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2 EDUARDO DUENEZ

INTRODUCTION

A classical error-correcting code protects a message by embedding it in a larger space and recording
parities that an error is likely to disturb. A quantum code must do the same for a point of a complex
projective space, and two obstacles seem to stand in the way: measuring the encoded state can change it,
and the set of possible errors is a continuum rather than a finite set of bit flips. The theory of stabilizer
codes resolves both obstacles with linear algebra. Commuting measurements reveal a binary syndrome
without revealing the encoded state, and correcting a finite set of Pauli errors suffices to correct every
error in the linear span of their lifts. What remains is a classical problem: given the syndrome, choose
a correction, knowing that many different errors produce the same syndrome and that some of these
differ by an undetectable but harmful operator. That choice, called decoding, is a problem of statistical
inference, and it is where most of the mathematical interest of these notes lies.

We treat one family of codes in detail, the surface codes, because their decoding problem is a graph
problem that can be drawn, solved exactly on small instances, and understood geometrically. Most of the
general structure of quantum error correction —stabilizers, logical operators, degeneracy, and the gap
between consistency with the syndrome and successful recovery— is already visible on a surface patch
of nine qubits. The later sections replace the graph by a sparse bipartite graph and the exact optimization
by belief propagation, which is the setting of much current work on quantum low-density parity-check
codes.

Our standing conventions are the following. Pure states are complex lines in finite-dimensional Hilbert
spaces; vectors are representatives, and operators on the Hilbert spaces give linear lifts of transformations
of states. The inner products determine orthogonality and transition probabilities on the projective
spaces. We work with these lifts when proving statements or making calculations; no step in the main
text depends on a physical interpretation, although we occasionally mention one in a remark. Noise is
always modeled by an explicitly declared probability distribution on Pauli errors. The stochastic Pauli
model is an assumption; the theorem proved in Section B.3 says that a recovery correcting a family
of Pauli errors also corrects channels whose Kraus operators lie in their linear span. We distinguish
carefully between three properties of a proposed correction (agreement with the actual error, consistency
with the observed syndrome, and preservation of the encoded information), since only the last one
matters and only the second one can be checked.

Prerequisites. We assume undergraduate linear algebra (over C and over the two-element field [,), the
elementary theory of tensor products of finite-dimensional spaces, and elementary discrete probability,
including conditional probability and Bayes’ rule. These facts are used without proof. No previous
acquaintance with quantum mechanics or quantum information is needed: Section 1 defines the few
notions that we use. Section A develops the projective geometry further through the Bloch sphere,
entanglement, and Clifford transformations, while Section B supplies density operators and channels.
Readers familiar with classical linear codes will recognize the parity-check matrices of Section 2 and the
message passing of Section 5; nothing from coding theory is assumed.

Organization. The notes are organized as follows. Section 1 defines qubits, measurements, encodings,
and Pauli operators, and shows by the example of the repetition code both how a parity measurement can
preserve an unknown superposition and why classical repetition alone fails. Section 2 develops stabilizer
codes: their dimension, syndromes, logical operators, distance, the binary symplectic description, and
the Calderbank-Shor-Steane construction, with Shor’s nine-qubit code as the first complete example.
Section 3 proves that the rotated surface patch of odd distance d is a [[d?, 1, d]] code and explains the
homological meaning of its logical operators. Section 4 formulates decoding as inference, reduces the
most-likely-error problem for the surface code to minimum-weight perfect matching, and discusses
the threshold phenomenon with a small simulation. Section 5 derives belief propagation on Tanner
graphs, discusses the choices (schedule, damping, stopping rule) that determine its behaviour on graphs
with cycles, and exhibits its failure modes, including the one caused by degeneracy, on exactly solvable
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examples. Section 6 introduces quantum low-density parity-check codes, with the hypergraph product
(which contains the surface code) and the bivariate bicycle codes as examples. Section 7 describes
ordered-statistics post-processing in detail and surveys the other refinements of belief propagation used
for these codes. Section 8 admits faulty measurements, introduces detectors and detector error models,
and explains how two decoders should be compared on simulated data. From Section 3 on, each section
closes with brief notes on the literature and on open questions, which are meant as an invitation to
further reading and research. Each section ends with problems; solutions to all of them are collected in
Section C, and Section D summarizes notation and further reading.

Sections 1 to 4 form the core of the seminar and should be read in order. Sections 5 to 8 depend
on them; Section 6 may be read before Section 5, and Section 8 directly after Section 4, except for its
comparison of decoders (Section 8.4), which uses the post-processing of Section 7.

Sources and companion material. For the general stabilizer framework we follow Gottesman [Got97,
Got09]; Roffe’s introductory guide [Rof19] is a useful companion with many worked examples, and
Nielsen and Chuang [NC10] remain the standard reference for the quantum formalism. Specific sources
for later topics are cited where they are used. Every numerical claim about a small example in these
notes —ranks, distances, syndromes, posterior probabilities, and belief-propagation messages— has been
checked by exhaustive enumeration with a short program that uses only the Python standard library; the
simulations of Sections 4 and 8 use the open-source packages Stim [Gid21], PyMatching [Hig22, HG25],
and 1dpc [RWBC20].!

1. QUBITS, MEASUREMENTS, AND CODES

This section fixes the minimal quantum formalism used throughout: state spaces, projective mea-
surements, encodings, and Pauli operators. Its single example, the three-qubit repetition code, already
shows the mechanism behind every code in these notes (a measurement that reveals an error without
revealing the encoded state) together with the reason why classical repetition by itself is insufficient.

1.1. State spaces. For a complex Hilbert space J, its projective space is
P(I0) := (3 \ {0})/C*.

A point [u] € P(¥) is the complex line spanned by a nonzero vector u; thus [u] = [v] precisely when
v = Au for some 1 € C*. The inner product supplies additional structure: two points are orthogonal
when their representative lines are orthogonal, and their transition probability is

[{u, v)|?

llull?[0]]?

Both notions are independent of the representatives.

(1.1)

1.1. Definition. A qubit is a system whose underlying Hilbert space is J(; := C? with its standard inner
product and a distinguished orthonormal basis, written |0), |1) and called the computational basis. The
underlying Hilbert space of n qubits is

I, = (C>)®n,
with orthonormal computational basis |b) = |b;) ® --- ® |b,,) indexed by b € {0, 1}"; we abbreviate |b)

as |by --- by,). A pure state of n qubits is a point of P(#,,) & CP?"~1, their pure-state space. In particular,
the pure-state space of one qubit is the complex projective line CP*.

IThe programs, their outputs, and the sources of these notes will be made available with the notes on the seminar website.
Readers are encouraged to modify the examples; in our experience, little builds intuition for decoding as quickly as watching a
decoder fail on an instance one has constructed by hand.
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We call a nonzero vector u a representative of the state [u]; a unit representative is normalized. Any
two normalized representatives of the same state differ by multiplication by a scalar of modulus one,
called a global phase. Normalization chooses a length, but does not select a preferred representative.
The notation |u) (“ket u”) denotes nothing more than a vector u, and (u| denotes the linear functional
v — (u,v), with the inner product linear in its second argument. Thus |u)(v| is the rank-one operator
w — (v, w)u. We use the ket notation only when it makes the tensor-product structure easier to read.
Thus |b) denotes a basis vector and [|b)] its corresponding computational state. We use representative
vectors in calculations and proofs; the pure states themselves are always projective points. Section A
identifies the one-qubit pure-state space with the Bloch sphere and develops its projective geometry
further.

Note that a unit vector u = )} » Up|b) is not a probability distribution on {0, 1}", although (|u, |2)p is
one. The relative phases of the coefficients u, are invisible to a measurement in the computational basis
but not to measurements in other bases; for example, [|0) + |1)] and [|0) — |1)] are orthogonal states,
hence perfectly distinguishable, although normalized representatives have coefficients of equal moduli.
Multiplying every coefficient by the same nonzero scalar leaves the state unchanged. A superposition is
expressed using chosen representatives and relative coefficients; adding projective points without these
choices is not defined.

1.2. Measurements.

1.2. Definition. A projective measurement on a finite-dimensional Hilbert space J is a finite family
(Pg)qea of orthogonal projections with 3} P, = I, indexed by a set A of outcomes. Measuring a pure
state [u] produces outcome a with probability

pa(lul) = |[Pqull?
! JJull>

Conditional on an outcome of positive probability, the state after the measurement is [P,u].

The probabilities sum to one because the projections are mutually orthogonal, and both the prob-
abilities and the resulting states are independent of the representative u. For a unit representative
the probability is ||P,u||?, and P,u/||P,ul| is a normalized representative of the resulting state. The
expression [P u] is undefined when P,u = 0, but then the outcome has probability zero. This rule (often
called the Born rule) is the only point of contact between the formalism and experiment that we need;
we take it as a definition.

The measurements used in these notes are all of one kind. A self-adjoint operator g with g = I has
spectrum contained in {1, —1}, and its spectral projections are

I'+g I-g

Pr=—7=  P=—

We call (P, P_) the measurement of g and label its outcomes by the eigenvalues +1. Two features of
this measurement deserve emphasis. First, if [u] lies in the projectivization of an eigenspace of g, the
outcome is certain and the state is unchanged. Second, the outcome distribution depends on [u] only
through the two numbers ||P,u||*/||u||*; a measurement of g learns nothing else about the state. The
sign of the chosen operator labels its two outcomes: g and —g induce the same projective transformation
but exchange the labels of the eigenspaces.

1.3. Proposition. Let g, ..., g, be commuting self-adjoint involutions. For o € {1,—1}, the operators
P, = HJ.(I + 0;g;)/2 form a projective measurement whose outcome distribution and post-measurement
state coincide with those of measuring g, ..., g, successively, in any order.

Proof. The factors are commuting orthogonal projections, so each product is an orthogonal projection;
expanding [ ], (I +g)/2+ I —g;)/2) =1 shows that the P, sum to the identity, and distinct o give
mutually orthogonal products. On input [u], successive measurement produces outcome sequence o
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with probability ||P,u||?/||u||* and, when this is positive, leaves the state [P,u], by repeated application
of Definition 1.2 and commutativity. 0

We shall therefore speak of jointly measuring commuting involutions, and of the resulting sign vector o.
How such a measurement is realized physically is irrelevant for the mathematics; Section B.4 describes
one standard realization.

1.3. Encodings and codes.

1.4. Definition. An encoding of k qubits into n qubits is a projective embedding
P(H) — PO),  [u] — [Vul,

induced by a linear isometry V : H;, — J,, called a linear lift of the encoding. Its image P(C) is the
code, where C := V(H) is its underlying code subspace; elements of € are called code vectors. The code
has projective dimension 2¥ — 1; its underlying subspace has dimension 2*.

An encoding preserves the transition probabilities of Equation (1.1). More generally, a unitary
transformation of pure states is a map [u] — [Uu] induced by a unitary operator U; scalar unitary
multiples give the same transformation. General projective linear transformations need not preserve
transition probabilities (Section A.2). We name a code by its underlying subspace € when convenient;
all dimensions of code subspaces in the parameter notation [[n, k, d]] are Hilbert-space dimensions. A
choice of encoding includes a choice of projective identification with the logical pure-state space, not
merely its image.

The goal of error correction is to restore every point of P(C), including the states represented by
arbitrary superpositions of code basis vectors. Restoring only the computational states would not
suffice. The recovery channels considered here then also preserve states entangled with an untouched
auxiliary system (Section B); this is proved using the linear action of channels on density operators. The
assignment [u] — [u ® u ® u] is a well-defined nonlinear projective map, but it is not an encoding: no
linear isometry, or even linear map nonzero on every input line, induces it (Problem 1.4). This is the
form of the no-cloning obstruction needed here.

1.4. Pauli operators.

1.5. Definition. The Pauli matrices are

10 01 1 0 0 —i .
r=( %) x=(0 o) z=( %) v=( )=z

For1 < j < nwe write X;, Y, Z; for the operator on J(, acting as X, Y, Z on the jth tensor factor

and as the identity on the others. The projective Pauli group En consists of the transformations [u] —
[(P, ® --- ® P,)u] with each P; € {I,X,Y,Z}. The Pauli matrix group P, is the group of linear lifts
AP, ® -+ @ P, with A € {+1, +i}. The weight |E| of such an operator E is the number of indices j with
P, #1

J

The transformation induced by X exchanges [|0)] and [|1)] and is called a bit flip. The transformation
induced by Z is called a phase flip: it takes [ct|0) + ]|1)] to [a|0) — §]1)], changing a relative sign while
fixing both computational states. We specify a Pauli error by a linear lift E € P,, and mean its action
[u] ~ [Eul]; its scalar multiple induces the same error. The relations X? = Y2 = Z2 =T and XZ = —ZX
imply that any two elements of P, either commute or anticommute, and that a Pauli operator is self-
adjoint precisely when its scalar is 1, in which case it squares to I. Operators acting on different tensor
factors commute. The quotient P, /{+I, +il} is precisely ,,; chosen signed lifts also specify the labeled
check measurements. Finally, the 4" tensor products P; ® --- ® P, with P i € {I,X,Y,Z}form a basis of
the space of all operators on J(,, orthogonal for the inner product (A, B) = Tr(A'B) (each has trace zero
except the identity). This last fact is the reason why Pauli errors play a distinguished role: we return to it
in Section B.3.
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1.5. The repetition code.
1.6. Example. The three-qubit repetition code is the encoding

[et|0) + B11)] — [«]000) + B[111)],
whose underlying subspace € = span{|000), |111)} is the common +1 eigenspace of the commuting
involutions g, = Z,Z, and g, = Z,Z5. Indeed, Z;Z;|b) = (=1)%*bi|b), so g; and g, are diagonal in the
computational basis and measure the parities b; + b, and b, + b;. Record the outcome (—1)* by the bit s.
For a code state [u], choose a normalized representative u = «|000) + $|111); we obtain:

Error Representative after the error Outcome bits (sq, s,)

I |000) + B|111) (0,0)
X, a|100) + B|011) (1,0)
X, |010) + 8|101) (1,1)
X3 |001) + 3|110) (0,1)
Z |000) — B|111) (0,0)

Each vector in the middle column is an eigenvector of both g; and g,, so by Proposition 1.3 the joint
measurement returns the displayed bits with certainty and leaves its represented state unchanged.

The table contains the two observations on which the subject rests. First, the outcome bits depend on
the error and not on (a, 8); measuring the checks therefore learns which single bit flip occurred, if one did,
and learns nothing about the encoded state, which survives the measurement intact. Applying X; again
then restores [u]. By contrast, measuring the first qubit in the computational basis (i.e., measuring Z;)
would produce outcome +1 with probability |«|? and return the state [|000)] or [|111)], destroying a
superposition with both coefficients nonzero. Second, the phase flip Z; produces the trivial outcome and
nevertheless changes a general encoded state, since [c¢|000) — §]111)] is the encoding of [x|0) — §|1)].
The repetition code protects against one bit flip and against no phase flip at all; we shall say in Section 2
that its distance is one. To protect a qubit, a code needs checks that detect both kinds of error, and the
checks must still commute with one another. The construction of such checks is the subject of the next
section.

1.7. Remark. The table treats the error as one of finitely many operators. A unitary error such as
[u] = [Uu], with U = cos 61 + isin 6 X, has a representative cos 6 u + i sin 6 X;u with components in
two different syndrome subspaces. The joint measurement then returns (0, 0) with probability cos? 6 and
(1,0) with probability sin” 6, leaving [u] or [X;u], respectively; in either case the prescribed correction
restores [u]. The coherent sum specifies linear lifts and their relative coefficients: replacing X; by —X;
in this sum can change the induced transformation, although these two lifts induce the same Pauli error
separately. The measurement has, in effect, discretized the error. Section B.3 turns this observation into
a theorem.

1.6. Problems.

1.1. For the repetition code, compute the outcome bits produced by X, X3, Z,, and Y; on an arbitrary
code vector. Which errors among I, X;, X,, X3, X; X3 can be corrected by a single rule that depends
only on the outcome bits?

1.2. Write the projections P, of Proposition 1.3 for g; = Z,Z,, g, = Z,Z; as diagonal matrices in the
computational basis, and verify that they sum to the identity.

1.3. Let |+) := (]0) = |1))/\/§. Show that X|+) = +|+) and Z|+) = |F), and deduce that the pro-
jectivization of span{|+++), |———)}, the common +1 eigenspace of X; X, and X, X3, corrects one
phase flip and no bit flip.

1.4. Prove that no linear map T : C? — (C?)®3, nonzero on every nonzero input, satisfies [Tu] = [u ®
u @ u] for every pure state [u]. Explain why this does not prevent the assignment [u] — [u @ u @ u]
from defining a nonlinear map of projective spaces.
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2. STABILIZER CODES

The repetition code is the projectivization of the common +1 eigenspace of two commuting Pauli
lifts. This section takes that description as a definition, following Gottesman [Got97]. We compute the
dimension of such codes, define their syndromes and logical operators, prove that a code of distance d
corrects every Pauli error of weight less than d/2, and translate the whole theory into linear algebra
over [F,. The section ends with the Calderbank-Shor-Steane construction and Shor’s nine-qubit code.

2.1. Stabilizer groups and their codes.

2.1. Definition. A stabilizer group is an abelian subgroup S < P, of linear Pauli lifts with —I ¢ S. Its
stabilizer code is P(C(S)), where the underlying code subspace is

C(S) :={ueH, : gu=uforeveryg € S}.

The condition —I ¢ S is exactly what makes C(S) nonzero, as the next theorem shows; it also forces
every element of S to be self-adjoint, since an element with scalar +i squares to —I. Thus S consists of
commuting involutions, and every element other than I has order two; hence S = [F; for some r, and S
is generated by r elements g1, ..., g,, none of which is a product of the others. We call such generators
independent and always assume that a stabilizer group is presented by independent generators. Since
C(S) is the common +1 eigenspace of gy, ..., g,, the generators are also called the checks of the code.
Their signs select the eigenspaces labeled +1. Their common projective fixed locus records eigenlines
rather than chosen eigenvalues; in general it contains other syndrome sectors as well as the code. For
example, the transformation induced by Z fixes both [|0)] and [|1)], while its +1 eigenspace selects

only [|0)].

2.2. Theorem. Let S be a stabilizer group with r independent generators. The orthogonal projection onto
C(S)is

TI+g 1
. 2 2
Jj=1 ges

and dim G(S) = 2",

Proof. The factors (I + g;)/2 are commuting orthogonal projections onto the +1 eigenspaces of the g;,
so their product is the orthogonal projection onto the intersection of these eigenspaces, i.e., onto C(S).
Expanding the product gives 27" times the sum of all products of subsets of the generators, which by
independence are exactly the 2" elements of S, each appearing once. An element g # I of Sisnota
scalar multiple of the identity (because —I ¢ S and the scalars +i have been excluded above), so itis + a
nontrivial tensor product of Pauli matrices and Trg = 0. Hence dim €(S) = TrP =27"TrI =2"". O

We write k := n — r; thus P(C(S)) = CP? ! and the code encodes k qubits into n. For the repetition
COde, S = {I, 2122,2223,2123}, r = 2, al’ld k =1.

2.2. Syndromes. Every Pauli operator E commutes or anticommutes with each generator. Define
s;(E) € F, by

g;E = (-1)¥®Eg;,
and call s(E) = (5;(E), ..., s,(E)) € F, the syndrome of E. If u € C(S), then

(2.2) gj(Euw) = (-1)PEgu = (-1)®Eu.

2.3. Proposition. Let E € P, and let [u] € P(C(S)) be a code state. Jointly measuring g1, ..., g, on [Eu]
produces the outcomes ((—1)%®) ;j with probability one and leaves [Eu] unchanged. The map s . P, — F,
is a group homomorphism whose kernel is the centralizer

Z(S) :={R € P, : Rg = gR forevery g € S}.
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Proof. By Equation (2.2), Eu lies in a joint eigenspace of the generators, so the first assertion is the remark
following Definition 1.2, applied to the joint measurement of Proposition 1.3. If E and F each commute
or anticommute with g;, then g;EF = (-1 s ERg j» which is the homomorphism property; the
kernel consists of the operators commuting with every generator, hence with all of S. U

Multiplying E by a nonzero scalar does not change its commutation signs, so the syndrome depends
only on the projective Pauli error. Thus it is a function of the error alone, not of the encoded state, and
measuring it leaves that state after the error unchanged. This is the precise sense in which the checks
reveal the error without revealing the information. We shall see in Proposition 2.8 that every vector of -}
is the syndrome of some Pauli operator; consequently #(,, is the orthogonal direct sum of the 2" joint
eigenspaces of the generators, each of the form E G(S) and of dimension 2 (Problem 2.2).

2.3. Logical operators and distance. Two Pauli errors with the same syndrome cannot be distin-
guished by the checks. Their quotient lies in the kernel of the syndrome map, and the following
proposition decides whether that ambiguity is harmful. Write (iI)S for the group generated by S and the
scalar i, i.e., the set of operators Ag with g € S and 1 € {+1, +i}.

2.4. Proposition. Every R € Z(S) induces a transformation of P(C(S)); this transformation is the identity
ifand only if R € (i)S. If R = Ag with g € S, then R acts on C(S) as the scalar A. If R & (iI)S, then the
restriction of R to C(S) has trace zero; in particular, it is not a scalar multiple of the identity of C(S).

Proof. Since R commutes with every g € S, it commutes with P and preserves its range. If R = Ag
with g € S, then Ru = Au for u € C(S) by the definition of C(S). If R ¢ (iI)S, Equation (2.1) gives
Tr(PRP) = Tr(PR) = 27" Zg s Tr(gR). Each gR is a Pauli operator, and it is a scalar only if R is a scalar

multiple of g=! = g, which would place R in (iI}S; hence every term vanishes. A nonzero scalar multiple
of the identity of a space of positive dimension has nonzero trace, and R is invertible, so the restriction is
not scalar. Finally, a linear automorphism induces the identity on projective space precisely when it is
scalar: apply it to basis vectors and to their pairwise sums to see that the eigenvalues on all basis vectors
agree. This proves the projective assertion as well. g

2.5. Definition. A logical Pauli transformation is a transformation of P(C(S)) induced by a Pauli operator
with zero syndrome. A logical operator is a Pauli lift inducing a nonidentity logical transformation,
i.e., an element of Z(S) \ (iI)S. If k > 1, the distance d of the code is the minimum weight of a logical
operator, and we call P(C(S)) an [[n, k, d]] code.

By Proposition 2.4, a logical operator commutes with every check (so it is invisible to the syndrome)
and moves some point of P(C(S)) (so it corrupts the encoded information). This is the formal meaning
of a logical error. In the repetition code, Z; commutes with Z,Z, and Z,Z; and is not in (iI)S; itis a
logical operator of weight one, so the repetition code is a [[3, 1, 1]] code.

2.6. Theorem. Let P(C(S)) be an [[n, k, d]] stabilizer code and let t be an integer with 2t < d. There is a
function p : F), — P, such that, for every Pauli error E € P, of weight at most t,

[p(s(E)Eu] = [u]  forevery [u] € P(C(S)).
Equivalently, the lift p(s(E))E restricts to a scalar of modulus one on C(S).

Proof. For each syndrome o that occurs among the errors of weight at most ¢, choose one such error
E, and set p(0) = E;; elsewhere define p arbitrarily. If E has weight at most ¢ and syndrome o, then
R = E;E has trivial syndrome, i.e., R € Z(S) by Proposition 2.3, and |R| < 2t < d. By the definition
of distance, R is not a logical operator, so R € (iI)S and Proposition 2.4 shows that R acts on C(S) as a
scalar of modulus one. O

The recovery therefore restores every code state, without prescribing which normalized representative
is returned. Note that the theorem does not require p(s(E)) to undo E itself: the recovery may differ
from the inverse of the actual error by an element of the stabilizer.
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2.7. Definition. An [[n, k, d]] stabilizer code is degenerate if its stabilizer group contains an element
other than I of weight less than d.

In a degenerate code, two distinct errors E and gE with g € S may both have weight less than d; they
have the same syndrome and the same effect on the code, so it is neither possible nor necessary to tell
them apart. (Terminology varies: such codes are also called impure, and “degenerate” is sometimes
defined relative to a specified set of correctable errors [Got97].) Degeneracy has no counterpart for
classical linear codes, where two distinct errors with the same syndrome differ by a nonzero codeword,
so that correcting one by the other always fails; it is the source of much of the difficulty of quantum
decoding (Section 5). Theorem B.2 in the appendix shows that the same recovery corrects every error
operator in the linear span of the Pauli errors of weight at most ¢, and indeed every quantum channel
with such Kraus operators; that is the sense in which correcting finitely many discrete errors corrects a
continuum of them.

2.4. Binary coordinates. Projective Pauli errors admit binary coordinates; the scalar commutators of
their lifts retain the information needed for syndromes. For x, z € [Fg define

n n
X(x) := HX;.Cj, Z(z) = HZ;J'.
j=1 j=1

Every element of P, equals AX(x)Z(z) for a unique pair (x, z) and a unique scalar A, and the prod-
uct of two Pauli operators corresponds, up to a scalar, to the sum of their pairs. In other words,

(x,z) = [X(x)Z(z)] gives a group isomorphism [Fg” = En = P,/(iI). On the jth qubit, (x;,z;) =
(1,0),(0,1),(1,1) correspond to X, Z, and Y (up to phase), so the weight of X(x)Z(z) is the number of
indices with (x iz j) # (0,0); a Y error has weight one, not two.

2.8. Proposition. The operators X(x)Z(z) and X(x')Z(z") commute if and only if
(2.3) w((x,2),(x',2")) :=x-2'+z-x' =0 inF,.

The form w is bilinear, alternating, and nondegenerate. Consequently, if the generators g; of a stabilizer
group correspond to the vectors v; = (aj,b;) € [F%", then:

(1) thevectors vy, ..., U, are linearly independent and pairwise w-orthogonal;
(2) the syndrome of X(x)Z(z) is (aj “Z+bj- x)j, which is a surjective linear function of (x, z);

(3) the centralizer Z(S) corresponds to the w-orthogonal complement of span{v;}, a subspace of dimen-
sion 2n — r containing the r-dimensional image of S.

Proof. Moving each Z; factor of Z(z) past each X; factor of X(x") on the same qubit produces a sign, and

factors on different qubits commute; this gives the sign (—1)*Z+2"¥’ relating the two products. Bilinearity
and w(v,v) = 2x - z = 0 are clear, and w((x, z), -) is the functional (x’,z") = x -z’ + z - X/, which
vanishes identically only if x = z = 0. A linear relation among the v; would make a nonempty product
of generators a scalar, hence equal to I (the only scalar in S), contradicting independence; commutativity
of S is pairwise orthogonality. The syndrome formula is Equation (2.3) applied to each generator. It is
surjective because v = (w(v;j,v)); is a linear map whose transpose is injective (by nondegeneracy and
the independence of the v;). The kernel of a surjective linear map onto I, has dimension 2n —r. [

Although 2, is abelian, the form w need not vanish: it records the scalar commutators of lifts,
independently of their scalar choices. Thus the centralizer Z(S) above is computed for the chosen linear
checks; taking a centralizer inside the abelian projective Pauli group would lose the syndrome condition.
The image of S has dimension r and that of Z(S) has dimension 2n — r, so the induced logical Pauli
transformations form a quotient space of dimension 2n — 2r = 2k. One can choose 2k logical operators
X1,Z1, ., Xy, Z), that satisfy the same commutation relations as X1, Z1, ..., Xy, Z; on #j, and these act
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on C(S) = K as the Pauli operators of k encoded qubits; we only need the case k = 1, where it suffices
to exhibit two anticommuting logical operators (Problem 2.3).

2.5. Calderbank-Shor-Steane codes. In the codes of interest to us, each check is a product of X’s
only or of Z’s only.

2.9. Definition. Let Hy and H, be binary matrices with n columns satisfying

The CSS code with these matrices is the stabilizer code whose stabilizer group is generated by the X
checks X(a), for a a row of Hy, and the Z checks Z(b), for b a row of H,.

The construction is due independently to Calderbank and Shor [CS96] and to Steane [Ste96]. By
Equation (2.3), an X check and a Z check commute exactly when their supports meet in an even number
of qubits, so Equation (2.4) is the commutativity of the stabilizer group; checks of the same type always
commute. The rows of Hy and H; need not be independent, and only the ranks matter: by Theorem 2.2,

(2.5) k =n—rank Hy —rank H,.
By Proposition 2.8, an error X(x)Z(z) has X-check syndrome and Z-check syndrome
(26) Sy = HXZ, Sz = HZx.

The opposite subscripts are not a misprint: X checks detect the Z component of an error and Z checks
detect its X component. In particular, the two components of an error are detected by different checks,
and for many purposes the X and Z parts of a CSS code can be treated separately.

2.10. Theorem. Suppose an X error X(x) is followed by a correction X (%) with H;X = Hzx. The composite
fixes every point of the projective code if and only if x + X € row(Hy). The possible residuals modulo
stabilizers form the quotient space

ker H; / row(Hy),

of dimension k. The same statements hold for Z errors after exchanging the roles of X and Z.

Proof. Theresidual X(x+x%) has zero Z-check syndrome and, being an X operator, zero X-check syndrome;
hence it lies in Z(S). A pure X operator lies in (iI)S precisely when its vector is a sum of rows of Hy
(Problem 2.4), so the first assertion is Proposition 2.4. The dimension of the quotient is (n — rank H;) —
rank Hy = k. 0

Thus the equation H;X = s is a constraint on a correction, not a certificate of its success. Its solutions
form an affine space, partitioned into 2 cosets of row(Hy), and only one of these cosets restores the
encoded information. The checks cannot tell which one: that choice is the decoding problem of Section 4.

For CSS codes the distance splits accordingly. Let dy be the minimum weight of a vector of ker H, \
row(Hy) and d; the minimum weight of a vector of ker Hy \ row(H). Then d = min(dy, d,). Indeed,
X(x)Z(z) lies in Z(S) if and only if x € ker H; and z € ker Hy, and it lies in (iI)S if and only if, in
addition, x € row(Hy) and z € row(H); a logical operator therefore has a pure component that is itself
logical, and the weight of X(x)Z(z) is at least the weight of each component.

2.11. Remark. Decoding the two components separately is an algorithmic choice, not a consequence
of Equation (2.6). In the depolarizing model, each qubit independently suffers X, Y, or Z with proba-
bility p/3 each. Each binary component then has marginal error probability 2p/3 per qubit, but the
components are correlated, because a Y error sets both; a decoder that ignores this correlation discards
information.
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2.6. Shor’s nine-qubit code. The first code to protect a qubit against an arbitrary single-qubit error
was constructed by Shor [Sho95], by repeating the phase-flip code of Problem 1.3 with blocks of the
bit-flip code.

2.12. Example. Arrange nine qubits in three blocks {1, 2, 3}, {4, 5, 6}, {7, 8, 9}. The CSS code with
110000000
000110000 111111000
Hz=10600011000 | Hk::(000111111)
000000110
000000011

has Z checks Z,2,,7,7;, ..., ZgZy, two within each block, and X checks X --- X¢ and X, -+ Xy. Each X
check meets each Z check in zero or two qubits, so Equation (2.4) holds; the ranks are 6 and 2,s0 k = 1
by Equation (2.5). The underlying code subspace is spanned by the normalized representatives

10) = }ﬁ(loom +111)®3,  |T) = ziﬁ(loom — 111))®5.

We compute the distance directly. A vector x lies in ker H, precisely when it is constant on each
block, and row(Hy ) consists of the vectors equal to 1 on an even number of blocks and 0 on the others;
hence the vectors of ker H; \ row(Hyx) are those equal to 1 on an odd number of blocks, and dy = 3,
attained by X, X,X;. Similarly, z € ker Hy precisely when the parities 7, 7,, 73 of z on the three
blocks satisfy 77, = 7, = 73, while row(H,) consists of the vectors of even parity on every block; hence
z € ker Hy \ row(Hy) has odd parity on every block, and d; = 3, attained by Z,Z,Z,. Thus Shor’s code
isa[[9,1,3]] code, and by Theorem 2.6 it corrects every single-qubit Pauli error.

Note which logical operators these are. The operator Z; maps |000) + |111) to |000) — |111), s0 Z,Z,Z-
exchanges |0) and |1); it is a logical X, although it is a product of Z’s. Likewise X;X,X; fixes |0) and
negates |1), so it is a logical Z. There is no contradiction: which Pauli operator of the encoded qubit
a logical operator implements depends on the chosen encoding, not on the type of its physical factors.
Shor’s code is also degenerate in the sense of Definition 2.7, since the check Z;Z, has weight 2 < 3: Z;
and Z, have the same syndrome and differ by that check, so correcting either one by the other succeeds.

The surface patch of Section 3 has the same parameters [[9, 1, 3]]. It differs from Shor’s code in that its
checks have weight at most four and act on neighbouring qubits of a square grid, and, more importantly,
in that it is the first member of a family whose distance grows with the number of qubits while the check
weights stay bounded.

2.7. Problems.

2.1. Show that if an abelian subgroup S < P, contains —I, then its common +1 eigenspace is zero.

2.2. Let E,; be a Pauli operator with syndrome o (which exists by Proposition 2.8). Show that E,C(S)
is the joint eigenspace of g1, ..., g- with eigenvalues ((—1)?7);, that it is independent of the choice
of E,, and that J(, is the orthogonal direct sum of these 2" spaces.

2.3. Let C(S) encode one qubit, and let X, Z be self-adjoint logical operators that anticommute. Show
that there is an orthonormal basis of €(S) in which Z and X act by the matrices Z and X.

2.4. For a CSS code, show that X(x) € (iI)S if and only if x € row(Hy).

2.5. Let H be the 3 x 7 binary matrix whose jth column is the binary expansion of j. Show that HH' = 0,
so that Hy = H, = H defines a CSS code, and that this code (Steane’s code) is a [[7, 1, 3]] code.

2.6. In Shor’s code, compute the syndromes of Z;, Z,, X5, and Ys. Which single-qubit errors share a
syndrome, and why does this not prevent their correction?

3. SURFACE CODES

Surface codes are CSS codes whose checks are attached to the faces of a square grid. They were
introduced by Kitaev [Kit03] on a torus and by Bravyi and Kitaev [BK98] on a planar region with
boundary; the variant used here, often called the rotated surface code, achieves the same distance with
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roughly half as many qubits [BMDO07, TS14]. We first describe the smallest nontrivial patch completely
and then prove that the patch of odd distance d is a [[d?, 1,d]] code. Fowler et al. [FMMC12] give a
detailed account of surface codes oriented toward implementation, and Dennis et al. [DKLP02] remains
the basic reference for their decoding.

@—@
@
._.

FIGURE 1. The rotated surface patch of distance three. Circles are the nine data qubits,
labeled in row order. Orange squares and bars are X checks A;, and blue ones are Z
checks Bj; a square acts on its four corners and a bar on its two endpoints. The labels
name checks, not additional qubits.

3.1. A nine-qubit patch. The checks of Figure 1 are

A = X, X, Ay = X, XXX, Az = X, XX, Xs, Ay = XX,
By = 7,2,7,75, By = Z5Z¢Z4Z,, By = 7,7, By = 237,
i.e., the rows of
1 1.0 0 0 0 O0 0O 1 101 100 O0O0
011011000 00 0O0T1T1TVO0T1T1
(.1 He=loooo1 10110 2500010010 o0
00 0O0O0O0OO0OTI1T1 0010O01O0O0O0

Every X check meets every Z check in zero or two qubits (for instance, A, meets B;, B,, B, in {2, 5}, {5, 6},
{3,6}), so Equation (2.4) holds. Both matrices have rank four, so the patch encodesk =9 -4—-4=1
qubit. The operators
X = XX,X;,  Z:=Z,Z,74

commute with every check and anticommute with each other, since their supports meet only in qubit 1.
Neither belongs to (iI)S, because an element of (iI)S commutes with every element of Z(S); hence both
are logical operators, and by Problem 2.3 they act on the code as the Pauli matrices of the encoded qubit.

The patch exhibits, on a small scale, every phenomenon that concerns us. A single X error on qubit 1
flips only the check B;. The two-qubit operator X; X, = A; flips no check and acts trivially on the code,
being a stabilizer. The three-qubit operator X;X,X, = X also flips no check but acts nontrivially. Both
are “invisible strings”; one is harmless and the other is a logical error. Exhaustive enumeration of ker H,
and ker Hy confirms that no logical operator has weight less than three, so the patch is a [[9, 1, 3]] code;
we now prove this, and its generalization, without enumeration.

3.2. The rotated patch of distance d.

3.1. Definition. Let d > 3 be odd. The rotated surface patch of distance d has n = d? data qubits at
the points (r,c), 0 <r,c < d — 1, of a square grid, with row 0 at the top; qubit (r, ¢) receives the label
rd + ¢ + 1. Its checks are:
(1) for0 <r,c £d —2,thesquareon (r,c),(r,c+1),(r + 1,¢),(r + 1,c + 1), which is a Z check if
r + cis even and an X check if r + ¢ is odd;
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(2) the X checks on {(0, ¢), (0, c + 1)} for even ¢ (top boundary) and on {(d — 1,¢c),(d — 1, ¢ + 1)} for
odd c (bottom boundary);

(3) the Z checks on {(r,0), (r + 1, 0)} for odd r (left boundary) and on {(r,d — 1), (r + 1,d — 1)} for
even r (right boundary).

The rule for the boundary checks has a simple description: extend the checkerboard of squares by one
row or column beyond each side, and retain the two-qubit halves of those exterior squares whose type
is X on the top and bottom sides and Z on the left and right sides. For d = 3 the definition reproduces

Figure 1 exactly. Figure 2 shows d = 5.
D ®@ O §>

O O @
OO @

SE &2

FIGURE 2. The rotated patch of distance five, with X checks orange and Z checks blue.
Red circles mark the support of the logical operator X, XoX;4X;¢X,4 (a column); green
squares mark the support of Z,Z,Z¢ 747, (arow). The two supports meet only in qubit 9,
which belongs to both and is drawn as a red circle.

There are (d — 1)? squares and 2(d — 1) boundary checks ((d — 1)/2 on each side), half of each type
in each case; hence the patch has d? — 1 checks, (d* — 1)/2 of each type. Every check has weight two or
four, and every qubit lies in at most four checks.

3.2. Proposition. Every X check of the rotated patch meets every Z check in an even number of qubits.

Proof. Two squares of opposite types are not diagonal neighbours (diagonal neighbours have the same
parity of r + c), so they share either a whole edge (two qubits) or nothing. A boundary check is the half
of an exterior square of its type, so it meets an interior square of the opposite type, if at all, along the
shared edge. Finally, two boundary checks of opposite types can meet only at a corner of the grid, and
the parity conventions of Definition 3.1 exclude this (Problem 3.1). 0

3.3. Proposition. The X checks of the rotated patch are linearly independent, i.e., the rows of Hy are
linearly independent over [F,, and the same holds for the Z checks. Consequently the rotated patch encodes
exactly one qubit.

Proof. Order the qubits lexicographically by (r, ¢), which is the order of their labels. The largest qubit of
the square with corner (r,¢) is (r + 1, ¢ + 1), and the largest qubit of a boundary check {q, ¢’} with g < ¢’
is g’. We claim that distinct X checks have distinct largest qubits. A square and a top boundary check
never share their largest qubit, since the latter lies in row 0. The square with corner (d — 2,c — 1) and
the bottom boundary check on {(d — 1,¢ — 1), (d — 1, c¢)} share the largest qubit (d — 1, ¢), but the first is
an X check only if (d — 2) + (¢ — 1) is odd, i.e., d + c is even, and the second only if ¢ — 1 is odd, i.e., ¢ is
even; as d is odd, these conditions are incompatible. All other coincidences are excluded because the
corner of a square is determined by its largest qubit.

Now suppose that a nonempty set T of X checks has product I, and let g be the largest of the largest
qubits of the checks in T. Every check in T that contains g has largest qubit at least g, hence equal
to g, so by the claim exactly one check in T contains q. The product of T therefore acts as X on g, a
contradiction. The quarter-turn rotation (r,c) — (c,d — 1 —r) of the grid permutes the qubits and maps
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the set of X checks onto the set of Z checks (Problem 3.2), so the Z checks are independent as well. The
ranks are thus (d?> — 1)/2 each, and Equation (2.5) gives k = d> — (d*> — 1) = 1. O

3.3. Logical operators and distance. For 0 <i < d — 1 write z) € F/ for the indicator of row i and
x® for the indicator of column i.

3.4. Proposition. Forevery i, j, the operators Z(z") and X (x(") are logical operators, and they anticom-
mute. Any two rows represent the same class in ker Hy / row(H ), and any two columns the same class in
ker H; / row(Hy).

Proof. An X square meets a row in zero or two qubits, and the X boundary checks lie inside rows 0
and d — 1; hence z® € ker Hy. Symmetrically xU) € ker H,. A row and a column meet in exactly one
qubit, so Z(z®) and X (x() anticommute; in particular neither lies in (iI}S, whose elements commute
with all of Z(S). Since k = 1, each quotient in Theorem 2.10 has exactly one nonzero class, which
therefore contains every row (respectively every column). O

The equivalence of two adjacent rows can also be seen directly: z® + z(+D is the sum of the Z checks
lying between rows i and i + 1 (Problem 3.3). Physically minded readers may picture a logical operator as
a string that can be deformed by multiplying by checks, but cannot be removed; the following theorem
is the precise content of that picture.

3.5. Lemma. For a CSS code, the bilinear map (x,z) — x - z on ker H, X ker Hy, induces a well-defined
pairing
(ker H; / row(Hy)) x (ker Hy/ row(Hy)) — F».

Proof. Ifa = H}T(y € row(Hy) and z € ker Hy, thena - z = y - Hyz = 0; symmetrically for row(H)
and ker H. O

3.6. Theorem. The rotated surface patch of odd distance d is a [[d?, 1, d]] code.

Proof. We have n = d? and k = 1 by Proposition 3.3, and by the discussion following Theorem 2.10 it
suffices to show that dy = d; = d. Let x € ker H, \ row(Hy). Since k = 1, x lies in the class of x(, so
by Lemma 3.5 and Proposition 3.4

x-z0=x@.z0 =1 foreveryi.

Thus x meets each of the d pairwise disjoint rows in an odd, hence positive, number of qubits, and
|x| > d. A column has weight d, so dx = d. Exchanging rows and columns gives d, = d. 0

By Theorem 2.6, the patch of distance d corrects every Pauli error of weight at most (d — 1)/2. The
bound is far from the whole story: most errors of much larger weight are also corrected by a good decoder,
because a random error of weight comparable to d is unlikely to resemble a logical operator. Quantifying
this requires a noise model, and is the subject of Section 4.6.

3.4. Strings, boundaries, and homology. The language of strings has a precise combinatorial coun-
terpart. Consider the graph Gy whose vertices are the Z checks together with two additional boundary
vertices, called top and bottom. Each qubit lies in one or two Z checks (Problem 3.4); a qubit in two Z
checks is an edge between them, and a qubit in a single Z check (these are exactly the qubits of rows 0
and d — 1) is an edge from that check to the top or bottom boundary vertex. A set of qubits x is then a
set of edges, and Hx records the check vertices of odd degree in it. In other words, the syndrome of an
X error is the set of endpoints of the corresponding edge set, ignoring endpoints on the boundary.

The X checks have a matching description. The four qubits of an X square form a cycle of four edges
in Gy around the square (passing through a boundary vertex if the square touches the top or bottom
side), and the two qubits of a top or bottom X check form a cycle of two edges through a boundary vertex.
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Thus the X checks are faces of the graph Gy drawn in the plane, and the binary matrices form a chain
complex

[F{ZX checks} H_)Tf) [F{zqubits} i [F{ZZ checks},
ie., H ZH)T( = 0, which is Equation (2.4) transposed. Its homology at the middle term is exactly
ker H,/ row(Hy), the space of logical X classes of Theorem 2.10. Geometrically, ker H, consists of
edge sets with no endpoints except on the boundary, row(Hx) of boundaries of unions of faces, and
the nontrivial class is represented by any path joining the top boundary to the bottom one; this is the
homology of the square relative to its top and bottom sides, H;(square, top U bottom; [F,) = [F,. The Z
errors are described by the dual graph G, whose vertices are the X checks and whose boundary vertices
sit on the left and right; there the nontrivial class is a path from left to right.

We do not use homology to prove anything in these notes; the matrix arguments above are complete.
Its value is conceptual: it explains why the number of encoded qubits and the distance are determined
by the topology of the surface and the length of its shortest nontrivial cycles, rather than by local details.
For instance, on an L X L grid on a torus, with qubits on the edges, Z checks on the vertices and X checks
on the faces, one obtains Kitaev’s toric code [Kit03], which encodes dim H,(T?;F,) = 2 qubits with
distance L (Problem 3.7).

3.7. Remark. The literature calls the two kinds of boundary “rough” and “smooth”, but which is which
depends on whether one draws the graph Gy or its dual. To avoid ambiguity we name a boundary by the
type of error that can terminate on it without being detected: X errors terminate on the top and bottom
boundaries of our patch, and Z errors on the left and right.

3.5. Notes and open questions. The construction of Section 3.4 applies to any cellulation of any
surface, and to higher-dimensional manifolds, with the parameters governed by homology and by the
systoles (lengths of shortest nontrivial cycles) of the cell complex; Breuckmann and Eberhardt [BE21b]
survey these homological codes and their generalizations. In the plane, the bound kd? = O(n) of Bravyi,
Poulin and Terhal [BPT10] (Section 6) shows that surface codes are optimal up to constants among codes
with geometrically local checks, which is the main motivation for the nonlocal codes of Section 6. We
have treated surface codes only as memories; computing on encoded qubits (by deforming boundaries,
introducing defects, or merging and splitting patches) is a large subject of its own, for which Fowler
et al. [FMMC12] is a starting point.

3.6. Problems.

3.1. Complete the proof of Proposition 3.2 by showing that no X boundary check of the rotated patch
shares a qubit with a Z boundary check.

3.2. Show that the rotation (r,c) — (c,d — 1 —r) maps each X check of the rotated patch onto a Z check
and vice versa. (For squares, compute the parity of the new corner; for boundary checks, follow
each side of the grid to its image.)

3.3. Show that, for 0 < i < d — 2, the sum of the indicators of the Z checks contained in rows i and
i + 1 (the Z squares with corner in row i, and the Z boundary checks between these rows) equals
z® 4 Z(+D,

3.4. Show that each qubit of the rotated patch lies in exactly one Z check if it is in row 0 or row d — 1,
and in exactly two Z checks otherwise.

3.5. For the nine-qubit patch, compute the Z-check syndrome of each single-qubit X error and the
X-check syndrome of each single-qubit Z error. Which pairs of single-qubit errors share a syndrome,
and by which check do they differ?

3.6. On the nine-qubit patch, show that Y, X,X-,7,Z; is a logical operator, identify it (up to phase) as a
product of X , Z and stabilizers, and compute its weight.
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3.7. For the toric code on an L X L torus, show that the product of all Z checks is the identity, as is the
product of all X checks, and that these are the only relations among the checks. Deduce that the
code encodes two qubits.

4. DECODING SURFACE CODES

A decoder turns an observed syndrome into a correction. By Theorem 2.10, the checks determine
the error only up to an affine space that meets several logical classes, so a decoder must guess, and
a principled guess requires a probability model for the errors. This section formulates the decoding
problem as statistical inference, shows that for the surface code under independent noise the most likely
error can be found by minimum-weight perfect matching, and discusses the asymptotic behaviour of the
resulting failure probability.

4.1. Noise models and decoders. Throughout this section the checks are measured perfectly and
the errors are Pauli operators drawn from a declared distribution; this is the code-capacity setting, the
simplest of the three settings distinguished in Section 8.1. For a CSS code we further restrict to X errors,
since Z errors are handled identically with the roles of the two check matrices exchanged (Remark 2.11
discusses what this restriction ignores).

4.1. Definition. In the independent bit-flip model with parameters p;, ..., p, € (0,1/2), the error is X(e)
for a random vector e € [} with independent coordinates and P(e; = 1) = p;. When all p; equal a
common value p we speak of the bit-flip model with parameter p.

4.2. Definition. A decoder for the X errors of a CSS code is a function é : [F;Z - [Fg, where r; is the
number of rows of H, such that H,é(s) = s for every syndrome s in the image of H,. The decoder fails
on an error e if e + é(H ze) ¢ row(Hy). Under a noise model, the logical failure probability of the decoder
is the probability of this event.

By Theorem 2.10, failure means exactly that the residual operator after correction is a logical operator.
For the rotated patch, e + ¢ lies in ker H, so by Lemma 3.5 and Proposition 3.4 failure is detected by a
single parity:

4.1) the decoder failsone < (e + é(Hze)) - z© =1,

i.e., the residual crosses the top row an odd number of times. A simulation can therefore decide failure
without enumerating the stabilizer group.

4.2. Three decoding objectives. Under the independent bit-flip model, Bayes’ rule gives the posterior
distribution of the error given the syndrome s:
1

(42) IP’(e | S) = m Hpjj(l — pj)l_ej 1{HZe = S}.
= o1

A decoding rule can sensibly aim at any of the following.
(1) Most likely error: choose é(s) maximizing P(e | s).
(2) Bitwise marginals: compute P(e; = 1| s) for each j and set é; = 1 when this exceeds 1/2.
(3) Most likely class: fix any e, with H,e, = s, and choose the coset ey + ¢ + row(Hy ), with ¢ ranging
over representatives of ker H, / row(Hy ), that maximizes

(4.3) Z Pleg+¢ +als);

aerow(Hy)

output any element of that coset.

4.3. Proposition. Among all decoders, those of the third kind, and only those, minimize the logical failure
probability.
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Proof. Conditional on the syndrome s, a decoder succeeds exactly when e lies in the coset of row(Hy)
containing é(s), an event of conditional probability Equation (4.3) for that coset. Maximizing the success
probability for each s separately maximizes it overall. 0

The three objectives genuinely differ. The second does not even guarantee H,¢é = s, as we shall see in
Example 5.3; the first ignores the fact that the many representatives of one class add their probabilities.
The following example, too small to protect a qubit but large enough to be instructive, separates the first
and third objectives.

4.4. Example. Let Hy = (110)and H; = (11 1), so that Equation (2.4) holdsandk=3-1-1=1
(the distance is one). For the syndrome s = 1, the solutions of H,e = 1 split into the two cosets {100, 010}
and {001, 111} of row(Hy) = {000, 110}; here strings list coordinates in order, so that 100 is an error on
the first qubit. With (p;, p,, p3) = (0.2,0.2,0.3) the unnormalized posterior masses are:

Class Masses of its elements Class mass

{100, 010} 0.112,0.112 0.224
{001,111} 0.192, 0.012 0.204

The most likely error is 001, but the most likely class is the other one; after normalization by 0.428 the
class probabilities are approximately 0.523 and 0.477. The decoder that outputs the most likely error
thus fails with conditional probability 0.523, while the optimal decoder fails with probability 0.477.

Note that the class masses are sums of probabilities of disjoint events, not sums of amplitudes: once
the noise model is declared, decoding is entirely classical.

4.3. Correction on the nine-qubit patch. Suppose the actual error on the patch of Figure 1 is X, i.e.,
e = {1} (we identify a vector with its set of nonzero coordinates). Its syndrome H e is (1,0, 0,0), and
each of the following corrections has the same syndrome:

Correction é Residual e + é Effect on the code

{1} @ identity
{2} {1,2} the stabilizer A;
4,7} {1,4,7} the logical operator X

The second correction succeeds although it does not identify the actual error; the third restores every
check outcome and nevertheless applies a logical error. After the correction, remeasuring the checks
cannot distinguish these cases, since all three residuals have zero syndrome. Which correction to
prefer depends on the probabilities of the errors {1}, {2} and {4, 7}, and the next subsection makes that
comparison systematic.

4.4. Minimum-weight matching. The most likely error is the solution of a shortest-path problem in
disguise. Taking logarithms in Equation (4.2), maximizing P(e | s) over {e : Hze = s} is equivalent to
minimizing

!so.

1
(44) ijej’ wJ = lOg
j J

For equal priors this is the minimum Hamming weight.

Recall the graph Gy of Section 3.4: its vertices are the Z checks and two boundary vertices, and each
qubit j is an edge of weight w;. Figure 3 draws it for the nine-qubit patch. An error is a set of edges, and
its syndrome is the set of check vertices of odd degree. The most-likely-error problem is therefore: find a
minimum-weight edge set whose odd-degree check vertices are exactly the given set D of defects, with
no constraint at the boundary vertices. In combinatorial optimization this is a minimum-weight T-join
problem, with the twist that the boundary vertices may have any parity.
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FIGURE 3. The graph G of the nine-qubit patch, redrawn abstractly. Edges are labeled
by qubit; parallel edges are distinct qubits with the same endpoints. The four check
vertices carry the syndrome, and the top and bottom boundary vertices carry no con-
straint.

4.5. Proposition. Let §(u, v) be the weighted shortest-path distance in Gy, and let 5(u, 9) be the distance
from u to the nearer boundary vertex. The minimum weight of an edge set with odd-degree check vertices
exactly D equals the minimum, over partitions of D into pairs {u, v} and singletons {u}, of

Dl swv)+ D, 8(u,0),

pairs singletons
and a minimizing edge set is obtained as the symmetric difference of the corresponding shortest paths.

Proof. The symmetric difference of paths joining the pairs, and joining the singletons to the boundary,
has odd degree exactly at D among check vertices (each defect is an endpoint of one path, and interior
vertices of paths have even degree), and its weight is at most the displayed sum. Conversely, let F be any
edge set with odd check vertices D, and let T 2 D be the set of all vertices of odd degree in F, boundary
vertices included. The edges of F contain |T|/2 edge-disjoint paths whose endpoints pair up the vertices
of T (by induction on |T|: every connected component of F has an even number of odd vertices, so
a component containing one vertex of T contains another; remove a path joining them and repeat).
Discard the paths joining two boundary vertices. Each remaining path joins two defects u, v, and has
weight at least 5(u, v), or joins a defect u to a boundary vertex, and has weight at least 6(u, d). Since the
weights are positive, the weight of F is at least the sum for the induced partition. O

The minimization over partitions is a minimum-weight perfect matching problem on the complete
graph whose vertices are the defects together with one boundary copy for each defect, with the edge
weights §(u, v) between defects, §(u, 9) between a defect and its own copy, and zero between boundary
copies. Edmonds’ blossom algorithm [Edm65] solves such problems in polynomial time. Dennis
et al. [DKLP02] proposed this decoder for the surface code, and it remains the standard baseline;
PyMatching [Hig22, HG25] is a fast open-source implementation that works directly on the graph rather
than on the complete graph of defects. Note that a single boundary vertex with a parity constraint would
be wrong: the number of defects joined to the boundary is not determined by the syndrome.

The reduction depends on the fact that every column of H, has at most two nonzero entries, i.e., that
each error component flips at most two checks. This property —we shall call such a decoding problem
graphlike — fails for the Y errors of Remark 2.11 if both sectors are decoded together, for the sparse
codes of Section 6, and for many circuit faults (Section 8).

4.5. A weighted example and its limits. On the nine-qubit patch, consider the syndrome (1, 1,0, 0),
i.e., defects at By and B,. The one-edge set {5} and the two-edge set {1, 8} (which joins B, to the top and
B, to the bottom) both have this syndrome. Take p; = pg = 0.1, ps = 0.01, and p; = 0.001 otherwise.
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Then
ws = log 99 ~ 4.595, w; + wg = 2log9 =~ 4.394,

so the two-edge set is the more likely error despite its larger weight; exhaustive enumeration confirms
that it is the most likely error with this syndrome. If the actual error was {5}, the correction {1, 8}
leaves the residual {1, 5, 8}, which meets the top row in one qubit and is therefore a logical error by
Equation (4.1). An optimal decision can be wrong on an individual instance; optimality is a statement
about probabilities.

More importantly, matching optimizes the probability of an individual error, which by Example 4.4 is
not the same as optimizing the probability of a logical class. For the surface code under independent
noise, the loss is small in practice, but it is not zero, and decoders that approximate the most likely class
do exist [DKLPO02].

4.6. Thresholds. Let P;(d, p) denote the logical failure probability of the matching decoder on the
rotated patch of distance d under the bit-flip model with parameter p. For each fixed d, P;(d, p) is a
polynomial in p whose lowest-order term has degree exactly (d + 1)/2: no error of smaller weight causes
failure, by Theorem 2.6, while some error of weight (d + 1)/2 does (Problem 4.5); for fixed small p, larger
codes are therefore better. For larger p the opposite holds, since a longer patch offers more opportunities
for a logical string to form. The transition between these regimes is sharp: Dennis et al. [DKLP02] proved
that there is a threshold pg, > 0 such that P;(d, p) - 0 asd — oo whenever p < py,, and related the
optimal decoder’s threshold to a phase transition in a random-bond Ising model. The numerical value is
approximately 10.3% for matching [WHPO03] and approximately 11% for the optimal decoder [DKLPO02].
Below threshold the failure probability decays exponentially in d, roughly like (p/p,)@+1/2 up to factors
that depend on d more slowly; we state this only heuristically.

Figure 4 shows the phenomenon in a small simulation. For each (d, p) we sampled independent bit-
flip errors, decoded them with PyMatching using uniform weights, and decided failure by Equation (4.1).
Each point is an estimate from finitely many independent samples, and the error bars quantify only that
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FIGURE 4. Estimated logical failure probability of matching on the rotated patch under
the bit-flip model, for several distances. Each point uses 10° samples (4x10° for p < 0.04);
error bars are 95% Wilson intervals.
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sampling uncertainty. If F failures are observed in N samples, the 95% Wilson interval for the failure
probability is

F+22/2 F(N-F 2
/2, _z \/( ) 2 196

N+z2 T N+2z2 N 4’
the set of probabilities not rejected by the usual two-sided normal-approximation test at level 0.05 [Wil27].
Agresti and Coull [AC98] explain why it is preferable to both the naive interval and the “exact” (Clopper-
Pearson) interval. Unlike the naive interval p + zy/ p(1 — p)/N, it does not collapse to a point when
F=0.

In our data the curves cross near p ~ 0.095, where all five distances fail with probability about 0.11;
below the crossing the order of the curves is reversed, and at p = 0.02 the estimated failure probability
falls from about 7 x 1072 for d = 3 to about 4 x 10~ for d = 11. The crossing lies somewhat below the
asymptotic value 10.3%, which is typical of small distances (the crossing points of successive pairs of
curves drift as d grows), and a careful estimate of the threshold extrapolates in d rather than reading
off a single crossing. In any case, such a crossing estimates the threshold for this decoder, this code
family, and this noise model only. Under the circuit-level models of Section 8 the thresholds of the same
codes are smaller by roughly an order of magnitude, and a statement of the form “the threshold is p” is
meaningless until all three ingredients have been specified.

(4.5)

4.7. Notes and open questions. Dennis et al. [DKLP02] prove the existence of a threshold by counting
the chains that could cause a logical failure, and relate optimal decoding of the surface code to a two-
dimensional random-bond Ising model along its Nishimori line; the value of about 11% for the optimal
threshold comes from numerical study of that model, not from a closed-form computation, and we are
not aware of a proof of its exact value. Most-likely-class decoding, which matching only approximates,
can itself be approximated efficiently for surface codes with tensor-network contractions [BSV14]; this
provides a benchmark for measuring how much is lost by optimizing over errors rather than classes
(Example 4.4). Below threshold, the exponent (d + 1)/2 in the heuristic P; ~ (p/pg)“4+P/? is forced
by Problem 4.5, but the prefactor counts the minimum-weight failing errors and grows with d; precise
finite-size laws for P;(d, p) are a matter of numerical study [WHPO03], and the extrapolation from small
simulated distances to the large distances of interest is a recurring source of uncertainty.

4.8. Problems.

4.1. Verify the table of corrections for the error X; on the nine-qubit patch. For the bit-flip model with
parameter p, compute the posterior probabilities of the errors {1}, {2} and {4, 7} given the syndrome
(1,0,0,0), up to a common factor.

4.2. In the weighted example, find the prior probabilities for which {5} and {1, 8} are equally likely. What
does the matching decoder output when all priors are equal?

4.3. In Example 4.4, find all priors (p, p, q) for which the most likely error and the most likely class
disagree.

4.4. For the nine-qubit patch with uniform weights, list a minimum-weight correction for each of the
sixteen Z-check syndromes. Which syndromes have several minimum-weight corrections, and do
these always lie in the same logical class?

4.5. Letd > 3 be odd, and let e be the X error on the lowest (d + 1)/2 qubits of a column of the rotated
patch. Show that e has a single defect, that in Gy (with unit weights) this defect is at distance
(d—1)/2 from the top boundary vertex and (d +1)/2 from the bottom one, and deduce that matching
with uniform weights fails on e, however ties are broken. Then show that for the patch of distance
three, P(3, p) = cp? + O(p?) for the matching decoder with uniform weights, compute ¢, and show
that it does not depend on how ties between minimum-weight corrections are broken.

4.6. Derive Equation (4.5) by solving |[F/N — q| < z4/q(1 — q)/N for gq.
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5. BELIEF PROPAGATION

Matching solves the most-likely-error problem exactly, but only for graphlike problems. For a general
sparse check matrix, the posterior Equation (4.2) is a distribution on the solutions of a linear system
over [F,, and computing its marginals or its mode is intractable in general (Section 7 gives references).
Belief propagation (BP) is a message-passing algorithm that computes the marginals exactly when the
check matrix has a tree-like structure and serves as a heuristic otherwise. It originated in the decoding
of classical low-density parity-check codes, and it is the starting point of most decoders for the quantum
codes of Section 6. This section derives BP from conditional probability and exhibits, on exactly solvable
examples, its correctness on trees, a failure that no exact marginal computation can avoid, a failure of its
dynamics on a graph with cycles, and the obstruction created by degeneracy.

Throughout, H is an m X n binary matrix, s € [F]" an observed syndrome, and e a random vector with
independent coordinates P(e; = 1) = p;; we study P(e | He = s), which is Equation (4.2) with H in
place of H;.

5.1. Tanner graphs and sum-product messages.

5.1. Definition. The Tanner graph of H is the bipartite graph with a variable node for each column j, a
check node for each row a, and an edge between j and a exactly when H,; = 1. We write N(a) and N(j)
for the sets of neighbours.

The posterior factors over the Tanner graph: it is proportional to the product of one prior factor g;(e;)
per variable node, where g;(0) = 1 — p; and g;(1) = p;, and one indicator factor l{zj N & = S,} per
check node. Sum-product BP attaches to each directed edge a message, i.e., a probability vector on {0, 1},
and updates the messages by

(5.1) m;j_q(b) o q;(b) H mc_, ;(b),
ceN(H\{a}
(5.2) Mo j(b) o ) II miea®.
Bien@\yy IEEN@\}
b+zib[=sa

starting from m;_,, = q; and normalizing each message to sum to one. The belief of variable j is

(5.3) Bid) x q;(®) [] masb).

aeN(j)

In words, a check tells a variable how likely each of its values is to satisfy the parity, given what the other
variables of that check have reported; a variable tells a check what it has learned from its prior and from
its other checks. The exclusion of the recipient in each product prevents a node from receiving its own
information back immediately.

5.2. Proposition. If the Tanner graph is a tree, then after a number of parallel update rounds equal to its
diameter the beliefs Equation (5.3) equal the exact posterior marginals P(e; = b | He = s).

Sketch. Removing the edge {j, a} splits the tree into two components and the factors of the posterior
accordingly. By induction on the size of the component containing a, the message m,_, ; (once it has
stabilized) is proportional to the sum, over all assignments of the variables in that component, of the
product of the factors in it, viewed as a function of e;; Equations (5.1) and (5.2) are exactly the recursive
form of these partial sums, by the distributive law. Multiplying the contributions of all components
around j gives the unnormalized marginal. O

On a graph with cycles the components do not separate, the induction fails, and the iteration may
oscillate or converge to beliefs that are not the marginals. BP is then a heuristic, often a remarkably good
one, with no general guarantee.
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5.2. The binary check update. For binary variables the check update has a closed form. If B; are
independent with u; = P(B; = 1), then

E(-D2B =T - 2u),

and the probability that }; B; has a prescribed parity follows. Writing u; = m;_,(1), this gives

1-(=1)%]J, (1= 2u)
(5.4) ma—»j(l) — lE;V(a)\{]} i ,

i.e., the probability that the other variables have the parity required when e¢; = 1. In terms of log-
likelihood ratios L = log(m(0)/m(1)), the updates become

Lj—>Cl = IOg + Z Lc—»j,

J ceN(H\{a}
L'—)
La_,j=2artanh((—1)sa H tanh — a),
ieN(@)\{j}

since 1 — 2u = tanh(L/2). A positive LLR favours the value 0. The min-sum variant replaces the
second rule by (—1)% Hz sgnL;_,, - min;|L;_,,|, usually with a scaling factor; it is cheaper and is an
approximation of sum-product, not an equivalent form of it. Floating-point implementations clip the
arguments of artanh, since a check whose other inputs are certain sends an infinite LLR.

5.3. Exact marginals can still give an impossible answer.

5.3. Example. Let H = (111),s =1, and p; = p, = p; = 0.1. The Tanner graph is a star, hence a tree,
and BP is exact. The solutions are 100,010, 001, 111, with unnormalized masses 0.081, 0.081, 0.081, 0.001,

o]
0.081 +0.001 _ 41

0244 122
for each j. BP reproduces this in one round: Equation (5.4) gives m,_,;(1) = (1 + 0.8%)/2 = 0.82, and
Equation (5.3) gives 0.1 - 0.82/(0.1 - 0.82 + 0.9 - 0.18) = 41/122. Every marginal favours 0, so the bitwise
decision is 000, which does not satisfy the check.

Plj=1]s=1)= ~ 0.336

The failure has nothing to do with cycles or with quantum mechanics: the three most likely solutions
are symmetric, the marginals average over them, and rounding each marginal separately destroys the
parity constraint. This is the second objective of Section 4.2 failing in its simplest form. It shows that a
BP decoder needs a final step that enforces Hé = s, which is the role of the post-processing of Section 7.

5.4. Example. Let

1 10 1
H= (0 1 1), 5= <0) (p1, P2, p3) = (0.1,0.2,0.3).

The Tanner graph is a path, hence a tree. The solutions are 100 and 011, with masses 0.056 and 0.054,
so their posterior probabilities are 28 /55 and 27/55, and the marginals are (28/55,27/55,27/55). BP
reaches these values after two rounds; here the bitwise decision 100 is consistent.

5.4. Schedules, damping, and stopping. On a tree, the order of the updates and the number of rounds
beyond the diameter are immaterial. On a graph with cycles, BP is an iterative map whose behaviour
depends on three choices that every implementation must make, and that must be reported with any
result obtained with it.

5.5. Definition. (1) The hard decision after a round is the vector é with é; = 1 exactly when
B;(1) > B;(0). The stopping rule halts the iteration as soon as Hé = s, and declares failure after a
prescribed maximum number of rounds.
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(2) Inthe flooding (or parallel) schedule, each round recomputes all check-to-variable messages from
the current variable-to-check messages, and then all variable-to-check messages from the new
check-to-variable messages. In a serial schedule, the checks are visited in a fixed order; at each
check a, the messages m;_,,, j € N(a), are first recomputed from the current check-to-variable
messages, and then the messages m,_, ; are recomputed. One sweep through all checks is a
round.

(3) With damping factor y € [0, 1), each newly computed variable-to-check LLR L™V is replaced by
(1- 7/)Lnew + ]/LOld.

Conventions vary (damping is sometimes applied to the check-to-variable messages, and serial sched-
ules may visit variables rather than checks), which is one reason why results obtained with “BP” by
different authors need not agree. Neither damping nor a serial schedule changes the fixed points of the it-
eration; they change only its dynamics. For classical LDPC codes, Sharon, Litsyn and Goldberger [SLG07]
show that serial schedules typically need about half as many rounds as flooding. With the stopping rule,
the output of BP satisfies the syndrome whenever the iteration halts before the maximum; the number
of rounds is then a random variable, and its whole distribution, not only its mean, determines the cost of
decoding.

The following example, which involves neither degeneracy nor quantum mechanics, shows how
flooding alone can prevent BP from ever stopping.

5.6. Example. Let

011 1
H=|1 0 1}, s=11]1,
1 11 1

with checks a, b, ¢ in this order and equal priors p; = p < 1/2. The matrix is invertible, so 001 is the
only solution of He = s, and any reasonable decoder should find it. We run min-sum (without scaling)
with the flooding schedule. The min-sum updates are positively homogeneous of degree one in the
LLRs, so all messages are integer multiples of 4 := log((1 — p)/p), and we write them in units of 1; in
particular, the behaviour below does not depend on p.

5.7. Proposition. In Example 5.6, for every k > 1:

(1) after round 2k — 1, the message from c to e is —k, every other check-to-variable message is —1, and
the hard decision is 111;

(2) after round 2k, the messages from a to e, and from b to e; are k, every other check-to-variable
message is 0, and the hard decision is 000.

In particular, the stopping rule never halts the iteration, although the beliefs grow without bound.

Proof. Recall that a min-sum check message has absolute value equal to the least absolute value among
the other incoming messages, so it vanishes if one of them does. In round 1 all variable-to-check messages
equal 1 and s = 111, so every check-to-variable message is —1, which is (1) for k = 1. Suppose (1) holds
after round 2k — 1. The new variable-to-check messages are e; — b, e; — ¢, e, — a, e, — c all equal to
1-1=0,e3 >aande; > bequaltol —1—k =—k,ande; - cequaltol —1—1 = —1. In round 2k,
therefore, every check message with an input from e, or e, vanishes, while a — e, and b — e;, whose
only input is —k from e3, equal —sgn(—k)k = k; this is (2). The new variable-to-check messages are
nowe;, >b=e, >a=1,eg>c=¢,>c=1+k,ande; > a=e; > b=e; > c=1,s0inround
2k + 1 every check message equals —1 except c — e; = —min(1 + k,1 + k) = —(k + 1); this is (1) for
k + 1. The beliefs are (-1, —1, —(k + 1)) after round 2k — 1 and (1 + k, 1 + k, 1) after round 2k, whence
the hard decisions. 0

The mechanism is easy to describe. In the first round every check is unsatisfied and asks each of its
variables to flip; the three variables obey simultaneously, and the hard decision 111 overshoots. In the
next round the checks report the overshoot, and the variables flip back. A serial schedule breaks the
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simultaneity: one sweep in the order a, b, ¢ already produces 001, because check b hears from check a,
through e;, before it speaks. Damping slows the response instead: with y = 1/2, flooding produces
001 in the second round (Problem 5.6). Sum-product oscillates on this example in its first rounds as
well, but escapes after a number of rounds that grows as p decreases (six rounds for p = 0.01, in our
computation); this is one concrete sense in which min-sum is an approximation of sum-product and not
an equivalent form of it.

Oscillation, slow convergence, and convergence to beliefs that are not the marginals are the generic
failure modes of BP on graphs with cycles; Murphy, Weiss and Jordan [MWJ99] give an early empirical
study outside coding theory. For quantum codes, Poulin and Chung [PC08] identify a further obstruction,
which no choice of schedule removes; it is the subject of the next subsection.

5.5. Why quantum codes are harder. Two features of quantum CSS codes work against BP. First, the
commutation condition Equation (2.4) says that every row of Hy lies in ker H,, and in a qLDPC code
these rows have small weight; low-weight elements of the kernel force short cycles in the Tanner graph
of Hz.

5.8. Lemma. Let a € ker H be nongero, and suppose that every coordinate in the support of a lies in at
least two rows of H. Then the Tanner graph of H contains a cycle of length at most 2|a/|.

Proof. Consider the subgraph spanned by the variable nodes in the support of a and the check nodes
adjacent to them. Each such check meets the support in a nonzero even number of positions, because
Ha = 0, and each variable node has degree at least two by hypothesis; a finite graph with all degrees at
least two contains a cycle. A cycle in a bipartite graph alternates between its two sides, and at most |a|
variable nodes are available. O

In the surface code of distance d > 5, for instance, an X square that does not touch the top or bottom
side satisfies the hypothesis, and the bound 2 -4 = 8 is attained (Problem 5.4); on the nine-qubit patch no
X check does, and the Tanner graph of H is a tree. Second, and more fundamentally, degeneracy spreads
the posterior over many errors in the same class. When two equally likely errors differ by a stabilizer, BP
cannot break the symmetry, and its beliefs fail to single out either one, although choosing either would
succeed. The smallest instance has three qubits. Let H, have rows 011 and 111, let Hy = (01 1) (so that
Equation (2.4) holds, and k = 0, which suffices for the point at hand), and let s = 11 with p, = p;. The
solutions of Hze = s are 010 and 001, equally likely and differing by the stabilizer X, X3, so either is a
successful correction. But every schedule that treats e, and e; alike —flooding, serial, damped or not—
gives them equal beliefs, so their hard decisions agree and the first check is never satisfied (Problem 5.7).
Poulin and Chung [PC08] analyze both difficulties and propose modifications, and Raveendran and
Vasi¢ [RV21] study the small subgraphs (trapping sets) on which iterative decoders of qLDPC codes fail,
including symmetric configurations forced by degeneracy. Example 5.3 isolates a simpler mechanism of
the same kind (a symmetry among solutions) without any degeneracy, and Example 5.6 a failure of the
dynamics without any symmetry; neither should be mistaken for a demonstration of the quantum effect.

The remedies used in practice fall into a few families: modifying the iteration (damping, serial
schedules, memory terms, adjusted priors), breaking symmetries by fixing or removing some variables
and rerunning BP (decimation, inactivation), or passing BP’s reliabilities to an algebraic procedure that
enforces the syndrome exactly. They are the subject of Section 7, after we describe in Section 6 the codes
on which they are used.

5.6. Notes and open questions. The origins of belief propagation are in coding theory, with Gallager’s
decoding of LDPC codes [Gal62], and in artificial intelligence, with Pearl’s work on inference in Bayesian
networks [Pea88]; the factor-graph formulation of Kschischang, Frey and Loeliger [KFLO1] unifies the
two, and MacKay [Mac03] and Richardson and Urbanke [RU08] are standard textbook references. For
classical LDPC codes, density evolution predicts the performance of BP on long random codes, whose
Tanner graphs look like trees up to any fixed radius [RU08]. Lemma 5.8 shows that the Tanner graphs of
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gLDPC codes cannot look like trees beyond a radius comparable to the weight of the stabilizers, and
degeneracy produces exact symmetries of the posterior; we are not aware of a theory that predicts the
performance of BP-based decoders on qLDPC codes with an accuracy comparable to density evolution.
Natural questions include when BP converges on Tanner graphs with the cycles forced by commutation,
how its fixed points on such graphs relate to the logical classes, and which modifications of the iteration
provably break the symmetries of degenerate posteriors.

5.7. Problems.

5.1. In Example 5.3, compute the exact marginal of e; by enumeration and by one BP check message,
and confirm that they agree.

5.2. Carry out the BP iteration for Example 5.4 explicitly, starting from the priors, and verify that the
beliefs after two parallel rounds are the exact marginals.

5.3. Prove the identity [E(—l)zi B — Hi(l — 2u;) and deduce Equation (5.4).
5.4. Show that the Tanner graph of H for the nine-qubit patch is a tree, so that BP computes the exact

marginals of the X sector there, while for the patch of distance five it contains cycles of length eight
but none of length four.

5.5. On the nine-qubit patch with all priors equal to p, consider the syndrome (1, 0,0, 0), produced
by X; or by X,. Show that the exact marginals of e; and e, are equal. What does this say about a
decoder that rounds marginals?

5.6. In Example 5.6, show that one serial min-sum sweep in the order a, b, ¢ produces the beliefs
(1,1, —1) (in units of 1) and the hard decision 001, and that flooding min-sum with damping factor
y = 1/2 produces the hard decisions 111 and then 001.

5.7. In the three-qubit example of Section 5.5, show that the transposition of e, and e; maps the Tanner
graph, the priors, and the syndrome to themselves. Deduce that, for any schedule invariant under
this transposition, the messages and beliefs of e, and e; coincide in every round, so that no hard
decision satisfies the syndrome.

6. QUANTUM LOW-DENSITY PARITY-CHECK CODES

However large the patch, the surface code of Section 3 protects a single qubit. This section describes
the class of codes for which the decoders of Sections 5 and 7 are designed: CSS codes whose checks are
sparse but not geometrically local in the plane. We present two constructions. The hypergraph product
of Tillich and Zémor [TZ14] contains the surface code as a special case and is the homological picture of
Section 3.4 applied to arbitrary classical codes; the bivariate bicycle codes of Bravyi et al. [BCG*24] are,
at the time of writing, the most intensively studied qLDPC codes in the decoding literature. Breuckmann
and Eberhardt [BE21b] survey the field.

6.1. Sparse checks.

6.1. Definition. A family of CSS codes is a family of quantum low-density parity-check (qQLDPC) codes
if the numbers of nonzero entries in the rows and in the columns of its check matrices are bounded
uniformly over the family.

The rotated surface patches form a qLDPC family, with rows and columns of weight at most four.
Their drawback is that they encode a single qubit, whatever their size, and the distance grows only
like the square root of the number of qubits. Codes whose checks are local in a planar layout cannot
do much better: Bravyi, Poulin and Terhal [BPT10] showed that such codes satisfy kd> = O(n), so
substantially better parameters require checks that are not geometrically local in the plane. Sparsity
alone, however, is compatible with much better parameters: qLDPC families exist with k and d both
proportional to n [PK22a]. The price is that the decoding problem is no longer graphlike.
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6.2. Hypergraph products. Let H; and H, be binary matrices of sizes m; X n; and m, X n,, the check
matrices of the classical codes ker H; and ker H,. Write k; = dim ker H; and kl.T = dim ker HiT, and let
d; and dl.T be the minimum weights of the nonzero vectors of ker H; and ker HlT with the convention
that the minimum over the empty set is co.

6.2. Definition. The hypergraph product of H, and H, is the CSS code on n = n,n, + m;m, qubits with
check matrices

(6.1) Hy =[H, QI,, |Im1 ®H)|, H;=[I, ®H, ‘ HI ®1I,,|.

Thus the qubits are indexed by the pairs (variable of H;, variable of H,) and (check of H;, check
of H,), the X checks by the pairs (check, variable), and the Z checks by the pairs (variable, check). By
the mixed-product rule (A ® B)(C ® D) = AC ® BD,

HxH,=H,®H, +H, @ H, =0,

so Equation (2.4) holds, and the weight of each row or column of Equation (6.1) is the sum of a row
weight and a column weight of H; and H, (Problem 6.1). In particular, hypergraph products of classical
LDPC codes form qLDPC families.

6.3. Theorem (Tillich-Zémor [TZ14]). The hypergraph product of H, and H, encodes
k =kik, + ka;
qubits, and if k > 0 its distance satisfies
d> min(dl,dz,dI,d; .
If both H, and H, have full row rank and k,,k, > 0, then d = min(d,, d,).

.
Proof of the formula for k. Regard A : [F;‘1 i [F;"1 andB: [F;"2 i [F'zl2 as chain complexes concentrated
in degrees 1 and 0. Their tensor product has (A ® B); = [F;ln2 @ [F;"lm2 = [}, and by the Leibniz rule
d(a ® b) = da ® b + a @ db (there are no signs in characteristic two) its boundary maps are 0, = Hy
and g, = H} Hence k = n — rank Hy — rank H; = dimkerd; — dimimd, = dim H;(A ® B). By the
Kiinneth formula for complexes of vector spaces, H;(A ® B) = H,(A) ® Hy(B) & Hy,(A) ® H;(B), and
H,(A) = ker Hy, Hy(B) = coker H}, Hy(A) = coker H, H,(B) = ker H, have dimensions ki, k,, k|,
k; O

For the distance bounds we refer to [TZ14], Theorem 15; the logical operators of minimum weight are,
roughly speaking, copies of minimum-weight codewords of one factor placed along a single “row” or
“column” of the product. The dimension formula and the distance bounds have been checked on small
examples by our companion verification. Equality with the minimum of all four classical distances need
not hold when a transpose code is nonzero but its partner in the corresponding homology summand
is zero. For instance, adjoining a zero row to R; of Example 6.4 gives dI = 1, but its product with the
full-row-rank matrix Rj; still has distance three; our verifier checks this case as well.

6.4. Example. Let R; be the (L — 1) X L check matrix of the repetition code, whose ith row is e; + ¢;, ;.
Then kerR; = {0,(1,...,1)} and R; has full row rank, so k; = k, = 1, kI = sz =0,dy =d, =L,and
d] = d] = co. The hypergraph product of R, with itself is therefore an [[L? + (L — 1)?,1, L]] code, with
checks of weight at most four; it is the planar surface code of Bravyi and Kitaev [BK98] (Problem 6.2).
The rotated patch of Section 3 achieves the same distance with L? qubits.

The example explains the name “product”: the Tanner graph of R; is a path, the product of two paths
is a square grid, and the chain complex of the proof is the cellular chain complex of that grid (compare
Section 3.4). If instead H; = H, is the check matrix of a classical LDPC code with full row rank and
with dimension and distance proportional to its length (such codes exist, e.g., by Gallager’s random
construction [Gal62]), then k is proportional to n and d to \/ﬁ; this was the first gqLDPC family with both
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properties. The square-root barrier for the distance was broken only around 2020, by the fiber bundle
codes of Hastings, Haah and O’Donnell [HHO21], the lifted products of Panteleev and Kalachev [PK22b],
and the balanced products of Breuckmann and Eberhardt [BE21a]; the asymptotically good codes of
Panteleev and Kalachev [PK22a] completed this line, with k and d both proportional to n.

6.3. Bivariate bicycle codes. A convenient way to satisfy Equation (2.4) is to start from two commuting
square matrices A, B of the same size over [F, and set

(6.2) Hx =[A|B], Hz=[B"|AT];

then H XH; = AB+BA = 0in characteristic two. For the bivariate bicycle codes of Bravyi et al. [BCG™24],
let S, be the ¢ X ¢ cyclic shift matrix, putx =S, ® I,, and y = I, ® S,,, (two commuting permutation
matrices of size £m), and take A and B to be sums of three monomials in x, y. The code hasn = 2¢m
qubits and checks of weight six. For example, £ = m = 6 with

A=x3+y+y? B=y}+x+x?

gives a code on 72 qubits; a direct computation shows that both check matrices have rank 30, hence
k = 72 — 60 = 12, and Bravyi et al. report the distance 6, so this is a [[72, 12, 6]] code. With the same
A and Bbut ¢ = 12, m = 6, one obtains the [[144, 12, 12]] code that Bravyi et al. call the gross code (a
gross being twelve dozen); here both ranks are 66. (The rank computations are part of our companion
verification; the distances are quoted, not recomputed.) For comparison, twelve rotated surface patches,
each protecting one qubit, use 12d? data qubits, i.e., 300 for d = 5, 588 for d = 7, and 1728 for d = 13
(rotated patches have odd distance). Counting the auxiliary qubits used to measure the checks, Bravyi
et al. [BCG*24] find that the gross code uses 288 physical qubits in total, and estimate that surface codes
would need nearly 3000 to achieve the same suppression of logical errors at a physical error rate of 0.1%;
the comparison depends on the measurement circuits of both codes and on the noise model, but it
indicates why such codes attract attention.

Each column of H, in Equation (6.2) has three nonzero entries, so a single X error flips three checks:
the decoding problem is not graphlike, matching does not apply directly, and BP with post-processing is
the natural first choice. The algebraic structure —A and B are elements of the group algebra F,[Z, X Z,, ],
which is commutative— also makes these codes amenable to the methods of commutative algebra,
which compute k as the dimension of a quotient module; we do not pursue this here.

6.4. Notes and open questions. The constructions of this section are the simplest of a large family:
lifted and balanced products replace the tensor product of complexes by twisted or quotient versions, and
the asymptotically good codes of Panteleev and Kalachev [PK22a] are lifted products; the survey [BE21b]
was written shortly before that construction appeared. Several basic questions about the codes actually
considered for implementation remain open or only numerically answered. The distances of bivariate
bicycle codes are, as far as we know, determined by computer search [BCG*24], and we are not aware
of a structural description of their minimum-weight logical operators; since computing the minimum
distance of a classical linear code is already NP-hard [Var97], such descriptions would have to exploit
the algebraic structure. On the decoding side, the existence of thresholds for gLDPC families is known
under optimal decoding when the distance grows as a power of n [KP13], and for hypergraph products
of expander codes under a specific combinatorial decoder [FGL18]; we are not aware of comparable
guarantees for the BP-based decoders of Sections 5 and 7, which are the ones used in practice.

6.5. Problems.

6.1. Show that in Equation (6.1) the row of Hy indexed by (check a of H;, variable j of H,) has weight
equal to the weight of row a of H; plus the weight of column j of H,, and describe the column
weights.

6.2. Place the qubits of the hypergraph product of R; with itself at the points (2j,,2j,) and (2a; +1, 2a, +
1) of a 5% 5 grid, the X check indexed by (ay, j,) at (2a; + 1, 2j,), and the Z check indexed by (j;, a,)



28 EDUARDO DUENEZ

at (2j1,2a, + 1). Show that every check acts on the qubits at the grid points adjacent to it, and that
the code is a [[13, 1, 3]] code.

6.3. Verify that x and y commute, and that the code Equation (6.2) with £ = m = 6 has checks of weight
six and columns of weight three in each check matrix.

6.4. Show that the distance of the rotated patch is y/n and that k = 1 for every d, so that kd> = n for
this family.

7. POST-PROCESSING AND OTHER REFINEMENTS OF BELIEF PROPAGATION

Example 5.3 shows that even exact marginals may fail to produce a correction consistent with the
syndrome, and Section 5.4 that BP may fail to stop at all. This section describes the most widely used
remedy, ordered-statistics decoding, in detail, and then indicates the main lines of current work on
decoders for the qLDPC codes of Section 6. Throughout, H, s and the priors are as in Section 5.

7.1. Ordered-statistics decoding. The method is due to Fossorier and Lin [FL95], for classical codes;
BP followed by OSD (BP+0OSD) was adapted to quantum codes by Panteleev and Kalachev [PK21] and
studied extensively by Roffe et al. [RWBC20]. In the usual arrangement, BP runs first with the stopping
rule of Section 5.4, and OSD is invoked only on the instances where BP fails to produce a consistent
hard decision. Its algebraic core is simple: use the soft information produced by BP to decide which
coordinates to trust, and solve the check equations exactly for the others.

Let H have rank p (discard dependent rows first, retaining a consistent syndrome). Choose a set B
of p columns such that the square submatrix Hy is invertible, and let F be the complementary set of
columns. Every solution of He = s is then determined by its restriction u = eg:

(7.1) er =u, eg = Hgl(s + Hpu).

This is an affine parametrization of the 2"~* solutions by [F;L_p ; in practice ep is computed by Gaussian
elimination, not by forming an inverse.

7.1. Definition. Given BP log-likelihood ratios L;, OSD-0 orders the columns by increasing reliability
|L;|, chooses B greedily as the first p linearly independent columns in this order, sets u equal to the BP
hard decisions on F, and outputs Equation (7.1).

Thus the least reliable coordinates are recomputed and the most reliable ones are kept. Implemen-
tations differ in details. The 1dpc package used in Section 8.4, for instance, orders the columns by
increasing signed LLR (most likely flipped first) and sets the free coordinates to 0 rather than to the
hard decisions; the two rules agree on u whenever every coordinate with negative LLR lands in B, but
they may choose different bases. The output always satisfies the syndrome; it need not be the most
likely error, let alone a representative of the most likely class. Note the division of labour: feasibility is
guaranteed by the linear algebra, and the quality of the answer depends on the reliability ordering.

For Example 5.3, all reliabilities tie; breaking ties by index gives B = {1}, u = (e,, e3) = (0, 0), and the
solve gives e; = 1, repairing the inconsistent decision 000. For Example 5.4, taking the basis columns
in the order 2,1 and freezing e; = 0 gives e, = 0 from the second check and then e; = 1, i.e., e = 100.
These examples illustrate the algebra only; they say nothing about performance on a code family.

Higher-order OSD searches over small changes of u: for each of a prescribed family of subsets of F,
flip those coordinates of u, solve Equation (7.1), and keep the candidate of highest prior probability.
Enumerating all subsets of size at most w costs up to Zi <w (";p ) solves, so practical variants restrict the
family, for instance to subsets of the least reliable coordinates of F (the combination sweep).

7.2. A map of BP-based decoders. The literature on decoders for qLDPC codes is large and changes
quickly; we only indicate its main lines, organized by two questions that every such decoder must answer:
what guarantees that the output satisfies the syndrome, and how the symmetries created by degeneracy
(Section 5.5) are broken.
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« Modified message passing. Memory effects and adjusted priors change the BP iteration itself.
Kuo and Lai [KL22] add memory terms (including inhibitory ones) to the variable updates;
Relay-BP [MAB*25] chains several such runs with disordered memory strengths, some of them
negative, so as to damp oscillations and break symmetries, and keeps the best of the consistent
solutions it encounters. These decoders remain parallel message-passing algorithms, attractive
for hardware; consistency is reached only when the stopping rule fires.

« Decimation and inactivation. Guided decimation [YALH"24] repeatedly fixes the most reliable
variable and reruns BP, without any linear algebra; a wrongly fixed variable can exclude the
correct class. Stabilizer inactivation [dCMS22] removes from the iteration the qubits supporting
a check of the other type, i.e., a stabilizer of exactly the kind that creates degeneracy, lets BP
converge on the rest, and determines the inactivated qubits by solving a small linear system.

« Algebraic post-processing. Besides OSD and its variants, localized statistics decoding [HBQ*25]
performs the reliability-guided solve of Equation (7.1) only on local regions of the Tanner graph
grown around the unsatisfied checks, in parallel, and ambiguity clustering [WB24] divides the
problem, after BP, into clusters that can be decoded independently.

» Matching with corrections. For problems that are nearly graphlike, such as surface codes under
circuit-level noise, matching can be adapted to use the correlations that the graphlike decompo-
sition discards [Fow13].

These methods distribute computational effort differently —BP iterations, Gaussian elimination, re-
peated BP runs, cluster growth— so counts of iterations or of solves are not, by themselves, comparable
measures of cost. Their published comparisons also differ in noise model, failure event, and implemen-
tation, which is the subject of Section 8.4.

7.3. Notes and open questions. Exact decoding is hard in general: finding a most likely error is NP-
hard already for classical linear codes [BMvT78] and for quantum stabilizer codes [HLG11], and optimal
decoding in the sense of Proposition 4.3, which takes degeneracy into account, is #P-complete [IP15].
Every practical decoder for qLDPC codes is therefore a heuristic, and its quality is established by
simulation on specific code families and noise models. For surface codes, the most likely class can
be approximated efficiently with tensor-network methods [BSV14], which gives a benchmark against
which matching can be measured; for general qLDPC codes no comparably accurate and tractable
reference decoder is known to us, and the gap between practical decoders and optimal decoding is
correspondingly hard to quantify. The cost of OSD is dominated by Gaussian elimination, cubic in the
size of the matrix in the worst case, which motivates the localized and clustered variants above; whether
accuracy comparable to BP+OSD can be achieved within the latency budget of real hardware for the
codes of Section 6 is an active question.

7.4. Problems.

7.1. For H and s as in Example 5.4, solve Equation (7.1) with B = {2, 1} for both values of the free bit e;,
and identify the more probable solution under the priors of that example.

7.2. Show that every solution of He = s is obtained from Equation (7.1) for exactly one u, and count the
solves performed by an exhaustive higher-order OSD of order w.

7.3. For the symmetric example of Problem 5.7, show that OSD-0 returns a correction consistent with
the syndrome whichever way ties among reliabilities are broken, and that the possible outputs differ
by X,X5;. Why does this not matter if X, X} is a stabilizer?

8. FAULTY MEASUREMENTS AND THE EVALUATION OF DECODERS

Until now the checks were measured perfectly, once, after a single realization of the error. In any
implementation the checks are measured repeatedly by circuits that are themselves faulty, and a recorded
outcome can be wrong. This section explains how the decoding problem changes —it becomes inference
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on a larger sparse matrix whose columns are fault mechanisms rather than qubits— and then how the
performance of two decoders on such problems should be measured and compared.

8.1. Three settings. It is essential to distinguish three levels of modeling.

(1) Code capacity: errors on the data qubits only, with perfect check measurements (Section 4).

(2) Phenomenological: errors on the data qubits between rounds of measurement, and independent
errors on the recorded check outcomes, specified directly without reference to a circuit.

(3) Circuit level: faults at specified locations of an explicit measurement circuit (preparations, gates,
idle steps, and measurements), propagated through the circuit.

The same symbol p denotes different things in the three settings, and thresholds or failure rates for one
cannot be compared with those for another. In the circuit-level setting a single fault on an auxiliary
qubit can spread to several data qubits; the order in which the gates of a measurement circuit are
applied (the schedule) therefore matters, and it is part of the definition of the experiment, not a detail
of its implementation. Even within the circuit-level setting, the noise model is a choice. The uniform
depolarizing model used in our example below assigns the same parameter p to every operation; the model
often called SI1000 [GNFB21], inspired by superconducting hardware, assigns to different operations
different multiples of a single parameter (measurements, for instance, are much noisier than gates).
Results obtained under one model do not transfer automatically to another.

8.2. Detectors. Consider a single check, measured in rounds ¢t = 1, ..., T with recorded outcome bits
m;, and suppose that in the absence of faults all outcomes would be 0 (with m, := 0 known from
the preparation). A persistent data error that anticommutes with the check changes all subsequent
outcomes, while an error in recording one outcome changes only that outcome. The differences

5[ :=mt+mt_1 (1StST)

separate these cases:

Cause Outcomes m --- ms Differences d; --- &5
data error before round 2, persisting 01111 01000
recording error in round 2 only 01000 01100

A data error produces one nonzero difference and a recording error produces two, adjacent in time. In
the language of Section 3.4, the decoding graph acquires a time direction: a data error is an edge between
two checks in the same round, and a recording error is an edge between the same check in consecutive
rounds.

8.1. Definition. A detector is a parity of recorded measurement outcomes whose value is deterministic
(we normalize it to 0) in the absence of faults. A logical observable is a parity of measurement outcomes
whose value is the quantity the experiment is meant to preserve.

The differences &, are detectors, as are the final comparisons between the last round of checks and the
readout of the data qubits; the preparation and the final readout determine the detectors at the two time
boundaries, and these cannot be omitted when comparing experiments. In a memory experiment for
the rotated patch, for example, one prepares the encoded state [|6)], measures the checks for T rounds,
reads out all data qubits in the computational basis, and takes as logical observable the parity of the
readout along the top row, i.e., the value of Z; the experiment succeeds if the decoder predicts that parity
correctly.

8.3. Detector error models. Let f € F’z"[ indicate which of M elementary fault mechanisms occurred.
If faults act linearly on detectors and observables (which holds for Pauli faults in circuits of Clifford
gates), there are binary matrices D and O such that

(8.1) 6 =Df, o=0f,
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where § is the vector of detector values and o the vector of observable flips. Together with independent
prior probabilities for the columns, this is a detector error model. The decoder observes § and must
predict o; it succeeds if its prediction is correct, and consistency of an intermediate estimate f (i.e.,
Df = 6) is again necessary but not sufficient. The inference problem has exactly the form Equation (4.2),
with D in place of Hz, so everything in Sections 4, 5 and 7 applies verbatim. What changes is the matrix:
its columns are fault mechanisms, not qubits, and a single column can touch several detectors and
observables.

Two approximations are hidden in this description and must be declared when used. Mutually
exclusive faults at one circuit location (an X, Y or Z after a gate, say) are modeled as independent
variables, and a fault that flips more than two detectors may be split into several graphlike edges so that
matching can be applied, losing the correlation between them. Stim [Gid21] computes detector error
models from circuits exactly and records which faults are graphlike; its file format is a precise reference
for the notions of this subsection.

8.4. Comparing two decoders. Decoders are compared by simulation: sample faults from the model,
compute the detectors and observables, decode, and count failures. We illustrate the necessary care with
the rotated patch of distance five under a standard circuit-level model (Table 1). The circuit, generated
by Stim, performs five rounds of check measurements in a memory experiment. Its noise has four
components, all with the same parameter p = 0.003: each Clifford gate is followed by a depolarizing
fault on the qubits it acts on, each data qubit is depolarized at the start of each round, and each reset and
each measurement is followed (respectively preceded) by a bit flip; there is no noise on idle qubits. We
decoded the same sampled shots with matching (PyMatching, on Stim’s graphlike decomposition of
the detector error model) and with BP+OSD (the 1dpc package, on the undecomposed model, with a
combination sweep of order five). The comparison is deliberately simple and should not be read as a
ranking of the best available decoders for this code: matching on the graphlike decomposition discards
the correlations between the X and Z components of Y-type faults (Remark 2.11), which BP+OSD on
the undecomposed model can use, and variants of matching that recover some of this information
exist [Fow13].

Decoder Failures Shots LER (%) Wilson 95% (%) wus/shot batched us/shot

MWPM 678 200,000 0.339  [0.314, 0.365] 2.9 0.9
BP+0OSD 508 200,000 0.254  [0.233,0.277] 1154.9 -

b ¢ bothfail z=(b—-c)/Vb+c exacttwo-sided p

401 231 277 6.76 1.4x 1071

TABLE 1. Two decoders on the same simulated shots of a distance-five memory experi-
ment under circuit-level noise with p = 0.003. The logical failure rate is per shot (five
rounds), with 95% Wilson intervals. Times are illustrative single-threaded measurements
on one machine; see the text.

Several points deserve emphasis, and they apply to any reported comparison.

The failure event must be stated. Here a shot fails if the single logical observable is predicted incorrectly
at the end of five rounds. Some authors report a rate per round, obtained by solving 1 — Pg,; =
(1 — Pouna)’, or, if a shot is deemed to fail when the observable is flipped in an odd number of rounds,
1= 2Pyt = (1 = 2P,,una)” (the convention of Stim’s companion tool sinter); the two agree to first
order in P,,,,q- For codes with several logical qubits one must also say whether a failure means an error
on any of them (the usual convention in the qLDPC literature) or on a particular one. Rates defined
differently are not comparable.
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Paired data should be analyzed as such. Since both decoders saw the same shots, the relevant infor-
mation is in the shots on which they disagree. Let b be the number of shots on which the first decoder
fails and the second succeeds, and c¢ the number with the opposite outcome; the difference of failure
counts is b — ¢, but its uncertainty depends on b + ¢, which the totals do not determine. Under the
hypothesis that the two decoders have the same failure probability, conditional on b + ¢ the count b is
binomial with parameters b + ¢ and 1/2; this is McNemar’s test [McN47], and for large b + c the statistic

(b —c¢)/\/b + c is approximately standard normal. Dietterich [Die98] discusses this and related tests for
comparing two classifiers on the same data, a problem of exactly the same form. Paired comparisons are
typically much more sensitive than a comparison of two separate confidence intervals, and overlapping
intervals do not settle the question.

Accuracy and cost form a partial order. A decoder must usually finish within a time budget set by
the measurement rate of the hardware, so accuracy alone does not rank decoders. The pair (failure
rate, cost) is only partially ordered: one decoder dominates another if it is no worse in both coordinates
and strictly better in one. Measured times depend on the implementation, the language, batching, the
hardware, and the distribution of difficult shots, whose tail matters more than the mean for a real-time
decoder; proxies such as iteration counts are not measurements of time. In Table 1 the two decoders
are timed under the same per-shot calling convention, but they remain different programs in different
stages of optimization, and the times should be read only as orders of magnitude.

Selection biases evaluation. If a decoder or its parameters were chosen because they performed well
on some data, their performance on those data overestimates their performance on fresh data. Tuning
and evaluation should use independent samples, and comparisons among many candidates require a
correction for multiple testing; the simplest is Bonferroni’s, which tests each of N comparisons at level
a/N so that the probability of any false rejection is at most c.

8.5. Notes and open questions. Detector error models reduce fault-tolerant decoding to the inference
problem of Sections 4, 5 and 7, but with matrices that are larger, less regular, and more strongly correlated
than the check matrices of the underlying codes; the behaviour of a decoder under code-capacity noise
need not predict its behaviour under circuit-level noise, and claims should be checked in the setting
in which they are made. The methodology of decoder comparison is itself unsettled. Failure rates of
interest are small, so that estimating them precisely requires many samples (or importance sampling,
which brings its own modeling assumptions); costs depend on implementations that change faster than
the algorithms; and the space of decoders and parameters is large enough that selection effects are a
real concern. Real-time decoding adds a further constraint, since the decoder must keep pace with the
measurement rate of the hardware, and the tail of the distribution of decoding times matters more than
its mean.

8.6. Problems.

8.1. With m; = 0, compute the differences J, for the outcome sequences 01111, 01000 and 00110, and
describe for each the simplest fault history consistent with it.

8.2. Convert the per-shot failure rates of Table 1 into per-round rates, and explain why the conversion
assumes that failures in different rounds are independent and rare.

8.3. Using the paired counts of Table 1, compute the statistic (b — c¢)/V/ b + c. Then determine the range
of values that this statistic could take over all paired outcomes consistent with the two failure totals
alone, and compare the extreme cases.

8.4. In a memory experiment on the nine-qubit patch with T rounds, count the detectors, including
those formed by comparing the final readout of the data qubits with the last round of Z checks.
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APPENDIX A. QUBITS, PROJECTIVE GEOMETRY, AND THE BLOCH SPHERE

The pure states of one qubit form a familiar mathematical space: the complex projective line, or
Riemann sphere. This appendix makes that identification explicit and interprets Pauli and Clifford
operators as projective transformations. We then distinguish the projective space of a tensor product from
the product of the projective spaces; this distinction accounts for entangled pure states. The projective
definition of pure states is used throughout the main text; the sphere picture and the additional group-
theoretic descriptions here are optional. For the quantum formalism see Nielsen and Chuang [NC10],
Sections 1.2 and 2.2; for Clifford operators see Gottesman [Got09], Section 3.5.

A.1. Pure states as projective points. Recall from Definition 1.1 that P(J(,,) is the pure-state space,

whose points [u] are the one-dimensional complex subspaces of J,,. For one qubit it is the complex

projective line P(C?) = CP!. Its complex dimension is one, although its points are lines in a two-

dimensional vector space. The inner product equips this projective line with the transition probabilities

of Equation (1.1); in the sphere picture below these are determined by the round metric (Problem A.1).
We write [z : w] for the line through (z, w) # (0,0). The map

(A1) [z:w]l— B :=z/w (w+#0), [1:0]—

identifies CP! with the extended complex plane C := C U {oo}. Near infinity we use the coordinate
w/z = 1/f; these two charts give C its structure as the Riemann sphere. The computational states [|0)]
and [|1)] correspond to oo and 0, respectively.

A.2. An oriented sphere and the Pauli action. Let B := {b = (b;,b,,b;) € R® : ||b|| = 1} have
its outward orientation. Identify the complex plane with {b; = 0} by (x,y,0) < x + iy. Stereographic
projection from the south pole s = (0,0, —1) is

5 b, +ib, s
= —" —> 00.
1+b;’ e
Its inverse, composed with Equation (A.1), is
(2Re(zw), 2Im(zw), |w|? — |z|?) (2ReB, 2ImB, 1 —|B|?)
A2)  b(lz:w])= — . b= .
1z]2 + |w]| 1+ |B|

The first expression is unchanged by multiplying (z, w) by a nonzero complex scalar, and its norm is
one. The inverse pulls the round metric back to 4|dg|?/(1 + |8]?)?, so it is conformal. At 8 = 0 its two
coordinate tangent vectors have cross product (0, 0,4), pointing outward at the north pole; hence the
identification preserves orientation. This realization of the pure-state space is called the Bloch sphere.
Mixed one-qubit states, in the density-operator description of Section B, fill the closed ball bounded by
this sphere.

A.1. Remark. The pole and the complex coordinate must be specified together. With the usual coordinate
order on R3, the south pole is (0,0, —1) and the projection plane is the xy-plane. Our convention keeps
B = z/w and south-pole projection simultaneously. For a unit vector u = z|0) + w|1), the often-used
Pauli expectation coordinates are

r = ((u,Xu),(u, Yu),(u, Zu)) = (by, —b,, —bs).

Thus the two sphere pictures differ by a rotation through 7 about the first axis. In our picture [|0)] is the
south pole and [|1)] the north pole.

An invertible matrix A = (¢ b)) acts on lines by [u] ~ [Au]. Scalar multiples of A act identically, and
in the affine coordinate the action is

(A.3) g, B+D

cf+d
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These are the Mdbius transformations, and their group is
PGL(2,C) := GL(2,C)/C*I.

It is exactly the group of holomorphic (equivalently, conformal and orientation-preserving) automor-
phisms of the Riemann sphere. Indeed, a meromorphic function on the Riemann sphere is rational, and
a bijective rational map has degree one, hence has the form Equation (A.3). The rationality assertion
follows by subtracting the principal parts at its finitely many poles and applying Liouville’s theorem to
the remainder (including the pole at infinity).

For the matrices of Definition 1.5, direct multiplication gives

X[z :w]=[w: z], Y[z :w]=[-iw:iz]=[-w : z], Zlz : w]l=[z: —w].

Consequently their actions in the two pictures are
€ B
X 6 = 1/6 (b15b25b3) = (bli_b2’_b3)
Y ;B = _l/ﬁ (bla b25 b3) = (_bl’ b2, _b3)
Z | B+ =B | (b1,by,b3) > (=by,—b,, by).
Here 1/0 = 00, 1/00 = 0, and —co = oo. Thus each Pauli matrix induces a half-turn about its respective
coordinate axis. Abusing _notation, we have used X, Y, Z also for their induced transformations.
The projective image ; of the Pauli matrix group is the Klein four-group {[I], [X],[Y],[Z]}. The
matrix group P; itself has sixteen elements,

{Ap : A €{1,-1,i,-i}, Pe{l,X,Y,Z}};

(A.4)

each projective transformation has four representatives in this group. For instance, XZ = —ZX as
matrices but [X][Z] = [Z][X] as projective transformations.

A.2. Remark. A global scalar is immaterial to the action of an operator on pure states, but the scalar
relations between chosen lifts retain useful information. The commutator XZX~1Z~! = —I records the
anticommutation that defines the syndrome in Proposition 2.3. Moreover, Z and —Z induce the same
projective map but have different +1 eigenspaces. Hence a projective Pauli subgroup alone does not
specify the stabilizer code: the signed lifts of its checks are needed. The main text uses signed lifts to

present this measurement data, while the state transformations belong to En.

Mobius transformations need not preserve the round metric or measurement probabilities. The
subgroup represented by unitary matrices is

PU(2) = U(2)/ UQ1) = SU(2)/{+I} = SO(3),

and acts by rotations of B. To see the last identification, conjugate the traceless Hermitian matrices
X +r,Y +r;Z by U € SU(2). Conjugation preserves the inner product Tr(AB)/2 and has kernel
{£I}; its image consists of rotations, since SU(2) is connected. Every rotation is obtained: for a unit
vector a € R3, conjugation by exp(—if(a; X + a,Y + a;Z)/2) rotates the expectation coordinates through
angle 6 about a, as follows by expanding the exponential using (a;X + a,Y + a;Z)? = I. The rotated
coordinate convention of Remark A.1 gives the same rotation group on B. For example, diag(2, 1) induces
the M6bius transformation § — 283, which is not a rotation.

A.3. Tensor products and entanglement. The pure states of n qubits form
P((C)®") = CP?'-,

where the standard tensor basis identifies (C?)®" with C". We take the tensor product of vector spaces
first and projectivize the resulting space once. There is a natural map, called the Segre embedding,

(A.5) CPY — CP* 1, (wl, e, [t = [t @ -+ ® ).
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It is well-defined because rescaling any factor only rescales the tensor, and is injective because the line

of a nonzero decomposable tensor determines each factor line. Its image consists of the product pure

states; pure states outside it are called entangled (relative to these tensor factors). Thus entanglement is

the failure of this embedding to be surjective, rather than a further identification of product states.
For two qubits, the coefficients of a|00) + b|01) + ¢|10) + d|11) form the matrix

a b

c d)’
The vector is a product precisely when this nonzero matrix has rank one, i.e., ad — bc = 0. The image
of Equation (A.5) is therefore a quadric in CP3. The state [|00) + |11)] lies outside this quadric and is

entangled; its unit representatives include (]00) + |11))/ \/E No tuple of points of B describes such a
state.

A.4. The projective Clifford group. For n > 1, let 5,, denote the image of , in PGL(¥(,) =
PGL(2",C). Then

(A.6) 1 — (& +il} — P, — P, — 1, P, xF"
This is the quotient already used in the binary coordinates of Proposition 2.8.
A.3. Definition. The projective Clifford group is the normalizer
CIL™ 1= Npare, (Pn) = {[A] : [AIP,[A]! = P,}.
Using the full projective linear group in this definition introduces no additional nonunitary elements.
A.4. Proposition. Every element of Clgroj has a unitary representative, and
Cly? = Nyge,)(Pa)/ UQ).
Proof. Let [A] normalize 5,1, and let P be a tensor product of I, X,Y, Z. We have APA~! = cQ for some

such tensor product Q and ¢ € C*. Squaring gives ¢ = 1, so APA™! = +Q. Taking adjoints and using
that P, Q are self-adjoint gives

APA™! = (A~HTPAT, ATAP = PATA.

These P span the full matrix algebra, so A" A = tI for some t > 0. Hence t~'/2A is unitary and normalizes
the matrix group P,. Conversely, any unitary normalizer induces a projective normalizer, and the kernel

is exactly the scalar unitaries. O
The following gates, acting on any indicated tensor factors, generate CL,
1 /1 1 1 0
(A7) H-— (1) s=(5 %) cnotdanip) = lanla+ by,

where a,b € F,. Here S denotes the phase gate, rather than a stabilizer subgroup. Their normalizing
property follows from

HXH '=2Z, HZH' =X, SxSst=v, Szst=2,
CNOT,.; : X, XX, X; ~ X, Z.— Z,, Zi v 7.7,
where the arrows on the second line also mean conjugation. Generation is a further theorem, not a
consequence of these identities alone; see Gottesman [Got97], Section 5.8. For one qubit the affine
formulas are H(B) = (8 + 1)/(B — 1) and S(B) = —ip. For two qubits, CNOT takes the product state
[|+) ® |0)] to [|00) + |11)], so Clifford transformations can create entanglement.

Conjugation preserves matrix commutators, hence the form w of Equation (2.3). More precisely, there
is an exact sequence

(A.8) 1— En — c15r°j — Sp(2n,F,) — 1.
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Here Sp(2n, [F,) is the group of invertible linear maps preserving w; surjectivity is proved in Gottes-
man [Got09], Section 3.5, and the kernel is computed in Problem A.2. In particular, the projective
Clifford group is finite.

A.5. Remark. The scalar kernel depends on the chosen matrix group above the projective group. The
full unitary normalizer in Proposition A.4 contains every scalar e°I, so its kernel is U(1). Alternatively,
take the matrix subgroup Cl, generated by the specific gates in Equation (A.7). Its scalar subgroup is
usl, where ug = {e™*/* : 0 < k < 8}, and

ClP™ =~ Cl,, /ugl.

Indeed, (HS)? = e”'/*I, so all eight scalars occur. Conversely, every gate has entries in Q(e”/*) and
determinant a root of unity; a scalar product of gates is therefore a root of unity in this field, whose roots

of unity are precisely ug. This last elementary cyclotomic fact can also be seen from Q(e™/4) = Q(i, \/5):
a root of unity of order m in this degree-four field has ¢(m) | 4, som € {1,2,3,4,5,6,8,10,12}; the

orders divisible by 3 or by 5 are excluded because they would force the quadratic subfield Q(y/—3) or

Q(\/g), whereas the only quadratic subfields of Q(, \/E) are Q(i), Q(\/E) and Q(y —2). Thus this finite
Clifford lift has eight scalar representatives of each projective element, whereas the Pauli matrix group
has four.

A.5. Problems.

A.1. Letu,v € C? be unit vectors, with sphere points b, b’ as in Equation (A.2). Show that |{(u,v)|* =
(1+ b - b’)/2. Deduce that orthogonal pure states correspond to antipodal points, and that the

affine coordinate of the state orthogonal to 8 is —1 /. Interpret a rank-one projective measurement
in terms of this sphere geometry.

A.2. Prove that the centralizer of 5,1 in PGL(H,) is En itself, and deduce the kernel assertion in
Equation (A.8). (Hint: for a representative A of an element of the centralizer, write APA™! = y(P)P
and use the nondegeneracy of w to realize the signs y(P) by conjugation with a Pauli operator.)

APPENDIX B. DENSITY OPERATORS, CHANNELS, AND EXACT RECOVERY

The main text treats pure states as projective points, with projective measurements and Pauli errors
described by linear lifts. This appendix embeds those pure states in the convex space of density operators,
supplies general noise and recovery channels, and proves the statement used repeatedly there: correcting
a set of Pauli errors corrects every channel whose Kraus operators lie in the linear span of their lifts. For
background see Nielsen and Chuang [NC10], Chapters 2, 8 and 10.

B.1. Density operators and channels. A density operator on a finite-dimensional Hilbert space
is a positive semidefinite operator p with Trp = 1. A pure state [u] determines the rank-one density
operator

. Juu

Ty’

independently of the nonzero representative u. This identifies P(H) with the rank-one density operators;
for a unit representative, pp,; = |u)(u|. A convex combination Zj PjPlu;] describes classical uncertainty
among pure states, although different ensembles may give the same operator. Density operators of
rank greater than one are called mixed states; they are not individual projective points. For a projective
measurement (P,), outcome a has probability Tr(P,0) and leaves the state P,oP,/ Tr(P,p); for p = pyy
these give exactly the probability and output ray of Definition 1.2.

A channel is a completely positive, trace-preserving linear map V' on the operators of ; complete
positivity means that V' ® id « is positive for every auxiliary space XK. In finite dimensions every channel

(B.1) Plu]
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has a Kraus representation
N(p) =D E.0E,, D EiE, =1,
a a

which is not unique: another family F,, = Za uyqEq, with (u,,) an isometry, represents the same
channel. These are standard facts of finite-dimensional operator theory, and we use them without proof.
A stochastic Pauli model, in which E occurs with probability 7(E), is the channel with Kraus operators
\/7(E) E. General channels can send pure inputs to mixed outputs, so they are not, in general, maps of
the pure-state projective space to itself.

B.2. The Knill-Laflamme condition. Let P be the orthogonal projection onto the underlying sub-
space C of a projective code P(C). A channel R recovers from N if RN (o) = p for every density operator p
supported on C. It is enough to require this for every pure-state density operator pp,; with [u] € P(C),
since every density operator on € is a convex combination of these. In fact, rank-one orthogonal projec-
tions span the full complex algebra of operators on €: projections onto basis lines and onto the lines of
e;+e; and e; +ie; span the matrix units. Hence RN is the identity on that algebra and (RN ®id)(c) = o
for every density operator o on € @ K. Thus recovery preserves entanglement with an untouched
reference system as well.

B.1. Theorem (Knill-Laflamme [K1L97]). A recovery channel for N exists if and only if there are complex
numbers c,, such that

(B.2) PE!E,P=c,,P  foralla,b.

Proof of sufficiency. The matrix C = (c,,) is positive semidefinite, since for coefficients v, the operator
P(Za v E)' b UnEp)P = (0TCv)P is positive. A unitary change of Kraus operators diagonalizes C, so

we may assume PFZFVP = 4,6,,P with 4, > 0, and Z# A, = 1 by trace preservation. For 4, > 0, the

operators V,, = F, P/, [, restrict to isometries on € with pairwise orthogonal ranges, while F,P = 0 if
A, = 0. Measure the projections onto these ranges (completed by the projection onto the orthogonal

complement of their sum) and, on outcome y, apply V'; on the complement apply any channel. Each
branch returns the input state, so the composite is the identity on states supported on C. O

Necessity, which we do not need, is proved in [KL97, Got09].
B.3. Why a Pauli basis suffices.

B.2. Theorem. If the operators E,, satisfy Equation (B.2), then so does every finite family of operators in
their linear span. In particular, for a stabilizer code of distance d and 2t < d, every channel whose Kraus
operators are linear combinations of Pauli operators of weight at most t admits a recovery, and the recovery
of Theorem 2.6 (measure the syndrome, then apply p(s)) is one.

Proof. IfF, = )} u,E,, then
PFLF,P =) gy, CapP,
a,b

which is of the required form. For the second statement, let E, F be Pauli operators of weight at most ¢.
If E'F has nonzero syndrome, it maps € into an orthogonal eigenspace of some check (Equation (2.2)),
so PETFP = 0; otherwise E'F € 2Z(S) has weight less than d, hence lies in (iI)S, and PETFP is a scalar
multiple of P by Proposition 2.4. This verifies Equation (B.2) for the Pauli operators of weight at most ¢,
and the first statement extends it to their span. That the syndrome recovery works is checked directly: a
Kraus operator ), . ugE applied to u € C gives ZG(ZS(E)=U ugE)u, the syndrome measurement selects
one value of g, and on that branch every E with s(E) = o satisfies p(0)E|c = Aple for a phase 1p
independent of u (because these errors differ by elements of (iI)S). The phases may depend on E, but
the branch returns (ZS(E)=G ugg )u, hence a multiple of u. O
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This theorem does not say that every channel is a stochastic Pauli channel. For the coherent rotation
U = cos@1 + isin6X,; of Remark 1.7, the state UpU" contains cross terms cos 8 sin 8(iX;p — ipX;)
absent from the mixture cos? 6 p + sin” 6 X 1pX1; the syndrome measurement removes these cross terms
only because the two components have different syndromes. Components with the same syndrome are
not decohered by the measurement. The stochastic Pauli models of the main text are therefore explicit
modeling assumptions, made to formulate decoding as classical inference; they are not consequences of
the theorem.

B.4. A circuit that measures a check. For readers who want a realization of the joint measurement
of Proposition 1.3, consider a Z check Z(b) with support J. Adjoin an auxiliary qubit in the state [|0)]
and, for each j € J, apply the controlled-NOT gate from qubit j to the auxiliary qubit, with linear lift
|c)|a) — |c)|a + c) on that pair. On computational basis vectors the composite acts by

)]0 —> |x)|Z xJ-}.
jes

Thus a state [u], with representative u = u, + u_ decomposed into the two eigenspaces of Z(b), is
taken to [u, |0) + u_|1)]. Measuring the auxiliary qubit in the computational basis therefore realizes
the measurement of Z(b), including its post-measurement state. Conjugating the data qubits by the
Hadamard matrix 27%/2 (1 1), which exchanges X and Z, gives a circuit for an X check.

This ideal circuit says nothing about fault tolerance. A fault on the auxiliary qubit in the middle of the
circuit can propagate, through the remaining gates, to several data qubits; that is why the circuit-level
models of Section 8 depend on the schedule of the gates and not only on the check matrices.

APPENDIX C. SOLUTIONS TO THE PROBLEMS

Numerical answers about the small examples agree with the companion enumeration.

Section 1.

Problem 1.1.: X, X; gives (1,1), Z, gives (0,0), and Y, = iX;Z, gives (1, 0), the outcome of X;. The rule
“apply X, X,, X5 after (1,0), (1,1), (0,1)” corrects I, X, X,, X5; since X;X; and X, share the outcome
(1,1) and differ by X, X,X5, which exchanges |000) and |111), no rule corrects both.

Problem 1.2.: In the computational basis, P, . is the diagonal projection onto span{|000), |[111)}, P_,
onto span{|100), |011)}, P__ onto span{|010), |101)}, and P, _ onto span{|001), |110)}, where the first
sign refers to g;. The four sets partition the eight basis vectors, so the projections sum to I.

Problem 1.3.: Direct computation gives X |+) = +|+) and Z|+) = |F). In the basis |+)®? the roles of

X and Z are exchanged, so the projectivization of span{|+++), | ———)} with checks X;X,, X, X3 is the
repetition code written in that basis: each Z; produces a distinct nonzero outcome, while X; has trivial
outcome and maps a|+++) + 3|———) to a|+++) — B|———).

Problem 1.4.: The condition on the two computational states forces T|0) = a|000) and T|1) = b|111)
with a,b # 0. By linearity, 7(|0) + |1)) = a|000) + b|111); this cannot represent the same projective
point as (]0) + [1))®3 = ZC €013 |c), which has eight nonzero coefficients. Nevertheless, rescaling u
by A # 0 rescales its tensor cube by 13, so [u] = [u®?] is a well-defined projective map. It is nonlinear
and has no linear lift of the required kind.

Section 2.

Problem 2.1.: If —T € S and u is fixed by every element of S, then u = —u, sou = 0.

Problem 2.2.: Let W, be the joint eigenspace with eigenvalues ((—1)?/);. By Equation (2.2), E;C(S) C
W, and dim E,C(S) = 2¥ since E, is unitary. The 2" spaces W are the ranges of the projections of

Proposition 1.3, hence mutually orthogonal with sum #,; as 2" - 2K = 2", all inclusions are equalities.
In particular E,C(S) = W, does not depend on the choice of E,.
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Problem 2.3.: By Proposition 2.4, Z restricted to the two-dimensional code has trace zero, and it is a
self-adjoint involution, so it has eigenvalues +1 and —1 with one-dimensional eigenspaces. Let v, be a

unit +1 eigenvector and put v; = Xv,. Anticommutation gives Zv; = —v;, and Xv; = X 200 =v,. In
the basis vy, v; the two operators are Z and X.

Problem 2.4.: The generators are pure X or pure Z operators without phases, so every element of S
has the form +X(a)Z(b) with a € row(Hx) and b € row(H,). Thus X(x) € (iI)S forces (x,0) = (a, b),
i.e., x € row(Hy). Conversely, a sum of rows of Hy corresponds to the product of the corresponding X
checks, which is exactly X(x) because X operators commute.

Problem 2.5.: Each row of H has weight four, and two distinct rows overlap in two columns, so HH' = 0.
The rank is three, so k = 7 — 3 — 3 = 1. The kernel of H is the Hamming code, whose nonzero vectors
have weight at least three, while row(H) consists of 0 and seven vectors of weight four; a Hamming
codeword of weight three is therefore in ker H \ row(H), and dy = d; = 3.

Problem 2.6.: Order the X checks as X --- X4, X, --- Xg and the Z checks as Z,Z2,, 2,73, ..., Z3Zy. Then
Z7 has X-check syndrome (1, 0) and Z, has (1, 1); X5 has Z-check syndrome (0,0, 1, 1, 0,0), and Y5 has
both of the last two syndromes. The Z errors within one block share a syndrome ((1, 0), (1, 1), (0, 1) for
the three blocks), and any two of them differ by a Z check; correcting one by another leaves a stabilizer,
so the sharing is harmless. The nine single-qubit X errors have distinct syndromes.

Section 3.

Problem 3.1.: X boundary checks lie in rows 0 and d — 1, Z boundary checks in columns 0 and d — 1,
so only the four corner qubits are at issue. The corner (0, 0) lies in the top check with ¢ = 0 but in no left
check, since those have odd r > 1; (0,d — 1) lies in the right check with r = 0 but in no top check, since
¢ =d—2isodd; (d —1,0) lies in the left check with » = d — 2 (odd) but in no bottom check, since ¢ = 0
iseven; and (d — 1,d — 1) lies in the bottom check with ¢ = d — 2 (odd) but in no right check, since
r =d—2isodd.

Problem 3.2.: The rotation maps the square with corner (r, ¢) to the square with corner (¢,d — 2 —r),
whose parityc+d —2—r =r+c+ 1 (mod 2) is opposite because d — 2 is odd. It maps the top side to
the right side, the right side to the bottom, the bottom to the left, and the left to the top; the top check
on columns ¢, c + 1 goes to the right check on rows ¢, c + 1, and c even is the condition for both, and
similarly for the other three sides.

Problem 3.3.: A qubit (i,c) or (i + 1, ¢) of the two rows lies in exactly one of the squares with corners
(i,c —1)and (i,c) of type Z when 0 < ¢ < d — 1, by parity; at c = 0 it lies in the square (i, 0) if i is even
and in the left boundary check if i is odd, and at ¢ = d — 1 similarly with the square (i,d — 2) and the
right boundary check. Hence each qubit of the two rows is covered exactly once, and no other qubit is
covered.

Problem 3.4.: An interior qubit is a corner of four squares, two of each type. A qubit (r,0) with
0 < r < d —1isacorner of two squares of opposite types and lies in exactly one left boundary check
(the one with odd index among r — 1, r); similarly on the right. A qubit (0,c) with0 <c<d—1isa
corner of two squares of opposite types and of no Z boundary check; the corners (0,0) and (0,d — 1) lie
in the Z square (0, 0) and in the right Z check, respectively; the bottom row is analogous.

Problem 3.5.: In the order (B;, B,, B3, By), the X errors on qubits 1, ..., 9 have syndromes 1000, 1000,
0001, 1010, 1100, 0101, 0010, 0100, 0100. In the order (A, A,, A3, A,), the Z errors have syndromes
1000, 1100, 0100, 0010, 0110, 0100, 0010, 0011, 0001. The coincident pairs are X;, X, (differing by A,),
Xs, X9 (by Ay), Z3,Zs (by By), and Z4, Z; (by Bs).
Problem 3.6.: Since Y; = iX;Z,, the operator equals i X, X,X; Z,Z,Z; = i X Z, a logical operator (it
anticommutes with both X and Z) of weight five.
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Problem 3.7.: Each edge has two endpoints and lies on two faces, so the product of all vertex checks
and the product of all face checks are I. Conversely, if a nonempty set T of vertices has product I, every
edge has both or neither endpoints in T, and connectivity of the grid forces T to contain all vertices; the
same argument applies to faces through the dual grid. Hence both check matrices have rank L? — 1, and
k=2L?-2(17-1)=2.

Section 4.

Problem 4.1.: The residuals are computed in the text. Up to the common factor P(Hze = (1,0, 0,0))7,
the posterior probabilities are p(1 — p)® for {1} and for {2}, and p*(1 — p)’ for {4, 7}.

Problem 4.2.: Equality ws = w, + wg means (1 — ps)/ps = ((1 — p1)/p1)((1 — ps)/ps); with p; =
pg = 0.1 this gives p; = 1/82 ~ 0.0122. With equal priors every edge has the same weight and matching
outputs the single edge {5}.

Problem 4.3.: The candidate errors 100 (or 010), 001, 111 have masses p(1 — p)(1 — q), (1 — p)?q, p*q,
so 001 is the most likely error exactly when q > p. The class {001, 111} is more likely exactly when
q((1 = p)* + p?) > 2p(1 — p)(1 — q), i.e., ¢ > 2p(1 — p). The two decisions disagree precisely when
p <q<2p(l-—p),e.g,for(p,q) =(0.2,0.3).

Problem 4.4.: The syndromes with a unique minimum-weight correction are 0000 — @, 0001 — {3},
0010 — {7}, 0011 ~ {3,7}, 0101 — {6}, 0111 — {6,7}, 1010 — {4}, 1011 — {3,4}, 1100 — {5},
1111 ~ {4,6}. The others have several: 0100 ({8},{9}), 1000 ({1},{2}), 0110 ({4, 5},{7, 8},{7,9}), 1001
({1, 3},{2, 3}, {5, 6}), 1101 ({1, 6}, {2, 6}, {3, 5}), and 1110 ({4, 8}, {4, 9}, {5, 7}). In every case the alternatives
meet the top row with the same parity, so they lie in the same logical class; for this small patch, tie-
breaking never affects success.

Problem 4.5.: Call the pair of rows {b, b + 1} the band b. Qubit (r, ¢) lies in exactly one Z check of band
r —1(ifr > 1) and one of band r (if r < d — 2), and the qubits (r,c), (r + 1,¢) of a column lie in a
common Z check of band r (a square, or a left or right boundary check atc = 0 or ¢ = d — 1). Hence
every edge of Gy between check vertices changes the band by one, the top (bottom) boundary vertex is
reached only through a qubit of row 0 (row d — 1), and the lowest (d + 1)/2 qubits of a column form a
path from the bottom boundary vertex to a single defect in band (d — 3)/2. That defect is at distance
(d—3)/2+1=(d—-1)/2 from the top boundary vertex and (d —2) —(d —3)/2+1 = (d + 1)/2 from the
bottom one, so matching joins it to the top by a path of length (d — 1)/2, which meets row 0 exactly once
(in its last edge). The error does not meet row 0, so the residual meets the top row once and matching
fails by Equation (4.1).

For d = 3, no error of weight at most one causes failure, by Theorem 2.6. Enumerating the 36 errors
of weight two shows that exactly 18 cause failure, independently of tie-breaking by the previous solution.
Hence P;(3, p) = 18p*(1 — p)” + O(p?) = 18p? + O(p?).

Problem 4.6.: Squaring |F/N — q| < zy/q(1 — q)/N gives the quadratic inequality (1 + z2/N)q? —
(2F/N + z?/N)q + (F /N)? < 0, whose roots are the endpoints in Equation (4.5).

Section 5.

Problem 5.1.: This is the computation in Example 5.3: both methods give 41/122.

Problem 5.2.: Let a and b be the checks e; + e, = 1 and e, + e; = 0. In the first round, Equation (5.4)
gives m,_1(1) = 0.8, my_,(1) = 0.9, my_,(1) = 0.3, my_3(1) = 0.2, and the belief of e, is already
0.2-09-03/(02-09-03+08-0.1-0.7) = 27/55. In the second round m,_,,(1) = 3/31 and
m,_p(1) = 9/13, hence m,_,,(1) = 28/31 and m,,_5(1) = 9/13, and the beliefs of e; and e; are 28/55
and 27/55.

Problem 5.3.: By independence, E [],(—1)" = [], E(-1)% = [],(1 — 2u;), and P(}}; B; odd) = (1 —
E(—1)Z:5) /2. When e; = 1 the other variables must have parity s, + 1, which gives Equation (5.4) in
both cases s, = 0, 1.
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Problem 5.4.: For d = 3, the Tanner graph has 4 + 9 = 13 nodes and 12 edges (six columns of weight
one and three of weight two) and is connected, hence a tree. For d = 5, the X square with qubits
6,7,11, 12 gives the cycle through the Z checks on {1, 2, 6, 7}, {7, 8,12, 13}, {11, 12,16, 17}, {6, 11} and the
qubits 7,12, 11, 6, of length eight. A cycle of length four would require two Z checks sharing two qubits,
i.e., two Z checks sharing an edge, and these do not exist.

Problem 5.5.: The columns 1 and 2 of H; coincide, so exchanging e; and e, preserves the posterior,
and their marginals are equal (approximately 0.463 for p = 0.05). Rounding gives e; = e, = 0 together
with 0 on the other coordinates, which is inconsistent with the syndrome; the symmetry that makes
either choice correct is exactly what prevents the marginals from choosing.

Problem 5.6.: In units of 4, the serial sweep computes at check a the messagese, > a=e; > a =1
anda - e, =a — e; = —1;atcheckb,e; > b=1ande; > b=1+(—-1)+0=0,henceb — ¢; =0
and b — e; = —1;atcheckc,e; > c=1,e, > c=0,e5 > c=—1,hencec > e, =c —>e;=0
andc - e, = +1. Thebeliefsare1+0+0=1,1—-1+1=1and1—-1—-1+0 = —1, so the hard
decision is 001. With damping y = 1/2, round 1 is as in Proposition 5.7; the damped variable-to-check
messages are then 1/2 from e; and e, and 0 from e;, so in round 2 the only nonzero check messages are
a—e3;=b—>e;=c— e;=-1/2,and the beliefs (1,1, —1/2) give 001.

Problem 5.7.: The transposition o fixes both rows 011 and 111, the priors, and the syndrome, so it is an
automorphism of the Tanner graph that fixes every check node. The update rules are equivariant under
such automorphisms, and the initial messages are invariant; by induction on the number of updates,
every message from or to e, equals the corresponding message from or to es, for any schedule that visits
the checks (or variables) in a o-invariant manner. Hence e, and e; have equal beliefs and equal hard
decisions, and the first check, e, + e; = 1, is never satisfied.

Section 6.

Problem 6.1.: In the row of Hy indexed by (a, j), the block H, ®I,,, has entry (H;),;j,6;;, in the column
(j1» J2), and the block I,,, ® H2T has entry 8,4, (H,),,; in the column (ay, a,); the weight is therefore the
weight of row a of H; plus the weight of column j of H,. Likewise, the column of Hy indexed by (j;, j,)
has the weight of column j; of H;, and that indexed by (a;, a,) the weight of row a, of H,; the rows and
columns of H; are described symmetrically.

Problem 6.2.: The X check (a;, j,) acts on the qubits (j;, j,) with j; € {a,, a;+1}, at the points (2a,, 2j,)
and (2a; + 2,2j,) just above and below (2a; + 1, 2j,), and on the qubits (a;, a,) with a, € {j, — 1, j,},
at the points (2a; + 1,2j, + 1) to its left and right that lie in the grid. The Z checks are described in the
same way, with the roles of the coordinates exchanged. The code has 9 +4 = 13 qubits,and k =1,d = 3
by Theorem 6.3 and Example 6.4.

Problem 6.3.: xy = S,®S,, = yx by the mixed-product rule. The monomials in A are distinct elements
of the group (x,y) = Z¢ X Zg, so they are permutation matrices with disjoint supports, and A has three
ones in each row and column; the same holds for B. Each row of [A | B] and of [BT | AT] therefore has
weight six, and each column weight three.

Problem 6.4.: By Theorem 3.6,n = d?> and k = 1,s0d = \/n and kd? = n.

Section 7.
Problem 7.1.: With e; = 0 one obtains e = 100; with e; = 1, e = 011. Their masses are 0.056 and 0.054,
so 100 is the more probable.

Problem 7.2.: Given u, Equation (7.1) determines eg, and every solution arises from its own restriction
to F; this is a bijection between [F;_p and the solution set. An exhaustive search of order w performs

Yo (" ) solves.

Problem 7.3.: The columns of H, are (0, 1), (1, 1), (1, 1), so any basis B contains column 1 and exactly
one of the equal columns 2 and 3, whatever the reliability order. If B = {1, 2} and u = e;, the solve gives
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e, =1+ uande =0,i.e., 010 or 001; the case B = {1, 3} is symmetric. Every output is consistent,
and any two outputs differ by 011, i.e., by the operator X,X5, which acts trivially on the code if it is a
stabilizer.

Section 8.

Problem 8.1.: The differences are 01000 (one data error before round 2), 01100 (one recording error in
round 2), and 00101, which requires two faults: either a data error before round 3 and another undoing
it before round 5, or recording errors in rounds 3 and 4.

Problem 8.2.: Solving 1 — Pg,o; = (1 — Pround)” 81veS Pround = 1 — (1 — Pgo)/® & Pgpot/5, i.€., approxi-
mately 0.068% for matching and 0.051% for BP+OSD. The formula treats the rounds as independent
opportunities for one logical failure; it ignores both the correlations between consecutive rounds and
the time boundaries, and it is meaningful only when the rates are small.

Problem 8.3.: With b = 401 and ¢ = 231, the statistic is 170/4/632 ~ 6.76. The totals 678 and 508
fix b — ¢ = 170 and force 0 < ¢ < 508, so b + ¢ ranges from 170 to 1186 and the statistic from

170/4/1186 =~ 4.94 to 170/4/170 ~ 13.0. In this example every consistent outcome favours the same
decoder strongly, but the strength of the evidence depends on information that the totals do not contain.

Problem 8.4.: The four Z checks have deterministic outcomes from the first round, since the data qubits
are prepared in the computational state [|0)]; each contributes T differences and one final comparison
with the readout, i.e., 4(T + 1) detectors. The four X checks have random first outcomes and contribute
T — 1 differences each, so there are 4(T + 1) + 4(T — 1) = 8T detectors in all.

Section A.
Problem A.1.: Write r = (by,—b,,—b;) and v’ = (b}, —b),—b}). Direct expansion gives |u)u| =
(I +r X +r,Y +r3Z)/2, and similarly for v. The trace identities Tr P = 0 and Tr(PQ) = 21{P = Q} for

P,Q e{X,Y,Z}give
[(w, v)* = Tr(Ju)X(ullo)v) = A +r-r')/2=1+Db-b")/2.

This vanishes precisely when b’ = —b. A vector orthogonal to (z, w) is (—w, z), giving the coordinate
—1/p, including the exchange of 0 and co. Measuring the projections onto [v] and its orthogonal
line returns the antipodal points b’ and —b’ with probabilities (1 + b - b’)/2 and (1 — b - b")/2; the
post-measurement state is the corresponding endpoint.

Problem A.2.: Squaring a Hermitian Pauli representative shows that y(P) € {+1}, and conjugating
a product shows that these signs define a character of P, = [F%”. By nondegeneracy of w, there is a

Pauli operator R with y(P) = (—1)®URHPD for every P, where the brackets are identified with binary
coordinates. Thus R~ A commutes with every Pauli matrix and hence with the full matrix algebra, so
it is scalar and [A] = [R]. Conversely, all projective Paulis commute with one another. The kernel in
Equation (A.8) is exactly this projective centralizer.

APPENDIX D. NOTATION AND FURTHER READING

Symbol or term Meaning

¥, The underlying Hilbert space (C2)®" of n qubits (Definition 1.1).

P, |E| The Pauli matrix group of linear lifts and their weight (Definition 1.5).

P(HK,), [u] The pure-state space and the state represented by a nonzero vector u
(Definition 1.1).

B, B The affine coordinate z/w and the Bloch sphere (Section A).

Py, CIEroj The projective Pauli group and its normalizer (Section A.4).
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S, &js e(S), P Signed stabilizer lifts, independent checks, the underlying code sub-
space, and its orthogonal projection (Theorem 2.2).

P(C) The projective code with underlying subspace € (Definition 1.4).

s(E) The syndrome of a Pauli operator (Proposition 2.3).

2(8), (i)S The centralizer of S in P,,, and S with scalars adjoined (Proposition 2.4).

[[n, k,d]] Number of data qubits, number of encoded qubits, and distance (Defini-
tion 2.5); auxiliary qubits are not counted.

X(x), Z(z), w Binary coordinates of Pauli operators and the symplectic form (Proposi-
tion 2.8); Y has both coordinates 1.

Hy,H, Check matrices of a CSS code: rows are supports of X and Z checks
(Definition 2.9).

Sx, Sz Outcomes of the X and Z checks: sy = Hxz, s; = Hzx.

X, Z Logical Pauli operators of an encoded qubit.

z® xW) Indicators of row i and column j of the rotated patch (Proposition 3.4).

Gx The decoding graph of X errors on the rotated patch (Section 3.4).

é A decoder’s correction (Definition 4.2).

w; The log-odds weight log((1 — p;)/p;) (Equation (4.4)).

P;(d, p) Logical failure probability of a specified decoder on the patch of dis-
tance d (Section 4.6).

Mj_q Lisa BP messages and their log-likelihood ratios; a positive LLR favours 0
(Section 5).

y Damping factor of BP (Definition 5.5).

ki, d] Dimension and distance of ker H] in a hypergraph product (Section 6.2).

D,O, f Detector and observable matrices of a detector error model, and the fault
vector (Equation (8.1)).

Shot One complete simulated experiment, possibly spanning many rounds.

Further reading. Gottesman’s survey [Got09] and draft textbook [Got26] are the most complete math-
ematical accounts of stabilizer codes, and his thesis [Got97] is still worth reading for the original
formulation; Roffe [Rof19], Sections 3-5, is a gentle companion with many examples. For surface codes,
the original sources are Kitaev [Kit03] and Bravyi and Kitaev [BK98]; Dennis et al. [DKLP02] develop
decoding, matching, and the connection with statistical mechanics, and Fowler et al. [FMMC12] treat
implementation. For belief propagation in general, see Kschischang, Frey and Loeliger [KFL01] and,
for its use on classical LDPC codes, MacKay [Mac03] (freely available online) and Richardson and Ur-
banke [RU08]. For belief propagation on quantum codes and its difficulties, see Poulin and Chung [PCO08],
Sections III-V, and Raveendran and Vasi¢ [RV21]; for ordered-statistics post-processing, Panteleev and
Kalachev [PK21], Section 3, and Roffe et al. [RWBC20]. Breuckmann and Eberhardt [BE21b] survey
quantum LDPC codes, including hypergraph products [TZ14]; for bivariate bicycle codes and their mea-
surement circuits, see Bravyi et al. [BCG™24], Sections 4-6. Section 7.2 lists the primary sources for the
main families of BP-based decoders. For the statistics of Sections 4.6 and 8.4, Agresti and Coull [AC98] on
binomial intervals and Dietterich [Die98] on paired comparisons are short and readable. The documen-
tation of Stim [Gid21] and PyMatching [Hig22] is the best introduction to simulating these experiments
in practice.
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