almost all n, and lim,,_,vy ¢(c, by) = (¢, ng). On the other side,
lim,, sy p(am, d) = lim,, s @(am,no) = (¢, ng), since c¢ realizes the limit of the types t(ay,)
along U and ng is an index of M. By Proposition 7.3, some realized @-type is not definable by
finite combinations of instances. The points of Y outside R, are the cluster points of the types
t*(n). None of these cluster points is realized: every realized ¢*-type is some t*(ng), which takes
the value 1 at sy, while t*(n)(sp,) = —1 for n # ng.

For analytic sets of limits, descriptive set theory supplies a dichotomy in place of compactness,
a metric form of the perfect set theorem for analytic sets, the tool with which Morley counted
the countable models of a sentence of L, [21].
Proposition 7.6 (Few or a perfect set). Let S C X be a nonempty analytic set. Then exactly
one of the following holds:

(1) the set S is few;
(2) there are a real number € > 0 and a subset of S homeomorphic, in the topology of X, to
the Cantor space, any two distinct points of which are at dx-distance greater than e.

Proof. A set as in (2) is uncountable and e-separated for dx, so (1) and (2) exclude each other.
The metric dx is the supremum of the continuous functions (p,p’) — |p(b) — p'(b)| on X x X,
and is therefore lower semicontinuous, so that, for every e > 0, the set T'c of pairs (p,p’) with
dx(p,p') > € is open in X x X. There is a continuous map f from the Baire space w* onto
S [16, Section 14.A], and the set I, of pairs (s, s) of w¥ x w* with (f(s), f(s’)) € ['c is an open
symmetric irreflexive relation on w®”. By Feng’s theorem [11, Theorem 1.1], either w* is the
union of countably many sets C; none of which contains a pair of I',, or there is a nonempty
perfect set K/ C w* any two distinct points of which form a pair of I'..
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In the second case, the map f is injective on K', since dx (f(s), f(s')) > € for distinct s, s’ € K'.
The set K’ is closed in w*, hence a nonempty perfect Polish space, so K’ contains a compact
subset K homeomorphic to the Cantor space [16, Theorem 6.2], and f maps K homeomorphically
onto a subset of S as in (2). If the second case fails for every e = 1/k, then for every k the sets
f(C;) cover S, and any two points of one of them are at dx-distance at most 1/k. Choosing one
point in each nonempty set f(C;), for all k and i, gives a countable subset of S that is dense for
dx, which is (1). O

For a function with values in {—1,1}, Proposition 7.6 reduces to the perfect set theorem for
analytic sets, and in Example 7.4 the second case holds, together with the exchange condition.

Baire category gives joint continuity of the extension at many points when the admissible
limits are parametrized by Polish spaces.
Proposition 7.7. Let sets P and @ of admissible limits be given, suppose that the exchange
condition for (P, Q) holds, and let H and H' be Polish spaces with continuous maps m of H onto
P and @' of H' onto Q. Then the function (h,k) — D(w(h), 7' (k)) on H x H' is continuous in
each variable, and is jointly continuous at every point of a comeager subset of H x H'.

Proof. The function is continuous in each variable by Theorem 4.6, since 7w and 7’ are continuous.
A real-valued function on the product of two metrizable spaces that is continuous in each variable
is a pointwise limit of continuous functions, by Lebesgue’s theorem in the generality given by
Rudin [23], and therefore of Baire class 1 on the metrizable space H x H'. The points of continuity
of a function of Baire class 1 on a Polish space form a comeager set [16, Theorem 24.14]. O

The set of points of joint continuity is a G5 set, so the Kuratowski-Ulam theorem [16,
Theorem 8.41] applies: for comeager many h € H, the function of Proposition 7.7 is jointly
continuous at the point (h, k) for comeager many k € H'.

The Henkin parametrization gives more: uniform approximation by rows yields joint continuity

along a dense set of entire strips. Here Baire genericity refers to category in the Polish space of
Henkin types, while the generic double limit condition concerns limits realized in elementary
extensions.
Proposition 7.8. Suppose that the vocabulary is relational. Then the set of Henkin types h € H
such that m;(h) is a limit, for the uniform metric dx, of a sequence of rows contains a dense G
subset of H, and is therefore comeager in H. For every such h, the type m,(h) is definable by
finite combinations of instances.

Proof. For a € M, let A, be the sentence sup, [p(ez,y) — ¢(a,y)| of Fprc. The supremum over
the constants of the sort of y ranges, among others, over the constants of the elements of M,
s0 A" > 0x (14 (h), ps) for every h € H. For e > 0, the set W, of h € H with \" < ¢ for some
a € M, is open in H. The set W, is dense. Let a nonempty basic open subset of H be given by
finitely many conditions 6; € («;, §;) with rational endpoints a; and 3;, for i < k, on sentences
0; = 0.(eq,w, m) of Fpr o, where w lists the other constants of C' that occur and m the constants
of elements of M, and let h belong to the set. Let ©(z, u,m) = \; o, ((0; — ;1) A (Bi1 —6))), a
formula of F with parameters from M. In the structure N realizing h, which is an elementary
extension of M by Theorem 2.4, the value of sup, sup; © at m is positive, so the same holds
in M, and there are a € M, and a tuple @ of elements of M with ©M(a,a’,m) > 0. Let b’ be
the Henkin type obtained, as in the proof of Theorem 2.4, from M itself and an assignment
of the constants of C' onto M that sends e, to a and w to @’. Then h' € H, I/ satisfies the
conditions 6; € (as, 3;), and A = 0, so h' € W.. Hence >, Wi is a dense G subset of H,
contained in the set of the statement, since for h in this set there are a; € M,, for positive
integers k, with dx (75 (h), pa,) < 1/k. The coordinate functions ¢ — g(ay) are finite combinations
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of instances that approximate 7, (h) within 1/k on the columns, which gives condition (2) of
Proposition 7.1. ]

Baire-generic Henkin types therefore give local types that are approximately realized in M,

with or without the generic double limit condition. More precisely, the set of h € H for which
7z (h) cannot be approximated uniformly by rows is meager in H.
Corollary 7.9. Suppose that the vocabulary is relational, and let H be the Polish space of Henkin
types with coordinate maps m, and m, of Theorem 2.4. Then the dichotomy of Proposition 7.6
holds for the realized p-types. If ¢ satisfies the generic double limit condition over M, then there
are dense Gs subsets G, and Gy of H such that the function

K(h, k) = D(m(h), my(k))
on H x H is continuous in each variable and jointly continuous at every point of (G x H) U

(H x Gy).

Proof. The set R, is nonempty and analytic by Theorem 2.4, so Proposition 7.6 applies. Separate
continuity follows from Theorem 4.6 and continuity of the coordinate maps. For joint continuity,
we use the uniform approximation established in Proposition 7.8. Let A, and W¢ be as in its proof,
and let Gy = (,,>1 Wi/n, a dense G subset of H. For h € G, k € H and a real number n > 0,
choose a € M,, with A" < /4. The function b’ — A\ is continuous on H, as is k' = m,(k')(a),
so there are neighborhoods U of h and V' of k such that

A<nf3, Imy(K)(a) —my(k)(a)l <n/3 (W €U, K €V).

By Theorem 4.5, the function D is 1-Lipschitz in its first variable for dx and satisfies D(p,, q) =
q(a). The bound dx (m4(h'), pa) < A from the proof of Proposition 7.8 therefore gives

K (W) = K(h, k)| < A+ |m, (K') (@) — 7y () (a)] + Al
<n/3+n/3+n/d<n

for " € U and k' € V. Thus K is jointly continuous at every point of G, x H. The symmetric
argument gives a dense Gs subset G, of H with joint continuity at every point of H x G,. [

The analytic description of realized types is exact even under stability. We now realize every
analytic set of binary patterns containing all patterns that take the value 1 at only finitely many
coordinates as a space of realized local types. Let ¥ = {—1, 1}N with the product topology, and
let Fin consist of the patterns that take the value 1 at only finitely many coordinates.

Theorem 7.10 (Analytic sets as spaces of realized types). For every analytic set
A C X containing Fin, there are a countable relational vocabulary, a countable fragment F, a
countable structure M with index sort M, =N, and a two-valued formula o(x,y) satisfying
the generic double limit condition over M, such that X = X, R, = A under the coordinate
identification, and every realized ¢*-type over M is a column.

Proof. There is a tree T of pairs (s,t) of finite sequences of the same length, with values in
{—1,1} and in N, such that A is the projection of the set [T] of infinite branches (u,v) of T [16,
Section 14.A].

Let the vocabulary have two sorts, points and indices, a predicate symbol P on pairs of a point
and an index, predicate symbols B,, and W), ;. on points and I,, on indices, for natural numbers n
and k, all with a priori bound 1. Let Ny be the structure whose indices are the natural numbers
and whose points are the branches (u,v) € [T], with P((u,v),j) = u(j), Bn((u,v)) = u(n),
Wy k((u,v)) = 1if v(n) = k and —1 otherwise, and I,,(j) = 1 if j = n and —1 otherwise. Let
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o(z,y) be the formula P(x,y), with = a point variable and y an index variable. Let F be the
smallest countable fragment that contains the following sentences, all of which have the value 1
in No: the sentences inf, inf, [P(z,u)|, inf, |By(x)|, inf, |W,, x(z)| and inf, |I,(u)|, which make
the symbols two-valued; the sentences inf, (—1I,(u) V —I,(u)) and inf, (=W, x(z) V =W, (x)),
for m # n and k # [; the sentences inf, \/,, I(u) and inf, \/;, W, (z), for every n; the sentences
inf, inf, (— I, (u) V (P(z,u) A By (x)) V (—=P(x,u) A —By(x))), which say that P(z,n) = B,(z); and

the sentence
igf /\ \/ (=s(i)Bi(x) V =W, 403 (2)),
(s,t)gT i<|s|
which says that every initial segment of the pair coded by = belongs to T. For every natural
number n, let s, be the point of ¥ with s,(n) =1 and s, (i) = —1 for ¢ # n, and choose z, € [T
with first coordinate s,, which exists since s, € Fin C A. By Lemma 2.3, there is a countable
structure M <4 Ny that contains all indices and all points z,.

For v € A and (u,v) € [T], the point (u,v) of Ny has t((u,v)) = u. Conversely, let ¢ be a
point of an elementary extension N of M for F. The sentences above have the value 1 in N, so
for every n there is exactly one k = v(n) with WYJLVk(c) = 1; with u(n) = BY(c), the last sentence
gives (u,v) € [T], and the sentences on I,, give ¢(c,n) = u(n). Hence R, = A. The space X is
all of X, since R, € X by Lemma 2.2 and A contains the dense set Fin.

On the other side, every index e of N satisfies IV (e) = 1 for some n, and then ¢(a,e) =
B, (a) = ¢(a,n) for every point a of M; every realized p*-type is a column k,. The argument of
Example 7.5, with z,, in place of s,,, shows that ¢ satisfies the generic double limit condition
over M. g

In particular, choose a non-Borel analytic set Ay C ¥ and apply the theorem to A = Ag U Fin.
The set A is analytic and non-Borel, since Ag differs from A by a subset of the countable set Fin.
Thus stability accommodates non-Borel spaces of realized types, and the analytic conclusion of
Theorem 2.4 is sharp.

In first-order logic the definable predicates on a space of types are the continuous functions on

that space. When the realized types are few, the Stone—Weierstrass theorem for separable metric
spaces of the companion paper [15] gives the infinitary form of this fact, describing every function
on the realized p*-types that a formula in the instances defines, and not only the definitions of
types.
Proposition 7.11 (Definable predicates on few realized types). Suppose that r > 0 and
that the metric space (Ry,0y) is separable. Then the functions 0 induced by the formulas 0 in
the instances are exactly the bounded Lipschitz functions on (Ry,dy), and the uniform closure of
the set of these functions is the space of bounded uniformly continuous functions on (Ry,dy). If,
moreover, ¢ satisfies the generic double limit condition over M, then, for every realized p-type p,
the function ¢ — D(p,q) on Ry is 6 for such a formula 0.

Proof. Let (a;)i<. enumerate M,. The coordinate functions g — ¢(a;) take values in [—r, ],
separate the points of R,, and have coordinate metric sup; |¢(a;) — ¢'(ai)| = 0y (¢, ¢'). Reading
the instance ¢(a;,y) as the ith nullary predicate symbol of the coordinate vocabulary of the
companion paper [15] turns the formulas in the instances into the sentences for that vocabulary,
and 6 into the function that the sentence 6 defines. The first assertion then follows from
Theorems 2.4 and 4.1 of the companion paper [15]. The second follows from the first, since
g — D(p,q) is bounded by r and 1-Lipschitz for dy-, by Theorem 4.5. O

The Lipschitz property in Proposition 7.11 refers to the uniform metric dy, whose topology on
R, is in general finer than the topology of R, as a subspace of Y. A function induced by a formula
in the instances need not be continuous for the second topology, as the formula A,cy ¢(a,y) of
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Example 6.3 shows. Continuity for the second topology, together with compatibility with limits,
is what generic definability adds.

Remark 7.12 (The role of Beth’s theorem). The generic double limit condition determines
the function ¢ — D(t(c),q) on R, implicitly, and the function is 1-Lipschitz for the uniform
metric dy, by Theorem 4.5. When (R, dy) is separable, Proposition 7.11 turns the implicit
definition into an explicit one, by a formula of L, ,(R) in the instances. This passage is the
Lipschitz form of the approximate Beth property of the companion paper [15, Corollary 4.8], and
the proof there writes the formula as the Lipschitz envelope of McShane, an infimum of cones
over a dense sequence of realized types. The formula 1), is an explicit definition obtained without
the hypothesis of separability. For a relational vocabulary, separability cannot be omitted from
the description of all definable predicates in Proposition 7.11. If (Ry, dy) is not separable, the
dichotomy of Proposition 7.6, with the roles of rows and columns exchanged and applied to the
analytic set R, of Theorem 2.4, gives € > 0 and a set K C R, homeomorphic to the Cantor space
whose points are at mutual dy-distance greater than e. Each of the 2¢ functions from K to {0, €}
is 1-Lipschitz for dy and extends, by McShane’s formula truncated at 0 and ¢, to a bounded
1-Lipschitz function on R,, and distinct functions have distinct extensions. There are only ¢
formulas in the instances, so some of these extensions are induced by no formula.

8. FREE APPROXIMATIONS CHARACTERIZE STABILITY

In the theorem of Harnik and Harrington, an abstract independence relation, written with
Makkai’s symbol | , characterizes stability, and the axioms recalled in the Introduction determine
the relation as nonforking [14]. The existence axiom is the work of compactness, and in Ly, (R)
pairs of elements need not supply it. We therefore place the relation on finite approximations
by elements of M, for which Lemma 2.2 supplies existence in place of compactness, and we
characterize local stability by stationary finite approximations. The contexts specify the finitely
many instances at which approximating elements are tested against the two local types, and
stationarity makes the values of the approximations converge; the base and finite-character
properties then identify their common limit with the canonical generic value. These values exist
even where joint realizations do not give them: the examples at the end of the section satisfy the
double limit condition on all local limits, and in the first of them the two types have no joint
realization in any elementary extension, whereas in the second every joint realization gives a
value different from the generic one.

A context is a triple v = (¢, B, A), where € > 0 and B C M, and A C M, are finite; a
context is finer than another if it has a smaller € and larger sets. For p € R, and ¢ € Ry, a pair
(a,b) € My x M, approzimates (p, q) in v if |p(a,b)—p(b')| < e for ¥’ € B and |p(a’,b)—q(a’)| < €
for ' € A. The set B thus carries the instances at which p is tested, and A those at which q is
tested.

Consider a relation a ?| 9 b, read “(a,b) is a free approximation of (p,q) in v”, that holds only

v

of pairs (a,b) that approximate (p, q) in 7, and the following properties of such a relation:

(1) monotonicity: a free approximation of (p,q) in a context is free in every coarser context;

(2) existence: every (p,q) € Ry X Ry has a free approximation in every context;

(3) stationarity: for every (p,q) and every n > 0 there is a context in which any two free

approximations (a,b) and (a’,b") of (p, q) satisfy |¢(a,b) — @(a’, V)| < n.

When (1)—(3) hold, the values of ¢ at free approximations of (p, q) converge along finer contexts,
and their limit F'(p, q) is the free value of (p,q). Two further properties concern the free value:

(4) base: F(pq,q) = q(a) and F(p, k) = p(b) for a € M, and b € My;
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(5) finite character: for every (p,q) and every n > 0 there are a finite By C M, and § > 0
such that |F(p', ¢) — F(p, q)| < n whenever |p/(b) —p(b)| < § for b € By, and symmetrically
in q.

Theorem 8.1 (Stability and independence). The formula ¢ satisfies the generic dou-
ble limit condition over M if and only if there is a relation of free approximation with
properties (1)-(5). Every such relation has free value F' = D, the generic value of Section 5.

Proof. If such a relation exists, then F' is defined on R, X Ry, extends ¢ by (4), and is continuous
in each variable by (5); Theorem 4.6 gives the generic double limit condition and F' = D.
Conversely, suppose that ¢ satisfies the generic double limit condition, and declare a P9 b, for

v
a context v = (¢, B, A), when (a,b) approximates (p,q) in v and either |p(a,b) — q(a)| < €, so
that b is chosen after a, or |p(a,b) — p(b)| < €, so that a is chosen after b. Monotonicity is clear.
For existence, choose by Lemma 2.2 an element a whose row is within € of p on B, and then
an element b whose column is within € of ¢ on AU {a}. By Theorem 4.6, the function D(-,q) is
continuous on R,, and D(p,,q) = q(a) by Theorem 4.5; hence in a fine enough context every
free approximation of the first kind satisfies

[p(a,b) = D(p, q)| < |¢(a,b) — q(a)| + lq(a) = D(p,q)| <n/2,
and symmetrically for the second kind. Any two free approximations in this context therefore
have values at distance less than 7. Stationarity follows, with F' = D, and base and finite
character then follow from Theorems 4.5 and 4.6. The last assertion is the first part of the
proof. O

The characterization places finite approximations in the role played by independent realizations
in the first-order theory. Base and finite character determine the free value, here through the
uniqueness of separately continuous extensions (Theorem 4.6): the free value is the generic value
D. The relation itself need not be unique; the relation constructed in the proof is symmetric
under the exchange of the two sides, since it admits approximations in both orders.

For relations over arbitrary base sets, symmetry follows from the other axioms once transitivity
is stated on the left, by an argument of Kim in the form given by Adler [1], which extracts
indiscernible sequences in a saturated model. The characterization of Theorem 8.1 neither
assumes nor yields the symmetry of the relation: under the generic double limit condition, the
relation that admits only the approximations of the first kind, in which b is chosen after a,
has all five properties but need not be symmetric. The continuity of the free value cannot be
weakened to continuity in one variable. In the half graph of Example 6.3, the same relation
satisfies monotonicity, existence, stationarity, base and finite character in p, with free value
F(p,q) = limy ¢(ay) for rows p,, converging to p, while the free value is discontinuous in ¢ at
(Poos §oo) and the formula is unstable.

Finite character cannot be required jointly in the two variables, even in first-order logic. Let
 be a binary predicate symbol interpreted in a countably infinite structure M as equality,
with the value 1 on the diagonal and —1 elsewhere, and let F be first-order. The limits of
rows are the rows and the constant type po, = —1, the limits of columns are the columns and
dso = —1, all of them are realized, and the exchange condition holds, with D(pso, goo) = —1 and
D(pq, ka) = ¢(a,a) = 1. For finite sets Ag C M, and By C M, and an element a of M outside
both, the row p, agrees with p,, on By and the column k, agrees with ¢ on Ag, so D is not
jointly continuous at (Peo, gso). The Henkin parametrization nevertheless gives joint continuity
on the dense strips of Corollary 7.9.
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The generic value determines which pairs of elements are free. Suppose that ¢ satisfies the
generic double limit condition over M, and call a pair (c¢,d) of elements of one elementary
extension of M free if p(c,d) = D(t(c),t*(d)).

Proposition 8.2. Suppose that ¢ satisfies the generic double limit condition over M, and let ¢
and d be elements of an elementary extension N of M, with p = t(c) and ¢ = t*(d).
(1) The pair (c,d) is free if and only if for every e > 0 and every finite B C M, there is
a € M, with |¢(a,b) —p(b)| < € for b € B and |p(a,d) — p(c,d)| < €, and if and only if
the symmetric condition holds with an element of M,.
(2) If ce M, ord € My, then (c,d) is free.
(3) If D is jointly continuous at (p,q), then (c,d) is free.
(4) If F consists of first-order formulas, then every (p,q) € Ry x Ry, is realized by a free pair,
and (c,d) is free exactly when ¢(c,d) is the value given at d by the definition of p over
M.

Proof. (1) Enumerate M, as (e;)i<w. If the pair is free, Lemma 2.2 gives elements a; whose
rows converge to p, and ¢(ag,d) = q(ax) — D(p,q) = ¢(c,d) by Theorem 4.5. Conversely, the
condition with e = 1/k and B = {eq, ..., e} gives elements a; whose rows converge to p with
q(ar) = plag,d) — ¢(c,d), while g(ax) — D(p, q) by Theorem 4.5. The other form is symmetric.
(2) is part (1) of Theorem 4.5.
(3) Enumerate M, as (€})i<w, and for k > 1 choose rational numbers ¢;, s; and u within 1/(2k)
of p(c,ei), p(el,d) and p(c,d), for i < k. The formula

supsup(/\(%l—]gp(x,ez tl’ /\/\ 1_|§0 ezﬂy) 8i1|)/\(%1_|()0(x7y)_uj'|))
oY i<k i<k
of F, with parameters in M, is positive in IV, hence in M, which gives a;, € M, and b, € M,
with pg, — p, ks, = ¢ and @(ag, br) = ¢(c,d). Since p(ak, by) = D(pay, Kb, ), joint continuity
gives ¢(c,d) = D(p, q).

(4) Let d realize ¢ in N, let p,, — p, and let U be a nonprincipal ultrafilter on w. In the
ultrapower N%, an elementary extension of N by Fo$’s theorem [18], the class ¢ of (a)p<w
realizes p and satisfies ¢(c¢,d) = limy ¢(ar) = D(p,q). When ¥ is first-order every point of YV is
realized (Section 7), so that D(p,-) is the continuous extension of p to the compact space of all
p*-types, that is, the definition of p over M. O

In the first-order case, Proposition 8.2(4) supplies a free joint realization of every pair of local

types, with the value prescribed by the nonforking definition. The following constructions separate
this realization property from topological stability: both satisfy Grothendieck’s double limit
condition on all local limits. In Proposition 8.3, the extension to the full compact spaces of local
limits is jointly continuous, yet the designated types have no joint realization. In Proposition 8.4,
every local limit is realized and both local type spaces are compact, yet the designated types
have no joint realization with the generic value. By Proposition 8.2(3), joint continuity makes
any existing joint realization free; the first construction shows why existence remains a distinct
requirement. Both constructions use patterns o in C' = {—1,1}* with the product topology and
two-valued unary predicate symbols P, for n < w, interpreted by P, (¢) = o(n).
Proposition 8.3 (Types that never meet). There are a countable relational vocabulary, a
countable fragment F, a countable structure M and a formula ¢ that satisfies Grothendieck’s
double limit condition on all limits of types over M, together with p € R, and q € Ry that are
realized by mo pair of elements of one elementary extension of M.
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Proof. Add two-valued binary predicate symbols G, interpreted by G, (o, 7) = 1 exactly when
o(n) =7(n), and let

J(“’vv) = \/ Gn(U,’U), (p(u,v) = \/ 27"Gp(u,v),

n<w n<w
so that, on patterns, J(o,7) = 1 if 0 and 7 agree somewhere and —1 otherwise, and p(o,7) = 27™,
where m is the first place of agreement (27°° = 0). The function ¢ is continuous on C' x C. Let
Y. consist of inf,, inf, J(u,v) and of the sentences saying that the P, and G, are two-valued and
that G, (u,v) = 1 exactly when P,,(u) = P,(v), and let F be the smallest fragment containing >
and ¢. Let S be the countable set of patterns that take the value 1 somewhere and —1 at all but
finitely many places, and let M be the structure on S. The sets S, SU{1} and SU{—1}, where
1 and —1 are the constant patterns, are dense in C' and intersecting: any two of their members
agree somewhere. The structures on them therefore satisfy X.

The only countable joins in F are the substitution instances of J and (. Interpret every
formula of & on C' by replacing J with the constant 1 and taking suprema over C; by induction
on formulas, these functions are continuous, since a supremum over the compact space C' of a
continuous function is continuous, and on an intersecting dense set they give the values in the
corresponding structure, since the supremum over a dense set of a continuous function is the
supremum over C'. Hence M is an elementary substructure of each of the two structures on
SuU{1l} and SU{-1}.

Let p be the p-type of 1 and ¢ the p*-type of —1. For k < w, let e € S take the value 1
only at k, and fj, € S the value 1 exactly at 0, ...,k; then p(ex) = 27% and q(f3) = 2= (k+1) Tf
c and d in an elementary extension N of M realized p and ¢, then N would satisfy >; from
¢(c,er) = 27% and two-valuedness, G, (c,ex) = —1 for n < k, so that P,(c) = 1 for all n, and
likewise P, (d) = —1 for all n, contrary to inf,, inf, J(u,v) = 1.

For j <w and 7 € {—1,1}"! let b, € S agree with 7 at 0,...,j, take the value 1 at j + 1
and —1 beyond; a pattern o agrees with —7 at 0,...,j exactly when ¢(o,b;) < 2-U+1) Since
the values of ¢ have a gap between 2-0U+D and 279, pointwise convergence of rows or of columns
forces coordinatewise convergence of the patterns. The maps sending a pattern to its row or
column on S are therefore continuous embeddings of C. Since S is dense in C, their compact
images are the full spaces X and Y of local limits. Under these identifications, the jointly
continuous kernel ¢ on C' x C extends the kernel on M, gives equal iterated limits along all
sequences and ultrafilters, and restricts to the generic value on R, x R,. [l

Proposition 8.4 (Types that meet). There are a countable relational vocabulary, a countable
fragment F, a countable structure M, a formula ¢ that satisfies Grothendieck’s double limit
condition on all limits of types over M, and (p,q) € Ry x Ry realized by a pair of elements of
one elementary extension of M, such that every such pair (c,d) satisfies p(c,d) # D(p,q).

Proof. For a pattern o, let fm(c) and fp(o) in w + 1 be the first places where o takes the values
—1 and 1, respectively. Add a two-valued binary predicate symbol H, let E,(u) be the finitary
formula saying that P;(u) =1 for i < n and P, (u) = —1, let E/ (v) say that P;(v) = —1 for i <n
and P, (v) =1, and let
O(u,v) = N (En(u) & Ep(v)),
n<w

with <> the two-valued biconditional, so that ©(o,7) = 1 exactly when fm(o) = fp(7), both
values oo included. Let ¥ consist of the sentences saying that the P,, and H are two-valued and
of inf, inf, (H(u, v) <> O(u,v)), let F be the smallest fragment containing ¥, and let ¢ = H. A set
of patterns becomes a model of ¥ with H(o,7) = 1 exactly when fm(o) = fp(7). Let S be the
countable set of eventually constant patterns that take both values, let M be the structure on S,
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and let NV be the structure on 7'= S U {1,—1}. On S both invariants are finite, one of them is
0, and each attains every finite value.

A substructure M of N is elementary if, for every formula ¢ (z,w) of F and every tuple m
from M, the supremum of ¥V(z,m) over z € N equals its supremum over z € M; this is the
Tarski—Vaught test, with the usual proof by induction on formulas. In M and in N the formula
© coincides with H, so every formula of F is equivalent there to a first-order formula in H and
finitely many P,,, say with n < ng. Two elements of N take the same values at all these atomic
formulas, against every element of IV, exactly when they agree at 0,...,n¢9 — 1 and have the
same invariants fm and fp, since each value in w + 1 is attained by each invariant on T; as the
logic has no equality, the value of a formula depends only on these classes. Given m, choose
K > ng larger than the invariants of m. The exchange of the values K and oo of both invariants
is a bijection of the classes realized in N, preserves P,, for n < ng and H, fixes the classes of m,
and sends the class of 1 to that of the pattern ux € S that equals 1 before K and —1 from K
on, and the class of —1 to that of the pattern vg = —ug. Hence ¥V (1,m) = ¢V (ug,m) and
YN (=1,m) = YN (vg,m), and M is an elementary substructure of N.

The ¢-type of an element ¢ of an elementary extension is determined by fm(c) € w + 1, and
convergence of such types is convergence of fm in w + 1; likewise for p*-types and fp. Let p be
the type of 1 and ¢ the p*-type of —1, both constant with value —1; the pair (1, —1) realizes
them in N. Any pair (c,d) realizing (p,q) in an elementary extension, which satisfies ¥, has
fm(c) = fp(d) = oo, and therefore ¢(c,d) = O(c,d) = 1. For sequences in S with fm(a,,) — k
and fp(b,) — [ in w + 1, both iterated limits of ¢(aym,,b,) equal 1 if k = [ is finite and —1
otherwise, since the invariants on S are finite. Grothendieck’s double limit condition therefore
holds on all limits, and D(p,q) = —1. O

In Proposition 8.4, the realized row and column spaces are each homeomorphic to w + 1:
all finite invariants occur in M, and the infinite invariants occur in N. Thus all local limits
are realized, and both local type spaces are compact. The pairs (ug, vg) approximate the two
designated types and have value 1, whereas D(p,q) = —1; hence D is discontinuous at (p, q).
Together with Proposition 8.3, this separates the double limit condition, compactness of local
type spaces and realization of generic values. Stationary finite approximations supply canonical
generic values even where no free joint realization exists.

9. WHAT EXTENDS AND WHAT IS NEW

For the reader versed in the first-order theory, we gather here what extends to L, (R) and
what is new to it.

The local stability theory of first-order logic extends as follows, with the realized types in
place of all types.

First-order logic L, »(R)

Stability Exchange of iterated limits Exchange along realized limits; equivalent to the
along all limits of types; absence of a ladder whose limits are realized
equivalent to the absence of a  (Definition 5.1 and Theorems 4.4 and 5.2)
ladder

Extension to Separately continuous, on the  Unique on the realized types and continuous in

types compact spaces of types each variable (Theorem 4.6); for relational

vocabularies the pullback to Henkin types is
jointly continuous on (G, x H) U (H x Gy) for
dense Gs sets G5, Gy C H (Corollary 7.9)
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First-order logic

Loy (R)

Definability of
types

Beth’s
theorem

Value at a new
parameter

Independence

Definable
predicates

By uniform limits of finite
combinations of instances

Turns implicit definitions into
explicit ones

Given by the defining scheme
to the nonforking extension

Stability is characterized by an
abstract independence relation
with the Harnik—Harrington
axioms, which is then
nonforking

The continuous functions on
the compact space of types

Explicit upper-limit definitions from any
approximating sequence, continuous on the
realized dual types and compatible with limits,
with canonical values and no uniform
separability assumption; equivalent to the
generic double limit condition (Theorem 5.2)

The Lipschitz form of Beth’s theorem when the
realized types are few; the formula 1. gives an
explicit construction for individual types
without this hypothesis (Remark 7.12)

The generic value D (Theorems 4.5 and 5.2)

Stationary finite approximations characterize
stability and uniquely recover the generic value
D, including for types with no joint realization
or none with value D (Theorem 8.1

and Propositions 8.2 to 8.4)

When the realized types are few, the bounded
Lipschitz functions for the uniform metric, and

their uniform limits the bounded uniformly
continuous functions; the generic definitions are
those among them that are continuous for the
topology of pointwise convergence and
compatible with limits (Proposition 7.11)

When every limit of types is realized, as in first-order logic, the exchange condition yields
continuous definitions on the compact type spaces and hence uniform approximation by finite
combinations of instances (Corollary 7.2). This recovers the classical passage from stability to
definability of types. Formulas with countable joins still have their greater expressive power, as
Example 6.3 illustrates.

The topological criterion characterizes the existence of a unique separately continuous extension
on arbitrary admissible subsets of the compact spaces of row and column limits (Theorem 4.6).
Its scope includes the non-Borel spaces of realized types furnished by Theorem 7.10.

What is new to Ly, (R) begins in analysis. For Tsirelson’s and Schlumprecht’s spaces, Casazza,
Dueniez and Iovino established first-order nondefinability from their approximants [10]. A single
infinitary formula defines these norms from their approximants, and also the norm of the space
of Argyros and Haydon, on which every bounded operator is a scalar multiple of the identity
plus a compact operator, and the norms of the higher-order Tsirelson spaces (Proposition 1.1
and Example 1.2).

The definitions of stable realized types are explicit: the upper limit of any approximating
sequence of instances gives the same canonical values on every realized dual type (Theorem 5.2).
This construction requires no separability for the uniform metric. Definability by uniform limits of
finite combinations of instances becomes a property of individual types, characterized exactly by
continuous extension to all limits of the dual types (Proposition 7.1). For relational vocabularies,
Baire-generic Henkin types give a stronger approximation property without stability: their local
types are uniformly approximable by individual rows (Proposition 7.8). Under stability, this
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uniform approximation yields joint continuity against every Henkin partner for each Henkin type
in a dense Gy set on either side (Corollary 7.9).

The count of types becomes richer in the same measure: over a countable model, where a
stable first-order formula has few types, a formula that satisfies the generic double limit condition
may have continuum many realized types at mutual distance 2 (Example 7.5). For relational
vocabularies, the realized types are either few or contain a perfect set of types at mutual distances
bounded below (Proposition 7.6 and Corollary 7.9), and definitions by finite combinations make
them few (Proposition 7.3). The analytic presentation of the realized types is moreover exact:
every analytic set of binary patterns containing all patterns that take the value 1 at only finitely
many coordinates occurs as the realized-type space of a stable formula (Theorems 2.4 and 7.10).

Stationary finite approximations give an axiomatic characterization of stability and uniquely
determine the generic value (Theorem 8.1). This value extends beyond elementary joint realization:
even under the double limit condition on all local limits, individually realized types may never
meet, or may meet only with a nongeneric value (Propositions 8.3 and 8.4). The examples
distinguish stability, compactness of local type spaces and joint realization; the approximation
characterization supplies canonical values throughout.

Directions for further work are gathered in Section 10.

10. PROBLEMS

Two implications of the first-order theory remain open in L, (R). Say, as in Example 6.3,
that a realized p-type p over a countable model M’ has a continuous definition if some formula
0 of Ly, w(R) in the instances, with parameters from M’, satisfies 6(b) = p(b) for every b € M,
and induces a continuous function on the realized p*-types over M’; no compatibility with
limits is required. In first-order logic, continuous definitions over every countable model give
the double limit condition, by Shelah’s theorem [25], its continuous form due to Ben Yaacov
and Usvyatsov [9], and Propositions 7.1 and 7.3; in L, (R) they do not suffice over a single
model (Example 6.3). Definability by finite combinations of instances makes the realized types
few (Proposition 7.3), but for abstract admissible limits the converse fails under the exchange
condition: in Example 7.4 the exchange condition holds for every set of admissible limits of rows,
and a countable such set may contain a point that is not eventually constant, which has no
definition by finite combinations.

(1) If, for every countable model M’ of the F-theory of M, every realized p-type over M’
has a continuous definition, does ¢ satisfy the generic double limit condition over every
such model?

(2) If ¢ satisfies the generic double limit condition over M and the realized p-types are sepa-
rable for the uniform metric dx, is every realized -type over M uniformly approximable
on M, by finite combinations of instances, as in Proposition 7.17

The approximation characterization of Theorem 8.1 is attached to a fixed model. A theory
over varying elementary bases would require compatibility conditions for the corresponding
generic values and approximation relations. The construction of Proposition 8.3 shows that
such a development must distinguish these compatibility conditions from the existence of joint
realizations.

Three broader directions remain. The realized types are analytic for relational vocabularies and
need not be Borel (Theorems 2.4 and 7.10), and it remains to find the hypotheses on the fragment
that make them Borel or Polish. Over uncountable models the equivalence of conditions (1), (3)
and (4) of Theorem B persists, with ultrafilters on the sets of rows and of columns in place of
sequences, but condition (2) does not, since an ultrafilter limit of types need not be the limit of
a sequence of rows; nor do nets give formulas of a countable fragment, and the counting of types
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may then depend on set-theoretic hypotheses, as the analogue of Feng’s theorem for generalized
Baire spaces does [24]. Finally, the model existence game of Aubone and Iovino [7] realizes the
generic limits, and a characterization of the generic double limit condition by strategies in the
game would connect the game with stability.

(13]
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