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Introduction

Some theories are tame and some are wild. The distinction looks like a matter of taste,
and the purpose of these notes is to show that it is not: it can be drawn precisely, and once
drawn it decides what can be proved. A formula in two variables defines a relation between
two sets. Shelah measured the wildness of such a relation by the configurations it admits.
A formula is stable if it cannot order arbitrarily long sequences. It has the negation of the
independence property if it cannot shatter arbitrarily large finite sets. A theory is treeless if
none of its formulas grows a certain kind of tree. These are the dividing lines between the
tame and the wild. On the tame side of each, a theory admits a structure theory. On the
wild side, examples show that none is to be had.

The names deserve a word, for names in mathematics are not idle: they record what
their authors thought they had found. Treeless and negation of the independence property
are Shelah’s original names." Each says exactly what the class is: in a treeless theory no
formula grows the tree, and the second name does not pretend to be more than a negation.
The literature has since preferred simple for the first and the abbreviation NIP for the second.
In this introduction I use the original names. In the chapters that follow I use the established
ones, so that the reader can open the literature.

A definition by negation states what a thing is not, and the old via negativa held that
some things can be described in no other way. Each dividing line is drawn in this manner:
a configuration is named and then forbidden. The stable theories cannot order, the theories
with the negation of the independence property cannot shatter, and the treeless theories
cannot grow trees. The negative definition has nevertheless a positive content. From the
absence of a configuration follows the presence of a structure. In a stable theory the structure
is the definability of types. In a treeless theory it is a calculus of independence. The proofs
pass from what a theory is not to what it is.

The title should not mislead. The lines are three, not one, and a theory may be tame by
one measure and wild by another. The random graph is treeless and has the independence
property. The rational order has the negation of the independence property and is not treeless.
The stable theories are tame by both measures. That they are the only such theories is one
of the theorems of these notes.

Mathematics is full of independence: of vectors, of transcendental numbers, of events in a
probability space. In each case, to say that a is independent from B is to say that B tells us
nothing new about a. The notion obeys the same laws in all three cases. What is independent
from a set is independent from its parts. Independence is symmetric. Every element can be
moved, without change to what is known of it, into a position of independence. Whether
these laws follow from a single principle is one of the subjects of these notes. In a stable
theory, independence obeys all the laws of the classical examples, including uniqueness of

'The word treeless has recently been given a different meaning by Kaplan, Ramsey and Simon [KRS24],
for a class of theories that contains the stable theories and the binary theories; in these notes it is used only
in Shelah’s sense.
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independent extensions. In a treeless theory, uniqueness fails and amalgamation survives.
Once the tree property appears, no relation with the laws of the treeless case exists. The
dividing lines therefore separate the theories in which independence makes sense from those
in which it does not. Shelah also called the theories without the independence property
dependent, so that even the terminology takes sides.

Each line is presented twice: from within a single formula, by the configuration that the
formula forbids, and from without, by the relation of independence that the theory carries.
The second presentation rests on the first. That a stable formula has definable types is a
theorem about one formula. That a stable theory carries exactly one notion of independent
extension is a theorem about all formulas at once. In the same way, the tree property of a
single formula and the independence theorem of Kim and Pillay stand at the two ends of the
treatment of treeless theories. The arguments between the ends are given in full.

A second theme runs alongside the first. A formula is a function with values 0 and 1. The
definition of stability does not require the values to be so restricted. When the values are
allowed to be real, stability becomes the statement that two iterated limits may be exchanged.
The subject then meets Grothendieck’s double limit criterion, Rosenthal’s dichotomy and the
reflexive Banach spaces. This theme is followed where it leads to a proof, and no further.
Several chapters close with their real-valued counterparts, and the analytic background is
collected in an appendix. The thesis of the second theme may be put briefly: the types of the
logician and the limits of the analyst are the same objects under two modes of presentation,
and what is proved with effort under one is sometimes proved with ease under the other.

The reader is assumed to know the compactness theorem and not to be afraid of ultrafil-
ters; nothing else is presupposed. Three rules have been kept throughout: to separate what
belongs to a single formula from what belongs to the theory as a whole; never to give a defi-
nition without first saying what it is meant to accomplish; and never to confuse a type with
the set of its realizations. The historical remarks at the end of each chapter record where
the ideas came from, and the mathematical line is kept free of them. The Leitfaden that
follows the table of contents shows how the chapters depend on one another, for the reader
who prefers not to read them in order, which is to say, for most readers.
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Leitfaden

The chapters do not form a single line. Chapter 1 is the trunk: it introduces stable
formulas, in the 2-valued and in the real-valued form, and states the definability of types,
which Chapter 2 proves. From there the notes branch three ways: toward trees and the
perfect set dichotomy (Chapter 3), toward NIP (Chapter 4), and toward simplicity and
independence (Chapters 5-7). The first five chapters study the dividing lines from inside
the formulas: definability and trees for stability, shattering for NIP, dividing and the tree
property for simplicity, which meet in the theorem that the stable theories are the simple
NIP theories (see Theorem 5.3.4). The last two describe stability and simplicity globally,
by the independence relations they carry: uniqueness of independent extensions for stability,
amalgamation for simplicity. In the diagram, an arrow from one chapter to another means
that the second uses results of the first, a heavy arrow marks heavy use, and arrows that
follow from others are omitted. A reader interested in simple theories may read Chapters 1,
2,5, 6 and 7; a reader interested in NIP may read Chapters 1 and 4, with Appendix A.

{ 1 Stable formulas, } A Grothendieck’s

e el double limit criterion
real-valued

definability of types to NIP

VAN

3 More trees: 5 From stability
Ramsey, perfect sets to simplicity

/

6 Stability and
independence

]
~ |

t 7 Simplicity and ]

[ 2 Trees and ] [ 4 From stability ]

independence

The appendix (dashed) collects the analytic background shared by Chapters 1 and 4. Chap-
ter 6 takes from Chapter 5 only the conventions on monster models (see Section 5.1) and the
axioms for independence (see Definition 5.4.7); its real source is the definability of types of
Chapters 1 and 2.

©






Chapter 1

Stable formulas, both 2-valued and real-valued

Stability is a property of a single formula ¢(z,y), and this chapter looks at stability from
two sides. On the logical side, a stable formula is one that cannot order arbitrarily long
sequences of elements, and the central fact about such formulas is that all their types are
definable: Section 1.1 sets up this side and states the definability theorem, Theorem 1.1.6,
whose proof occupies Chapter 2. On the analytic side, a formula is simply a {0, 1}-valued
function of two variables, and nothing prevents us from replacing such functions by bounded
real-valued ones. Once we do, stability becomes the statement that two iterated limits can be
exchanged, and in Section 1.2 we show how closely this property is tied to reflexive Banach

spaces.

The question with which this chapter begins is an old one in a new dress: the question
when one thing depends on another in a manner that can be written down. A formula
©(z,y) makes each element depend on the parameters, since an element a falls under
o(z,b) for some b and not for others, and the ¢-type of a is the record of these de-
pendences. Such a record may be lawless, or it may be governed by a rule; when it is
governed by a rule, we call the type definable. The answer given in Section 1.1 is that
every record is governed by a rule exactly when ¢ cannot order long sequences. This is
the definability theorem, and everything that follows depends on it.

Section 1.2 puts the same question to bounded real-valued functions and receives four
answers, which turn out to be one. A function is stable when its two iterated limits
may be exchanged (see Subsection 1.2.1), when it extends to a separately continuous
function on pairs of types (see Subsection 1.2.2), when it is the pairing between the unit
balls of a reflexive Banach space and of its dual (see Subsection 1.2.3), and when its
types are uniform limits of polynomials in its instances (see Subsection 1.2.4). The last
answer is the real-valued form of definability, and if the chapter has a moral, it is this:
a definition is a limit that has been made explicit.

Chapters 2 and 3 do not depend on Section 1.2. A reader mainly interested in the
classical theory may go directly to Chapter 2, where Theorem 1.1.6 is proved, and return
to Section 1.2 later; the analytic proof of (1) = (3) in Theorem 1.1.6 given there (see
Corollary 1.2.13) is perhaps best appreciated after the combinatorial one. The two sides
meet again in Section 4.2, where the independence property is characterized in terms of
convergent subsequences by means of Rosenthal’s dichotomy, and in Chapter 6, where
Harrington’s lemma, the fact behind the symmetry of independence, turns out to be
the exchange of iterated ultrafilter limits (see Subsection 6.1.1).

11



12 1. STABLE FORMULAS, BOTH 2-VALUED AND REAL-VALUED

1.1 THE 2-VALUED CASE: ¢-TYPES AND TYPE DEFINABILITY

Throughout this section and Chapters 2 and 3, we fix a first-order theory 7" in a language
L and an L-formula ¢(x,y) consistent with T, where x and y are finite tuples of variables.
Tuples of elements are written a,b,... and are always of the appropriate length. We write
@' = and ¢ = —p.
Definition 1.1.1. Let M be a model of T'.

(a) A @-formula over M is a formula ¢(z,b)" with b € M and u € {0, 1}.

(b) A complete p-type over M (in the variables x) is a set p of ¢-formulas over M such that
(i) the set p is consistent with the elementary diagram of M, and

(ii) for each b € M, exactly one of ¢(z,b) and —p(z,b) belongs to p.
The set of complete p-types over M will be denoted S, (M).
If N> M and c € N, the set

tp,(c/M) = {p(x,0)" : b€ M, u e {0,1}, N |= p(c,b)"}
is a complete ¢-type over M. Conversely, every complete p-type p over M is consistent with
the elementary diagram of M, so it is realized by some element ¢ of some N > M, and then
we have p = tp,,(c/M).

For p € Sy,(M) we write D, = {b € M : ¢(x,b) € p}. By condition (ii), we have
p={p(x,b) :be Dy} U{—p(z,b): be M\ D,}, so the type p is determined by D,. The set
D,, records, for each parameter b, whether ¢(z,b) holds of the elements that realize p. Each
formula (x,b) is, as Frege would say, unsaturated: it has an empty place, and it becomes
true or false only when an object is put there. A type says, for every b, whether the objects
that realize it fall under p(z,b).

A type over M need not be realized in M, but each finite part of it is realized there.
Lemma 1.1.2 (finite satisfiability). Let p € S, (M) be given. For every finite subset
{o(z, b)) = 1 <k} of p, there is a € M with M = N\, »(a,b)™.

Proof. The L(M)-sentence 3z A\;_; ©(x,b;)" is consistent with the elementary diagram of
M. That diagram is a complete L(M)-theory, so the sentence belongs to the diagram, that
is, holds in M. ©

Lemma 1.1.2 gives o-types a natural topological home. The sets p(M,b) = {a € MI*l :
M = ¢(a,b)}, for b € MW generate a Boolean algebra B, (M) of subsets of M. For
p € Sy(M), the sets p(M,b) with ¢(z,b) € p and the complements M*| \ p(M,b) with
—p(x,b) € p have the finite intersection property by Lemma 1.1.2, and they generate an
ultrafilter on B, (M). Conversely, an ultrafilter on B, (M) determines a set of -formulas
over M that is finitely satisfiable in M, hence consistent with the elementary diagram of
M, and so a complete p-type. A complete p-type over M is therefore the same thing as
an ultrafilter on B, (M), and we regard S,(M) as the Stone space of B,(M): a compact,
Hausdorff, zero-dimensional space whose basic clopen sets consist of the types containing a
given finite set of p-formulas over M.
Definition 1.1.3. Let p € S,(M) be given.

(a) The type p is definable if there is an L(M)-formula ¢(y), a @-definition of p, such that for
all b € M, we have

o(z,b) €p <= M = (b).
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Equivalently, the set D,, = (M) is a definable subset of M.

(b) A positive Boolean combination of instances of ¢ over M is a formula of the form

VA elay),

<n a€W;

where n < w and Wy, ..., W,_1 are finite subsets of M. By convention the empty disjunc-
tion is L and the empty conjunction is T.

In general the set D, is just a subset of M, with no reason to be describable inside M:
when M is infinite there are far more subsets of M than formulas over M, and a definable
type is one whose set D), is the extension of a single formula. Realized types are the model
case, since for ¢ € M the type tp,(c/M) is defined by the formula ¢(c,y). A definable type
thus behaves like the type of an element of M, even when the type is realized only in an
elementary extension.

Definability also has a practical side. A formula ¥ (y) makes sense in every elementary
extension N = M, so a definition of p tells us how to extend p to parameters in N: put ¢(z,b)
in the extension exactly when N |= (). This is the source of the canonical extensions used
to define independence in Chapter 6.

Definability typically fails because of an order. In (Q, <), let p(z,y) be z < y and let p
be the type of v/2 over Q. The set D,={becQ:b> \/5} is a cut with an irrational edge,
whereas the subsets of Q definable in (Q, <) with parameters are finite unions of intervals
with rational or infinite endpoints; hence the type p is not definable. The type of an element
just above a rational ¢, by contrast, is defined by y > ¢.

In (Q, <) the cut at /2 escapes every formula because the formula z < y orders the
rationals. The next definition isolates this behavior in finite pieces.

Definition 1.1.4. Let M be a model of T, and let n > 1 be given. An n-ladder for ¢ in M
consists of tuples aq,...,a, and by, ...,b, of elements of M such that, for all 1 < 4,5 < n,
we have

M }: go(ai,bj) = 1< 7.
We say that ¢ has the order property if for every n some model of T contains an n-ladder for
p, and that ¢ is stable otherwise.

b1 ba b3 by

aq b4 al
as b3 a
a by as
ay by aq

FIGURE 1.1. A 4-ladder. Left: the elements a; and b; are joined when ¢(a;, b;)
holds, i.e. when i < j. The pairs (a;, b;) are the rungs (thick, pink), and each
a; also reaches every b; with j > 4 (purple). Right: the truth table of ¢(a;, b;),
with pink cells where ¢ holds. The table is a staircase, which is why an n-
ladder is also called a half-graph.
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Figure 1.1 explains the name. Put the a; on one rail and the b; on the other, both in

increasing order, and join a; to b; whenever ¢(a;, b;) holds; the “horizontal” pairs (a;, b;) are
then the rungs of a ladder. What matters is the asymmetry between the two directions: each
a; is related to every b; with j > 4 and to none with j < 4, so the formula ¢ linearly orders
the rungs, in the sense that ¢ < j if and only if ¢(a;, b;).
Remark 1.1.5. An (n+1)-ladder contains an n-ladder. Hence, by compactness, the formula
¢ has the order property if and only if some model of T' contains an infinite sequence (a;, b;)i<w
with ¢(a;,b;) <= i < j. The choice of “<” is immaterial. Suppose that ai,...,a, and
bi,...,b, are tuples in a model of T" such that ¢(a;,b;) <= i > jfor1 <i,j < n. Reversing
the indices by putting a} = apt1-; and b; = byy1-; gives p(a;,b;) <= i < j. Shifting by
putting b7 = b/, then gives p(a}, ) <= i <jfor 1 <i,j <n—1. Thusa “>"-pattern
of length n yields an (n — 1)-ladder.

The main theorem of this chapter confirms that the order property is the only obstruc-
tion to definability, and that when the obstruction is absent the definitions can be chosen
of the simplest possible kind: positive Boolean combinations of instances of ¢ (see Defini-
tion 1.1.3(b)). These are, up to equivalence, all the formulas built from instances ¢(a,y)
with @ € M using only A and V, by distributivity; if ¢ is quantifier-free, so is every such
combination.

Theorem 1.1.6 (Definability of types). The following are equivalent:
(1) The formula ¢ does not have the order property.

(2) For every model M of T, every p € S,(M) has a @-definition that is a positive Boolean
combination of instances p(a,y) with a € M.

(3) For every model M of T, every p € S,(M) is definable.

In short: all p-types are definable if and only if ¢ does not have the order property. The
implication (2) = (3) is trivial, and the implication (1) = (2) is proved in Section 2.2. The
remaining implication (3) = (1) takes a detour through binary trees: in Sections 2.3-2.4 we
show that if ¢ has the order property, then the formula ¢ encodes tall trees, and that tall
trees produce a p-type that is not definable.

1.2 THE REAL-VALUED CASE

Once a formula is identified with a {0,1}-valued function, stability can be read as a
property of bounded real-valued functions, namely the exchangeability of iterated limits. We
follow Iovino [Iov99]. Seen this way, stability meets the reflexivity of Banach spaces, through
a characterization of reflexivity due to James [Jam64] that looks very much like the order

property.

1.2.1 Stability and iterated limit exchange

We first state the order property for arbitrary functions of two variables, and then show
that its absence is exactly the exchangeability of two iterated limits.

Let M be an L-structure and ¢(x,y) an L-formula. We identify ¢ with the function
@: MIZl x MYl — {0,1} that takes the value 1 at (a,b) if and only if M = o(a,b). More
generally, a function ¢: A x B — {0, 1} on arbitrary sets A, B has the order property if there
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are sequences (am)m<w in A and (b, )n<w in B such that
@(am,by) =1 <= m < n.

Definition 1.2.1. A function ¢: Ax B — {0, 1} is unstable if either ¢ or = = 1 — ¢ has the
order property, and stable otherwise. A formula ¢(z,y) is stable on M if the corresponding
function on M=l x MW is stable.
Remark 1.2.2. A formula ¢p(x,y) is stable in the sense of Definition 1.1.4 if and only if ¢
is stable on every model of T'. Indeed, if ¢ has the order property, then by compactness (see
Remark 1.1.5) some model contains an infinite ladder, so the formula ¢ is unstable on that
model. Conversely, if ¢ or ¢ has the order property on some model M of T', then the model
M contains n-ladders for ¢ for every n: directly in the first case, and by Remark 1.1.5 in the
second, since =@ (am,by) <= m < n means ©(am,b,) <= m > n.

To state the analytic form of stability, we use limits along ultrafilters. For a family (a;);ecs
in a topological space X, a point ¢ € X, and an ultrafilter U on I, we write
(1.1) 11'1711? a; =a
if a is a limit of (a;) along U. We use freely the standard facts about such limits: limits along
ultrafilters are unique in Hausdorff spaces, always exist in compact spaces, describe closures,
and are preserved by continuous maps.

Along an infinite ladder, the two iterated limits of ¢ along a nonprincipal ultrafilter on
w already differ: for fixed m the values @(ay,,by,) are eventually 1, and for fixed n the values
©(am, by) are eventually 0, so one iterated limit is 1 and the other is 0. This is the phenomenon
that the analytic form of stability forbids. Ultrafilters on arbitrary index sets are convenient,
but ladders are indexed by w. The next proposition, which we use several times, bridges the
gap: from iterated limits taken along arbitrary families it extracts sequences on which the
two iterated limits are already visible, one above the diagonal and the other below.
Proposition 1.2.3. Let ¢: A x B — [0,1] be a function, let (a;)icr be a family in A and
(bj)jes a family in B, and let U, V be ultrafilters on I, J with

lim lime(ei b)) =a,  lim limep(ai,b;) = 5.

Then there are ig,11,... € I and jo, j1,... € J such that
lp(ai,, bj,) —al <22™ ifm < n, lp(ai,,, b)) — Bl <2™ ifn < m.
Proof. By definition of the limits, for every ¢ > 0 there are U, € U and V. € V such that
iel, = |lji71f\171g0(ai,bj) - oz} <e,

jev. = |lg7rélg0(ai,bj) - 5‘ <e.
Moreover, for all i € I, j € J and & > 0 there are V! € V and Ugj € U such that
JeVE = olasby) —limep(ai bj)| <e,
icU! = ’ap(ai,bj) - lii,Il? go(ai,bj)’ <e.
Choose recursively

in €Upn N (Y UEy,  jn€Vann () Vit
k<N k<N
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These sets are finite intersections of members of an ultrafilter, hence nonempty. If m < n, then
we have j, € V,™, and iy, € Uy—m, so we have |¢(ai,,, bj,)—a < 27"+27™ <217 Ifn < m,
then we have i,, € UJ",, and j, € Vo-n, so we have |¢(a;,,,bj,) =] < 2774277 <2177 ©

Figure 1.2 shows the array produced by Proposition 1.2.3.

bjo bjy bjs bjz bjy bjs

Qi

ai, m < n: within 2= of a

047;2

aiS

Ay . . o .
n < m: within 21" of 3

Qg

FIGURE 1.2. The array ¢(a;,,,b;,) of Proposition 1.2.3. Above the diagonal
the values approach «, below it they approach §, and the deepening shades
show the tolerances 2!~ and 2'~" shrinking. Nothing is claimed on the
diagonal. When « # ( the array is a ladder in the limit: compare the staircase
of Figure 1.1.

With Proposition 1.2.3 in hand, we can show that for {0, 1}-valued functions the order
property is exactly the failure of limit exchange.
Proposition 1.2.4. Let p: A x B — {0,1} be a function. The following are equivalent:

(1) The function ¢ is stable.
(2) For all sequences (ap,) in A and (by) in B and all ultrafilters U,V on N, we have

Jimy g{gw(am,bn) = lim %w(am,bn).
Proof. (2) = (1). Suppose that ¢ is unstable. If ¢ has the order property, there are
sequences (a,) in A and (b,) in B with ¢(am,b,) =1 <= m < n. Let U =V be a
nonprincipal ultrafilter on N. For fixed m we have ¢(ay,,b,) = 1 for all n > m, so the
left-hand side of (2) is 1. For fixed n we have ¢(a,b,) = 0 for all m > n, so the right-hand
side is 0. If instead —p has the order property, the two sides are 0 and 1.
(1) = (2). Suppose that (2) fails: for some sequences (a,,), (b,) and ultrafilters U,
V, the two iterated limits are o # (. Since ¢ is {0, 1}-valued, both limits lie in {0,1}. By
Proposition 1.2.3 there are sequences (a’,,) in A and (b)) in B with |¢(al,,b],) —a| < 21=™ for
m < n and |¢(al,,b,) — B < 217" for n < m. Since ¢ is {0, 1}-valued, we have ¢(a’,, b)) =

for 2 < m < n and ¢(a,,b;,) = B for 2 < n < m. Put ¢, = ab,, 5 and d, = by, 3. Since

2m+2 < 2n+3 < m < n, we get (cm,d,) = a if m < n and p(cm,d,) = B if m > n.
Thus the function ¢ has the order property if & = 1, and the function —p doesif « =0. ©

Condition (2) of Proposition 1.2.4 makes sense for every bounded real-valued function,
and we take this condition as the definition of stability in the real-valued setting.
Definition 1.2.5. A bounded function ¢: A x B — R is stable if, for all sequences (a,,) in
A and (by,) in B and all ultrafilters U,V on N, we have

lim lim ¢(am,by) = lim lim @(ay,, by).

m,U n,V n,V m,U



1.2. THE REAL-VALUED CASE 17

By Proposition 1.2.4, the new definition agrees with Definition 1.2.1 for {0,1}-valued
functions, and by Proposition 1.2.3, the sequences in Definition 1.2.5 may be replaced by
arbitrary families, as the next corollary records. For a bounded set of continuous functions
on a compact space, the same condition is the hypothesis of Grothendieck’s double limit
criterion (see Appendix A).

Corollary 1.2.6. If ¢: A x B — [0,1] is stable, then we have lim;ylim;vy ¢(a;, b;) =
limy v lim; o p(as, by) for all families (a;)icr, (bj)jes and all ultrafilters U on I, V on J.

Proof. If the two limits are « # f3, take (i,,), (jn) as in Proposition 1.2.3 and a nonprincipal
ultrafilter W on N. For fixed m, the limit lim, 1y ¢(a;,,, bj,) is within 217 of a, so we have
limy,,, w lim,, w ¢(a;,, bj,) = a. Symmetrically, the other iterated limit is 3, which contradicts
the stability of ¢. ©)

The proof of Corollary 1.2.6 used a single nonprincipal ultrafilter W on N, in both coordi-
nates, and this is no accident. For ultrafilters U on I and V on J, let U® V be the ultrafilter
on I x J consisting of the sets X with {i : {j : (,j) € X} € V} € U. For every bounded
f: I xJ — R we have lim; ;) ygv f(i,5) = lim;y lim;y f(7, j), so the two iterated limits of
Definition 1.2.5 are the limits of ¢(ay,,b,) along U ® V and along the transpose of V & U.
These two ultrafilters can differ, because the tensor product of ultrafilters is not commuta-
tive, and the simplest witness already lives on N x N: if W is a nonprincipal ultrafilter on
N, then the upper triangle {(m,n) : m < n} belongs to W ® W, because each of its rows is
cofinite, while the lower triangle {(m,n) : m > n} does not, because each of its rows is finite.
A ladder is exactly a pair of sequences along which ¢ is the indicator function of the closed
upper triangle {(m,n) : m < n}. Thus the order property says that ¢ can tell W® W from
its own transpose, and the proofs of Proposition 1.2.4 and Corollary 1.2.6 show the following:
a bounded function ¢ is stable if and only if, for one (equivalently, for every) nonprincipal
ultrafilter W on N and all sequences (a,,) and (b,), we have

lim lim p(am,by) = im lim @(am, by).

m7W n7W 'I’L,W m,W

Stable functions are blind to the noncommutativity of the tensor square of a single ultrafilter.

1.2.2 Stability and continuous extendability

Exchanging iterated limits is a statement about continuity in disguise. In Proposi-

tion 1.2.8 below we show that a function ¢: A x B — [0,1] is stable exactly when the
function extends to a separately continuous function on pairs of types. The types in question
live in compact spaces built from A and B.
Definition 1.2.7. Let ¢: A x B — [0,1] be a function. For a € A, the left o-type of a is
the function ltp,(a): y — ¢(a,y) on B. For b € B, the right p-type of b is the function
1tp,(b): = ¢(x,b) on A. The space of left p-types LS(ip) is the closure of {ltp,(a) : a € A}
in [0,1]” with the product topology, and the space of right p-types RS(ip) is the closure of
{rtp,(b) : b € B} in [0, 1]4.

By Tychonoff’s theorem, the spaces [0, 1] and [0, 1]7 are compact, and so are their closed
subspaces RS(yp) and LS(p). Both spaces are quotients of Stone-Cech compactifications.
The map a ~ ltp,(a) from the discrete space A into the compact space [0, 1]8 extends to
a continuous map BA — [0,1]2, namely U + lim, y Itp,(a), whose image is compact and
contains the realized types, and is therefore LS(p). Thus every left p-type is the limit of the
realized types along an ultrafilter on A, the principal ultrafilters give the realized types, and
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the space LS(y) is a continuous image of 5A; likewise the space RS(¢) is a continuous image
of 8B.
Proposition 1.2.8. For ¢: A x B — [0,1], the following are equivalent:

(1) The function ¢ is stable.
(2) There is a separately continuous function ¢: LS(p) x RS(p) — [0,1] such that

@(ltp,(a), rtp, (b)) = ¢(a,b) for all (a,b) € A x B.

Proof. (1) = (2). Let p € LS(p) and ¢ € RS(g) be given. There are families (a;)icr in A,
(bj)jes in B and ultrafilters U on I, V on J with

p= 11,1711{1 Itp,(ai), q= 1]11\171 rtpy, (b5)-

By Corollary 1.2.6, we have lim; y lim; v ¢(a;, b;) = lim; v lim; 1 ¢(a;, b;). Define ¢(p, q) to be
this common value. Since limits in the product topology are computed coordinatewise, this
common value satisfies
(1.2) ¢(p, q) = lim g(a;) = lim p(b;).
i, U 7,V

The map ¢ is well defined. Suppose also that p = lim, y ltp,(a;) and ¢ = lim; v rtpw(b;-).
Then we have lim;y ¢(z,b;) = q(x) = lim; vy p(x,b}) for every z € A, and lim;y p(a;, y) =
p(y) = lim; v ¢(al, y) for every y € B. Hence, using Corollary 1.2.6 for the middle step, we
have

lim lim (as, bj) = limlim o(a;, b) = limlim o (ai, ) = lim lim o (aj, b5).

The map ¢ extends . Take constant families.

The map ¢ is separately continuous. Fix p, and let ¢ = limg w q; in RS(¢), where W
is an ultrafilter on a set K. Write ¢ = lim;y, rtpw(bk,j) with j ranging over a set J.
On J' = {(k,j) : k € K, j € Jg} let V' be the ultrafilter of all X C J" with {k : {j :
(k,j) € X} € Vi} € W. For every family (25 ;) in a compact Hausdorff space we have
limy, 4y v 2k = limgwlimyy, 2k 5. It follows that ¢ = limy j) v rtp,, (b ;), and by (1.2), we
have

; = 1 be ;) = lim lim p(by_;) = lim ¢ .
¢(p,q) (k73$v,p( k) k{%ﬁ\r};p( k.j) kl,rgvlw(p,qk)

Thus the function ¢(p, ) is continuous. Continuity of ¢(-, q) is proved symmetrically.
(2) = (1). Let (am), (bn) be sequences in A, B, let U,V be ultrafilters on N, and put
p = limy, 3 1tp,, (@) and ¢ = lim,, y rtp,,(b,). Then the pair (p, ¢) lies in LS(¢p) x RS(¢), and
by separate continuity
lim lim p(am,, b,) = irﬁ@(ltpw(am),q) = ¢(p,q) = lim lim p(a,, by,). ©)

m,U n,V m, n,V m,U

1.2.3  Stability and reflexivity

The pairing between a reflexive Banach space and its dual, restricted to the product of
the two unit balls with their weak topologies, is a separately continuous function on a product
of compact spaces. In Theorem 1.2.9 below we state Iovino’s theorem that this example is
universal: the stable functions are exactly the restrictions of the pairing between the unit
balls of a reflexive Banach space F and of E*.

For a Banach space E with dual E*, we write Bp for the closed unit ball of E and (z,y)
for y(z), where x € E and y € E*. Recall that E is reflexive if the canonical embedding of
FE into E** is surjective.



1.2. THE REAL-VALUED CASE 19

Theorem 1.2.9 (Iovino). For p: A x B — [0,1], the following are equivalent:
(1) The function ¢ is stable.

(2) There are a reflexive Banach space E and maps u: A — Bg and v: B — B~ such that

e(@,y) = (u(x),v(y))  forall (z,y) € Ax B.

Proof. See [Iov99, Theorem 3.3]. For (1) = (2), stability is used to show that the operator
T: (*(A)* — (>°(B) given by Tu(y) = [(z,y)du(z) is weakly compact; this step goes
back to Krivine and Maurey [KM&81] and Raynaud [Ray83]. The theorem of Davis, Figiel,
Johnson and Pelczyriski [DFJ-+74] then factors T' through a reflexive space. The implication
(2) = (1) follows from the weak compactness of By and the weak* compactness of Bg«. @

Read back into model theory, the theorem says the following: by Remark 1.2.2 and
Proposition 1.2.4, a formula ¢(x,y) is stable in the sense of Definition 1.1.4 if and only if, in
every model M of T', the function ¢ on M is the restriction of the pairing map Bg x Bgx — R
for some reflexive Banach space E (depending on M), composed with maps M 2l s Bp and
MW — Bg..

1.2.4  Stability and polynomial approrimation

By Theorem 1.1.6, if ¢ does not have the order property, every -type over a model of T

is defined by a Boolean combination of instances ¢(a,y). On {0,1} the Boolean connectives
are polynomials, namely =t =1 — ¢ and t A s = ts. The real-valued analogue of a definition
is therefore a uniform limit of polynomials in instances of ¢, and in Theorem 1.2.11 below
we use the Stone—Weierstrass theorem to show that stability is exactly what is needed for
such approximations to exist. Continuous logic treats definability in the same way, and Ben
Yaacov used polynomial approximation to derive definability of types from Grothendieck’s
double limit criterion (see the historical remarks at the end of this chapter, and Appendix A).
We use the Stone—Weierstrass theorem in the following form.
Fact 1.2.10 (Stone—Weierstrass). Let K be a compact Hausdorff space and let F C C(K)
be a family of continuous real-valued functions that separates the points of K. Then every
f € C(K) is a uniform limit on K of functions of the form P(g1,...,gr), where gi,...,gx € F
and P is a real polynomial in k variables.

To apply the Stone—Weierstrass theorem we need continuous functions on the type spaces
that separate points, and the instances of ¢ supply them. Fix ¢: A x B — [0,1]. For
a € A, let eq: RS(p) — [0,1] be the evaluation map e,(q) = ¢(a), and for b € B, let
ep: LS(¢) — [0,1] be eyp(p) = p(b). These maps are continuous, because RS(p) and LS(yp)
carry the product topology, and on realized types they are instances of ¢, since ea(rtpw(b)) =
¢(a,b) = ep(ltp,(a)). The family {e, : a € A} separates the points of RS(y), since two
distinct functions ¢ # ¢’ in [0, 1] differ at some a € A, and likewise the family {e; : b € B}
separates the points of LS(yp).

Theorem 1.2.11. For ¢: A x B — [0, 1], the following are equivalent:

(1) The function ¢ is stable.
(2) There is a function ¢: LS(¢) x RS(p) — [0,1] with p(Itp,(a), 1tp, (b)) = ¢(a,b) for all
(a,b) € A x B, such that for every e > 0:
(a) for every p € LS(p) there are ay,...,ar € A and a real polynomial P with

|¢(p.q) — P(qla1),....qlax))| <e  for all g € RS(p);
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(b) for every q € RS(p) there are by, ...,by € B and a real polynomial Q with
[6(p,0) = Q(p(b1), -, p(b1))| < for all p € LS(p).

Proof. (1) = (2). Let ¢ be the separately continuous function given by Proposition 1.2.8.
For fixed p, the function ¢(p,-) is continuous on the compact Hausdorff space RS(¢). Ap-
plying Fact 1.2.10 with F = {e, : a € A} gives (a). Clause (b) follows in the same way, using
the continuity of ¢(-,q) on LS(¢) and F = {ep : b € B}.

(2) = (1). Each function ¢ — P(g(a1),...,q(ax)) is continuous on RS(y). By (a), the
function ¢(p,-) is a uniform limit of such functions, hence continuous. By (b), the function
(-, q) is continuous for the same reason. Hence the function ¢ is separately continuous, and
the function ¢ is stable by Proposition 1.2.8. €}

Evaluated at realized right types, clause (a) says that left types are approximated by
polynomials in instances. Suppose that ¢ is stable, and let ¢ be the separately contin-
uous extension given by Proposition 1.2.8, as in the proof of (1) = (2). Then we have
P(p,1tpy, (b)) = p(b) for p € LS(p) and b € B: if p = lim;y(ltp,,(a;), continuity in the first
variable gives p(p, rtp,, (b)) = lim;y ¢(a;,b) = p(b). Taking g = rtp,,(b) in (a) therefore gives

}p(b) —P(<P(a1,b),...,cp(ak,b))‘ <eg for all b € B.

Thus every left ¢-type is a uniform limit on B of polynomials in instances ¢(a,y) with a € A,
and symmetrically for right types.

The approximation in Theorem 1.2.11 is required on all of RS(¢p) (respectively LS(yp)),
not only at realized types, and this requirement cannot be weakened: the next example shows
that approximation on B alone does not imply stability, since there every type is trivially
approximable on B and yet the function has the order property.

Example 1.2.12. Let A = B = N, and define ¢(m,n) =1 if m < n and p(m,n) =0
otherwise. Then the function ¢ has the order property and is therefore unstable. Here
the left type ltp,(m) is the indicator function of [m, o), and the space RS(y) consists
of the indicator functions of the intervals [0, n] together with the constant function 1.
Similarly, the space LS(¢) consists of the functions ltp,,(m) together with the constant
function 0. Thus every p € LS(p), viewed as a function on B, is either an instance
©(m,-) or the constant 0, which is trivially a polynomial in instances. Symmetrically,
every q € RS(yp) is an instance or the constant 1. The failure appears at the unrealized
pair (0,1). If ¢ were separately continuous and extended ¢ as in Theorem 1.2.11, then
we would have $(0,1tp,(n)) = 0(n) = 0 for all n, and since rtp,,(n) — 1, we would get
$(0,1) = 0. On the other hand, we would also have ¢(ltp,,(m),1) = 1(m) = 1 for all
m, and since Itp,,(m) — 0, we would get ¢(0,1) = 1.

We now return to formulas, whose left types are their p-types in another guise. Let M
be a model of T', and identify each p € S, (M) with the characteristic function of D, on M Iyl
With this identification we have LS(¢) = S,(M). Indeed, for a € M the left type ltp,(a) is
tp,(a/M), and by Lemma 1.1.2, every p € S,(M) agrees on each finite set of parameters with
some realized type, so the type p is a pointwise limit of realized types. Conversely, a pointwise
limit of realized types determines a set of p-formulas over M that is finitely satisfiable in M,
hence consistent with the elementary diagram of M, and so a complete p-type.

In this two-valued setting, the quotient map SM*l — Sy (M) is transparent. Recall from
Section 1.1 that S, (M) is the Stone space of the Boolean algebra B, (M) generated by the
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sets ¢(M,b) with b € MWW An ultrafilter U on M?! goes to its trace on B, (M), that is, to
the type containing ¢(x,b) exactly when ¢(M,b) € U. The realized types are the traces of
principal ultrafilters, and Lemma 1.1.2 says that every type is the trace of some ultrafilter.
For {0, 1}-valued types, an approximation within é can be rounded, and polynomials in
instances become Boolean combinations of instances.
Corollary 1.2.13. Let M be an L-structure and let p(z,y) be a formula that is stable on
M. Then every p € LS(p) is defined by a Boolean combination of instances: there are
ai,...,ax € Ml and a Boolean combination ¢(y) of ¢(a1,y),...,¢lak,y) such that, for all

be MW we have
p(b) =1 < M [ u(b).

Proof. Apply Theorem 1.2.11 with & = % to get ai,...,ar and P. Both p(b) and ¢(a;,b)
lie in {0, 1}, so we have p(b) = 1 if and only if the tuple ¢t = (p(a1,b),...,¢(ak, b)) belongs
to S = {t € {0,1}* : P(t) > 3}. Take ¢(y) = V,eg Nick ©(ai,y)" (recall that ¢! = ¢ and

o <
¢ = ). ©

Since a formula without the order property is stable on every model of T (see Re-
mark 1.2.2), Corollary 1.2.13 already gives (1) = (3) of Theorem 1.1.6, by analytic means.
The price is positivity: the definitions obtained this way are Boolean combinations of in-
stances rather than positive ones, and their size depends on p.

Remark 1.2.14(1) Lattice version. The lattice form of the Stone-Weierstrass theorem re-
places polynomials by the operations max, min and affine maps. Continuous logic uses
this form to show that a small set of connectives generates all continuous connectives up
to uniform approximation [BU10, Proposition 1.4].

(2) Convex combinations. Stability gives more than a polynomial approximation. In Propo-
sition A.1.7 below we show, using Grothendieck’s criterion, that stability of ¢ implies
that {e, : @ € A} is relatively weakly compact in C(RS(¢)). In that case the equal-
ity p = lim;y1tp,(a;) implies that ¢(p,-) is the weak limit of the functions e,, along U.
Mazur’s lemma then shows that ¢(p, -) is a uniform limit of convex combinations i A €a; -
Thus the left type p is a uniform limit on B of averages of instances ¢(a,y). Ben Yaa-
cov [Benl14] uses this convex approximation to recover the familiar forms of the defining
formulas.

1.3 EXERCISES

The exercises follow the sections of the chapter. Throughout, the letter # denotes the
damped ladder, the function #: N x N — [0,1] given by 6(m,n) = 27™ 1 if m < n and
O(m,n) = 0 if m > n. The mark (%) indicates the exercises that ask for more than a direct
application of the text.

1. (Section 1.1.) Let M be an infinite model of a theory T, and let ¢(z,y) be the formula
x =y, where z and y are single variables. Show that, for every p € S, (M), the set D,
is either a singleton {a} with a € M or empty, and that each of these sets is D, for
exactly one p € S,(M). For each type, find a ¢-definition that is a positive Boolean
combination of instances of ¢ (see Definition 1.1.3). Let po be the type with D, = 0.
Show that p is the only point of S,(M) that is not isolated, so that the space S, (M) is
the one-point compactification of the discrete space M. What changes when M is finite?
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Next, let Tr be the theory of an equivalence relation E with infinitely many classes, all
of them infinite, let M be a model of Ty, and let ¢(x,y) be the formula zFy. Show that,
for every p € S,(M), the set D), is either an E-class of M or empty, that every E-class
of M and the empty set occur in this way, and that the space S, (M) is the one-point
compactification of the discrete set of E-classes of M. (Hint: if b and o’ belong to D,
then the formula xEb A xEb is consistent with the elementary diagram of M, and that
diagram contains transitivity. A set of p-formulas over M that is finitely satisfiable in
M is consistent with the elementary diagram of M, by compactness.)

. (Section 1.1.) Let K be a finite field, and let T" be the theory of infinite vector spaces

over K, in the language with +, —, 0 and a unary function symbol for multiplication by
each A € K. Let n > 1 be given, and let ¢(x1,...,2,;y) be the formula

\/ y:)\lx1+"'+)\nxna
()‘17--~7>\n)€Kn

which says that y lies in the span of 1, ..., x,. The object variables are x = (x1,...,zy),
and the parameter variable is y. Let M be a model of T'. Show that, for every p € S, (M),
the set D), is a subspace of M of dimension at most n. Show that every subspace of M
of dimension at most n is D), for some type p realized in M, and that every p € S,(M) is
defined by a single instance ¢(d,y) with d € M™. Conclude that every complete p-type
over M is realized in M. Let N = M be given, and let ¢ € N™ be a tuple whose span
meets M only in 0. Show that the tuples ¢ and (0,...,0) have the same ¢-type over
M, and that they have different complete types over M when ¢ # (0,...,0). (Hint: if
c € N"™ realizes p, then D, = M Nspan(c).)

3. (Section 1.1.) Work in (Q, <), with ¢(x,y) the formula = < y.

(a) Show that, for every p € S,(Q), the set D, is a final segment of Q, that is, if b € D,
and b < b/, then / € D,. Show that every final segment of Q is D,, for exactly one

pe Sgo(@)‘

(b) Show that the final segments of Q are (), Q, the sets {b: b > ¢} and {b: b > ¢} with
q € Q, and the sets {b : b > r} with r irrational. Conclude that the set S,(Q) has
cardinality 280,

(c) Let A C Q be finite. Show that every subset of Q definable in (Q, <) with parameters
from A is a union of singletons {a} with a € A and of open intervals whose endpoints
are consecutive elements of AU {—o0,+oo}. (Hint: such a set is invariant under the
automorphisms of (Q, <) that fix A pointwise. If ¢ and d lie in the same such interval,
a piecewise linear automorphism fixing A pointwise maps ¢ to d.)

(d) Deduce that the types p with D, equal to 0, Q, {b: b > g} or {b: b > ¢} are definable,
and give their definitions. Deduce also that the types with D, = {b: b > r} and r
irrational are not definable.

(e) Let ¢ € Q be given. Show that the type p with D, = {b: b > ¢} has no ¢-definition
that is a positive Boolean combination of instances ¢(a,y) with a € Q. (Hint: compute
the set defined by V,_,, Aew. @ < ¥.)

(f) Show directly that ¢ has the order property, with a; =i and b; = j+ % Explain why
(d), (e) and (f) agree with Theorem 1.1.6.
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4. (%) (Section 1.1.) Show that no structure contains a 2-ladder for the formula z = v,
and that no model of Tr (see Exercise 1) contains a 2-ladder for the formula zFEy.
Compare with Exercise 1 and Theorem 1.1.6. Next, in the setting of Exercise 2, show
that every model of T' contains an (n + 1)-ladder for ¢ and that no model of T' contains
an (n + 2)-ladder for ¢. (Hint: given an m-ladder aq,...,am, b1,...,bn, let V; be the
span of the entries of a;, and put W; = Vi N ---NV;. Show that Wj; is a proper
subspace of W; for j < m. For the (n+ 1)-ladder, let e1, ..., e, be linearly independent,
let a; = (€;,...,€n,0,...,0) for i < n, and let ap41 = (0,...,0), b; = ¢e; for j < n and
bn+1 == O)

5. (Section 1.1.) Let ¢°P be the formula ¢(x,y) read with y as the tuple of object variables
and x as the tuple of parameter variables. Thus an n-ladder for ¢°P consists of tuples
Ci,...,cy of the length of y and dy,...,d, of the length of x such that ¢(d;, ¢;) holds
if and only if ¢ < j. Show that the following are equivalent: the formula ¢ has the
order property; the formula —¢ has the order property; the formula ¢°P has the order
property. (Hint: for =, use Remark 1.1.5. For ¢°P, reverse the indices of an n-ladder for
¢.) Conclude from Exercise 3 that, in (Q, <), the formula < y has the order property.

6. (Section 1.1.) Assume that ¢ is stable, and let M be a model of T'. Show that [S,(M)| <
|M| 4+ Xg. (Hint: by Theorem 1.1.6, each p € S,(M) has a definition that is a positive
Boolean combination of instances of ¢ over M. Such a combination is determined by a
finite set of finite subsets of M*l, and the set D), determines p.) Deduce from Exercise 3
a second proof that the formula x < y has the order property in the theory of (Q, <).
Compare with Exercise 1, where the number of p-types over M is one more than the
number of F-classes of M.

7. (Subsection 1.2.1.) Let U be a nonprincipal ultrafilter on N.
(a) Let ¢: Nx N — {0,1} be given by p(m,n) =1 if m < n and ¢(m,n) = 0 otherwise.
Compute lim,, 1 limy, y ¢p(m, n) and limy, 3 lim,, 1 ¢(m,n). Find sequences (a,,) and
(bp) in N with ¢(am, b,) =1 if and only if m < n.

(b) Let ¢: A x B — R be a bounded function, let (a,,) and (b,) be sequences in A and
B, and let V and W be ultrafilters on N. Show that, if V or ‘W is principal, then
the two iterated limits lim,, y lim,, w ¢(a@m, by) and lim,, y lim,, v @(am, b,) are equal.
Thus only pairs of nonprincipal ultrafilters can witness instability.

(c) Show that the function (x,y) — zy on [0, 1] x [0, 1] is stable. (Hint: given sequences
(am) and (by) in [0, 1] and ultrafilters V and W on N, compute both iterated limits in
terms of limy, vy ay, and limy, v by,.)

(d) Let d:[0,1] x[0,1] — {0,1} be given by d(z,y) = 1 if x = y and §(z,y) = 0 otherwise.
Show that ¢ is stable, although no function §(, y) is continuous on [0, 1]. (Hint: regard
[0, 1] as a model of the theory of infinite sets in the empty language, and use Exercise 4
and Remark 1.2.2.)

8. (Subsection 1.2.1.)

(a) Let ¢,7: Ax B — R be bounded stable functions, and let ¢ € R be given. Show that
the functions ¢+, cp and i are stable, and that every constant function is stable.
(Hint: limits along an ultrafilter commute with sums and products of bounded real
sequences.)
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(b) Let (¢k)r<w be a sequence of stable functions that converges uniformly on A x B to
a function . Show that ¢ is stable.

(c) Let ¢ be a stable function with values in an interval [c,d], and let g: [c,d] — R be
continuous. Show that g o ¢ is stable. (Hint: apply Fact 1.2.10 with K = [¢,d] and F
consisting of the identity.)

(d) Let p(z,y) and ¢(x,y) be stable formulas. Show that =, ¢ A and ¢ V1) are stable,
and hence that every Boolean combination of ¢ and v is stable. (Hint: on a model of
T, the function of ¢ A ¢ is the product of the functions of ¢ and 1, and the function
of = is 1 — ¢. Use Proposition 1.2.4 and Remark 1.2.2.) Explain how to treat a
formula ¢ (z, z) whose parameter variables differ from those of .

(x) (Subsection 1.2.1.) Let ¢: A x B — R be a bounded function. Show that ¢ is
unstable if and only if there are sequences (a,,) in A and (b,) in B and real numbers
r # s such that, with 6 = |r — s|/3, we have |¢(am, by) — 7| < 6 whenever m < n and
|o(am,bn) — s| < § whenever m > n. (Hint: for the forward direction, rescale ¢ to
take values in [0, 1], apply Proposition 1.2.3, and pass to subsequences as in the proof of
Proposition 1.2.4.) Check that, for {0, 1}-valued functions, the condition says that ¢ or
- has the order property. Next, show that the damped ladder satisfies 8(m,n) > 0 if
and only if m < n, and that both iterated limits of (m, n) along a nonprincipal ultrafilter
on N are 0. Thus, in the real-valued case, a ladder witnesses instability only when its
values are separated by a margin. (The function 6 is in fact stable; see Exercises 10
and 13.)

(Subsection 1.2.2.) Let K and L be compact Hausdorff spaces, and let f: K x L — R be
a bounded function that is separately continuous. Show that f is stable, as a function
on the sets K and L. (Hint: given sequences (ay,) in K and (b,) in L and ultrafilters
U and V on N, put a = lim,, y( ap, and b = lim,, y b,,, and show that both iterated limits
equal f(a,b).) Apply this to the following functions.

(a) The function f on [0, 1] x [0, 1] given by f(x,y) = 2zy/(x* +4?) for (z,y) # (0,0) and
f£(0,0) = 0. Show that f is stable and takes values in [0, 1], but is not continuous at
(0,0).

(b) The damped ladder 6. Let N U {oo} be the one-point compactification of N, and put
O(m,o00) = 271 f(co,n) = 0 and (oo, 00) = 0. Show that the extended function
is separately continuous, and conclude that 6 is stable.

The function d of Exercise 7(d) is stable, but it is not separately continuous on [0, 1] %[0, 1]
with the usual topology. Explain why this does not contradict Proposition 1.2.8.

(Subsection 1.2.2.) Let A be an infinite set, and let p: A x A — {0,1} be given by
o(a,b) =1if a = b and ¢(a,b) = 0 otherwise. This function is stable by the argument
of Exercise 7(d). For a € A, let 1, be the indicator function of {a}.

(a) Show that LS(p) consists of the functions 1, with a € A together with the constant
function 0, that each point 1, is isolated in LS(y), and that every neighborhood of 0
contains all but finitely many of the points 1,. Show that the same holds for RS(y).
Compare LS(¢p) with the space S, (M) of Exercise 1.

(b) Let ¢ be the function given by Proposition 1.2.8. Using (1.2), show that ¢(p,q) =1
if p=gq =1, for some a € A, and $(p,q) = 0 otherwise.
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(c) Show that the function ¢ is not continuous at (0, 0) as a function on LS(¢) x RS(¢p).
(Hint: take the limit of the pairs (1,,1,) along a nonprincipal ultrafilter on A.) Thus
the extension in Proposition 1.2.8 is separately continuous, and in general no more.

12. (Subsection 1.2.3.) The spaces in this exercise are real, and e denotes the k-th unit
vector.
(a) Show that the function (x,y) — (z,y) on By X By is stable. (Hint: the ball B2
is compact and Hausdorff in the weak topology, and the inner product is separately
continuous for it. Use Exercise 10.)

(b) Put y, = (n 4 1)~1/2 > k<n €k Show that y, € By, that (em,yn) > 0 if and only if
m < n, and that both iterated limits of (e, y,) along a nonprincipal ultrafilter on N
are 0. Compare with Exercise 9.

(c) In ¢!, whose dual is £>°, put f, = Zkgn er € Byo. Let A = {e;, : m < w} and
B = {fn : n < w}. Show that the pairing restricted to A x B takes values in {0,1}
and has the order property. Deduce from Theorem 1.2.9 that ¢ is not reflexive.

(d) In co, whose dual is £}, put s, = Y k<m €k € Bey. Compute both iterated limits of
(Sm, €n) along a nonprincipal ultrafilter on N, and deduce that ¢y is not reflexive.

13. (Subsection 1.2.5.) For each of the following functions ¢: A x B — [0, 1], find a reflexive
Banach space X and maps u: A — Bx and v: B — By~ with ¢(z,y) = (u(x),v(y)), as
in Theorem 1.2.9 (see condition (2) there, where the space is called E).

(a) The function of Exercise 11 on an infinite set A. (Hint: take X = ¢2(A).)

(b) The function of the formula xEy on a model M of Tx (see Exercise 1). (Hint: let C'
be the set of E-classes of M, take X = ¢2(C), and send each element of M to the unit
vector of its class.)

(c) The damped ladder ¢. (Hint: take X = ¢2, u(m) = e,, and v(n) = 3", ., 27" ey,
and check that ||v(n)|| < 1.) This gives a second proof that 6 is stable.

Let A: NxN — {0,1} be given by A(m,n) = 1 if m < n and A\(m,n) = 0 otherwise. Show

that the choice u(m) = e, and v(n) = Y .., ex in €2 gives A(m,n) = (u(m),v(n)), but

that v(n) leaves the unit ball. Explain, using Theorem 1.2.9, why there are no reflexive

space X and maps u and v into Bx and By~ (or, after rescaling, into any bounded

subsets of X and X*) with A(m,n) = (u(m),v(n)), and compare with Exercise 12(c).

14. (Subsection 1.2.J.) This exercise computes the types of the damped ladder 6, which is
stable by Exercise 10.

(a) Show that LS(6) consists of the functions ltpy(m) with m € N together with the
constant function 0. Show that RS(6) consists of the functions rtpg(n) with n € N
together with the function g, given by goo(m) = 271, and that g is not a realized
type.

(b) Let 6 be the function given by Proposition 1.2.8. Using (1.2), show that 6(1tpy(m), ¢) =
q(m), 6(0,q) = 0 and 0(p, rtpy(n)) = p(n) for all m, n, p and q.

(¢) Let k € N be given. Show that |0(p, gos) — p(k)| < 27572 for all p € LS(6). This is
clause (b) of Theorem 1.2.11 for ¢oo, with I = 1, by = k and Q(t) = t. Evaluated at
realized types, it says that |geo(m) — 0(m, k)| < 27572 for all m: the type qoo is the
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uniform limit of the instances 0(x, k) as k — oco. Compare ¢o with the norm limit of
the vectors v(n) of Exercise 13(c).

(d) Show that no exact definition exists: there are no by,...,b € N and no polynomial
Q with 0(p,qs0) = Q(p(b1),...,p(by)) for all p € LS(F). (Hint: evaluate at p =
ltpg(m) with m > max; b;.) Contrast this with Corollary 1.2.13, where rounding
turns approximate definitions of {0, 1}-valued types into exact ones.

1.4 HISTORICAL REMARKS

Z Section 1.1. Counting types begins with Morley’s proof of Lo$’s conjecture [Mor65]. Morley
introduced the totally transcendental theories, defined by a condition on the topology of
their type spaces. For countable theories he showed this condition to be equivalent to a
condition on the number of types: over a countable set there are only countably many.
This is the condition now called w-stability. The general notion followed. Setting out to
extend Morley’s categoricity theorem to uncountable theories, Rowbottom generalized w-
stability to A-stability: a theory is A-stable if there are at most A types over sets of size
A [Row64]. Shelah then called a theory stable when A-stable for some A, and began the
study of stable theories in general in [She69]. In [She71] he moved from theories to single
formulas, defining when a formula ¢(z;y) is stable in A: the formula ¢ has at most A ¢-
types over sets of size A [She71, Definition 2.1]. He also defined the order property [She71,
Definition 2.2] and proved that stability is equivalent to the absence of the order property.
The ladder formulation of Definition 1.1.4 is a finitary restatement of Shelah’s condition.
Definable types were introduced by Gaifman in his study of end extensions of models of
Peano arithmetic [Gai76], and Shelah arrived at them independently. The theorem that
@-types are definable when ¢ is stable is [She71, Theorem 3.1]; see also [She90, Chapter II].
It is often called the fundamental theorem of stability theory. Ben Yaacov [Ben14] observed
that the same result follows from Grothendieck’s 1952 work on weak compactness in function
spaces [Gro52] (see Appendix A below). This is the viewpoint of Section 1.2.

Z  Section 1.2.1. Interchanging iterated limits is an old theme. For double sequences of reals,
the classical sufficient condition is uniform convergence in one variable (the Moore—Osgood
theorem). The condition of Definition 1.2.5 requires the iterated limits to agree along all
pairs of sequences. This condition comes from functional analysis, and reached model theory
through Banach space geometry.

Namioka

N
Davis—Figiel-Johnson—Petczyniski
°

Simons
. . .
Grothendieck Ptak Simons Krivine-Maurey Tovino Khanaki
) o ® . ° e
Eberlein—Smulian Namioka Young; Pryce Koénig  Iovino Ben Yaacov Pillay
—> [ ] [ ] [ ] [ ] ) )
1940 1950 1960 1970 1980 1990 2000 2010 2020

1940-1947 Eberlein—Smulian. Smulian (1940) and Eberlein [Ebe47] (1947) prove
that in a Banach space weak compactness and weak sequential compactness
coincide, so that weak compactness can be tested along sequences.
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(1950-1952 ] Grothendieck. Grothendieck proves the double limit criterion, announced
. in [Gro50] and proved in [Gro52]. For compact K, a bounded set H C
C(K) is relatively weakly compact if and only if lim,, lim,, f,(zy,) = limy, limy, fn(zm)
for all sequences (f,) in H and (x,,) in K for which both iterated limits
exist. For an arbitrary topological space, the same condition decides when
pointwise limits of functions in H are continuous. See Appendix A.

e Namioka. Namioka proves a combinatorial “substitute for Lebesgue’s bounded
convergence theorem” [Nam61]. From this result he obtains, without mea-
sure theory, Krein’s theorem: in a Banach space, the closed convex hull of
a weakly compact set is weakly compact.

(1963-1964 . Ptak. Pték [Pta63] finds a purely combinatorial lemma about averages,
from which both the double limit criterion and Krein’s theorem follow.
In [Pt464] he uses an interchange of iterated limits to decide which bounded
functions on a product X XY, continuous in each variable separately, extend
to bilinear forms with the same kind of continuity.

e Simons. Simons [Sim68] introduces the Fubini characterization of the in-
terchange of double limits. A bounded function on a product satisfies the
iterated limit condition if and only if the two iterated integrals of the func-
tion agree, for every pair of measures on the factors. This characterization
plays an important role in the proof of the factorization theorem of Davis,
Figiel, Johnson and Pelczyiiski [DFJ-+74].

1971) ¢ Young; Pryce. N. J. Young [You71] gives topological proofs of Pték’s
double-limit theorems, based on Grothendieck’s work rather than combi-
natorics, and generalizes Ptdk’s bilinear extension theorem. Pryce [Pry71]
uses a trick of Whitley’s to simplify proofs about pointwise compact sets of
continuous functions.

1972) ¢ Simons. In three consecutive papers, Simons gives an elementary proof
of Ptédk’s lemma [Sim72c]|. He also proves an inequality about suprema
and upper limits, now known as Simons’ inequality [Sim72a], and relates
minimax theorems, which say when max min = min max, to James’s char-
acterization of reflexivity [Sim72b].

1974) ¢ Davis—Figiel-Johnson—Pelczynski. Davis, Figiel, Johnson and Pelczyriski [DFJ+74]
prove that every weakly compact operator factors through a reflexive Ba-
nach space. This is the key step in the proof of Theorem 1.2.9.

1974] ¢ Namioka. Namioka [Nam74| studies when separately continuous func-
tions on products are jointly continuous at many points. This is the ques-
tion behind Proposition 1.2.8.

1981 ¢ Krivine—-Maurey. Krivine and Maurey [KM81] apply the interchange of
limits to the norm: a Banach space is stable if lim,, lim, ||z, + yn| =
lim,, limy,, ||, + yn|| for all bounded sequences for which both limits exist.
They prove that every stable Banach space contains, for some p, copies of
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¢, that are as close to isometric as desired, which generalizes a theorem of
Aldous about subspaces of L.

1987 ¢ Konig. Konig [K6n87] studies the double limit relation in angelic spaces,
where compactness can be tested by sequences.

1994] ¢ Iovino. Iovino’s Ph.D. thesis [Iov94] introduces stability for real-valued
logic.

1999 o Iovino. Iovino [Iov99] observes that Shelah’s order property is the 2-valued
case of the same condition, and proves Theorem 1.2.9. Propositions 1.2.4
and 1.2.3 are taken from his paper.

2014] ¢ Ben Yaacov. Ben Yaacov [Benl4] derives the definability of types in
stable theories directly from Grothendieck’s criterion.

2017 o Pillay. Pillay [Pil17] comments on the model-theoretic reading of Grothendieck’s
criterion, and derives from the criterion the positive form of the definitions.

2020 ¢ Khanaki. Khanaki [Kha20] studies stability, NIP (see Chapter 4), and
related properties systematically, through topological properties of function
spaces.

Z Section 1.2.2. Spaces of left and right ¢-types (see Definition 1.2.7) are the analytic coun-
terpart of Shelah’s spaces of p-types. The use of types in Banach space theory, as limits of
functions y — ||z, + ¥y, is due to Krivine and Maurey [KM&81]. Proposition 1.2.8, which
characterizes stability by the existence of a separately continuous extension to pairs of types,
is Proposition 2.6 of Iovino [Iov99]. Separately continuous functions on products of compact
spaces, and their relation to iterated limits, are the subject of Grothendieck’s paper [Gro52].

Z Section 1.2.3. James [Jam64] characterized reflexivity by the absence of sequences (a,,) in
Bpg and (f,) in Bg- whose pairing takes one value for m < n and another for m > n. This is
a Banach-space form of the order property. In the early 1980s, Krivine and Maurey [KM81]
and Raynaud [Ray83] showed that stable functions give rise to weakly compact operators.
The factorization theorem of Davis, Figiel, Johnson and Pelczynski [DFJ+74] (1974) says
that every weakly compact operator factors through a reflexive space. Iovino [Iov99] com-
bined these results to prove Theorem 1.2.9: stable functions are exactly the pairings between
the unit balls of a reflexive space F and of E*.

Z  Section 1.2.4. Weierstrass proved in 1885 that every continuous function on a compact in-
terval is a uniform limit of polynomials [Wei85]. Stone replaced the interval by an arbitrary
compact Hausdorff space and the coordinate function by any family of functions that sepa-
rates points [Sto37, Sto48]. Ben Yaacov and Usvyatsov [BU10] used Stone’s theorem in
the foundations of continuous first-order logic, where it shows that finitely many connectives
suffice and that the definable predicates are exactly the continuous functions on type spaces.
Ben Yaacov [Benl4]| combined Grothendieck’s criterion with Mazur’s lemma [Maz33] (a
weakly convergent sequence has convex combinations converging in norm), and so obtained
the defining formulas of stable types as uniform limits of averages of instances; see Re-
mark 1.2.14.



Chapter 2

Stability, trees, and definability of types

This chapter proves the definability theorem, Theorem 1.1.6, which Chapter 1 stated
without proof. The argument passes through binary trees, and along the way we show that
a formula is stable exactly when it cannot encode tall trees. As in Section 1.1, we fix a
first-order theory 7T in a language L and an L-formula ¢(z,y) consistent with 7.

This chapter has a single purpose, to prove the definability theorem, and a single in-
strument, the binary tree. The reader may fairly ask why a theorem about formulas
that cannot order should be proved by means of trees. The answer is that orders and
definitions are hard to compare directly, whereas each is easily compared with trees: a
long ladder can be folded into a tall tree, and a tall tree has more branches than there
are definitions to describe them. Section 2.1 states the four equivalent conditions of
Theorem 2.1.3 and explains the order in which they are proved. Section 2.2 contains
the substantial argument: in the absence of the order property, the definition of a type
is found among positive Boolean combinations of instances of ¢, and the whole difficulty
lies in choosing finitely many parameters well. Sections 2.3 and 2.4 close the circle, by
turning ladders into trees and trees into types that no formula defines. Section 2.5 is
a topological epilogue. Over a countable model, a stable formula has countably many
types and an unstable one has a perfect set of them, so that the logician’s count and the
topologist’s shape agree. In the language of the subtitle: a definable type depends on
its parameters through a single formula, and a tree is the shape that dependence takes
when no single formula will do.

2.1 THE EQUIVALENCE PROVED IN THIS CHAPTER

Four conditions on ¢ turn out to coincide: instability, the order property, the presence

of tall binary trees, and the existence of a non-definable -type. The notions of ¢-type,
definable type, ladder, order property and stability come from Section 1.1; the newcomer, a
binary tree for ¢, needs a little notation for finite 0—1 sequences.
Notation 2.1.1. Recall that ¢! = ¢ and ¢©° = —p. For an ordinal p, we write 2<# for the
set of 0-1 sequences of length <p, and we write 25" = 2<" U 2", We write o C 7 if ¢ is an
initial segment of 7, o C 7 if moreover o # 7, |o| for the length of o, 0™ (u) for the extension
of o by one entry u, and n|k for the initial segment of length k of a sequence 7 of length >k.
Definition 2.1.2. A tree of height n for ¢ in a model M of T consists of families (b, : 0 €
2<™) and (ay : n € 2™) of tuples of M such that

o (u)En = M = ¢(ay, bs)".

29
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In other words, the leaf a,, satisfies p(x,b,) exactly when the branch 7 turns right (v = 1) at
the node 0. We say that ¢ encodes binary trees of arbitrarily large finite height if for every
n some model of T contains a tree of height n for ¢.

Figure 2.1 shows a tree of height 3. Each node b, splits the leaves above it into two
halves: the leaves on the right satisfy ¢(z,bs), and the leaves on the left satisfy —¢(x,b,).
The branch leading to a leaf a, is thus a record, node by node, of which of the formulas
o(x, by) the leaf satisfies, and a tree of height n realizes all 2" such records.

apo0 apo1 ag10 api1 a100 aio1 a110 aill
n n n n

o(x,boo) @ ® o(z,b01) ¢(z,b10) @ ® o(xz,b11)

AN

o(z,bo) @

®
W(wvbﬁ))

FIGURE 2.1. A tree of height 3 for ¢. Each round node is labeled by the
formula ¢(z,b,) given by its parameter b,, and the squares a, are the leaves.
An edge going up and to the right from the node p(x, b,) is labeled ¢ (purple),
and an edge going up and to the left is labeled —¢ (pink): every leaf above a
right edge out of that node satisfies p(x,by), and every leaf above a left edge
satisfies —¢(z, b, ). The edges into the leaves are not labeled, but their colors
follow the same rule. For example, the thick branch leading up to ai91 goes
right, left, right, so that M = ¢(ai01,bg) A ~¢(ai01,b1) A ¢(aior, bio). The
formula ¢ is not required to say anything about a, and b, when o is not an
initial segment of 7, such as a1p; and bg.

Like ladders, trees can be shortened. A tree of height n 4 1 restricts to one of height n:
keep the nodes b, with o € 2<", and for each 1 € 2" keep the leaf Ay~ (0)-
Theorem 2.1.3. Let p(x,y) be an L-formula. The following are equivalent:

1) The formula ¢ is unstable (see Definition 1.1.]).

2) The formula ¢ has the order property (see Definition 1.1.4).

(
(2)
(3) The formula ¢ encodes binary trees of arbitrarily large finite height.
(4)

4) Some p-type over some model of T is not definable (see Definitions 1.1.1 and 1.1.3).

The proof goes around a cycle of implications. The equivalence (1) < (2) is the definition
of stability (see Definition 1.1.4). In Section 2.3 we turn long ladders into tall trees, which
gives (2) = (3) (see Proposition 2.3.1). In Section 2.4 we use tall trees to produce more -
types than there are formulas to define them, which gives (3) = (4) (see Proposition 2.4.2).
The cycle closes with the definability theorem, which we prove first, in Section 2.2, and whose
contrapositive is (4) = (2) (see Theorem 2.2.1 and Corollary 2.2.2).
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Chapter 3 gives alternative proofs of two of these implications, each of which yields
information that the proofs in this chapter do not provide. Here the way from tall trees back
to the order property passes through non-definable types, and so requires counting types
over models of large cardinality. In Section 3.1 we prove (3) = (2) directly instead, by finite
combinatorics based on Ramsey’s theorem (see Proposition 3.1.5 and Corollary 3.1.6). This
direct proof stays inside a single model and is quantitative: a tree of height 2(2:) —1lina
model M already yields an n-ladder in M. In Section 3.2 the classical rank argument proves
(4) = (3), again in contrapositive form: Proposition 3.2.3 shows that the absence of tall trees
alone makes every p-type definable, without going through the order property, and gives the
definition explicitly in terms of a rank. Unlike the definitions of Section 2.2, however, these
definitions are not positive Boolean combinations of instances of ¢.

2.2 FROM THE ABSENCE OF THE ORDER PROPERTY TO TYPE DEFINABILITY

We begin with the implication of the definability theorem that carries the weight, (1) =
(2) of Theorem 1.1.6: if ¢ does not have the order property, then every o-type over a model
has a definition built from instances of ¢ using only A and V. The candidate definitions are
easy to write down, and the work lies in choosing the finitely many parameters that they use.

Let M be a model of T, let p € S,(M) be given, and recall that D, = {b € M : p(x,b) €
p}. For a finite set ' C M, we shall write

Wr={{a€F:M[Ep(ab)}: be Dy} and dpp(y) = \/ /\ o(a,y).
WeWr aeW

The family Wg consists of subsets of the finite set F', so the family is finite and the formula
dpy is a positive Boolean combination of instances of ¢ over M. In words, the formula
drp(y) says that, for some O € D, every a € F with M |= ¢(a,b’) also satisfies ¢(a,y).
Every parameter b € D, satisfies dpp, whatever F is (take b’ = b). The task is to choose
F' so that no parameter outside D,, satisfies drp, and this is where the absence of the order
property is used.

Theorem 2.2.1. Assume that ¢(x,y) does not have the order property, let M be a model
of T, and let p € S, (M) be given. Then there is a finite set F' C M such that dry is a
p-definition of p; that is, for all b € M we have (x,b) € p if and only if M = dpp(b).

Proof. For b € M we shall write Sy = {a € M : M = ¢(a,b)}. The only property of p we
use is that p is finitely satisfiable in M (see Lemma 1.1.2).

© Claim. There is a finite /' C M such that S, N F ¢ Sy for all b€ D, and ' € M \ D,,.
Granting the claim, we check that dpp defines p. Let b € M be given.

(a) If b € Dy, then the set W := S, N F' belongs to Wp and satisfies W C Sy, so we have
M = A,ew #(a,b). Hence M = drp(b).

(b) If b ¢ D, and W € Wp, say W = Sy, N F with by € D, then we have W ¢ S}, by the

claim. Thus some a € W has M = —¢(a,b), and hence we have M |= = A oy ©(a,b). As
this holds for every W € Wpg, we conclude that M = —dpp(b).

© Proof of the claim. Suppose the claim fails. Then for every finite I C M there
are b € D, and b/ € M \ D, with S, N F C Sy, i.e. with M | ¢(a,b) — ¢(a,b’) for all
a € F. Letting the failure of the claim and the finite satisfiability of p take turns, we build a
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configuration in which Ramsey’s theorem will find a ladder. We choose recursively, for i < w,
elements b; € D,, bg € M\ D, and a; € M as follows.

(a) Apply the failure of the claim to F' = {a; : j < i} to get b; € D, and b}, € M \ D, with
(2.1) M E p(aj, b)) — p(aj, b)) for all j < i.

(b) Since ¢(x,b;) € p and —p(x, b)) € p for k < i, Lemma 1.1.2 gives a; € M with
(2.2) M = o(a;, b)) A —p(ai, b},) for all k <.

Color each pair j < i by the pair of truth values (¢(aj,b;), ¢(a;,b})) € {0,1}2 By (2.1), the
color (1,0) never occurs. By Ramsey’s theorem there is an infinite H = {hg < hy < ---} Cw
on which all pairs have the same color c. Let s,t < w be given.

© Case c € {(0,1),(1,1)}. If s <t, then we have M |= ¢(ap,,b),,) by homogeneity. If s > ¢,
then we have M = —p(ap,,b,,) by (2.2). Thus the formula ¢(ap,,b),,) holds if and only if
s < t, and with §8; = b,ht+1 we get M = p(an,,Bt) <= s<t.

© Case ¢ = (0,0). If s < t, then we have M = —p(ap,,bpn,) by homogeneity. If s > ¢, then
we have M |= ¢(ap,,bp,) by (2.2). Thus the formula ¢(ay,,bp,) holds if and only if s > ¢.
For a given n, reversing the first n indices by putting as = ap and B = by, _,_, gives
M E p(as, ft) <= s <tfor s, t <n.

In both cases the model M contains an n-ladder for every n, so the formula ¢ has the
order property, a contradiction. This proves the claim and the theorem. €}

n—1—s

Corollary 2.2.2. If ¢ does not have the order property, then for every model M of T, every
p € S,(M) is definable by a positive Boolean combination of instances p(a,y) with a € M.
In particular, if © is quantifier-free, then the type p has a quantifier-free o-definition.

The proof of Theorem 2.2.1 applies Ramsey’s theorem for pairs to an infinite sequence,
inside an argument by contradiction, and so says nothing about sizes. A finite Ramsey-type
argument, adapted to binary trees rather than to sequences, reappears in Section 3.1, where
it extracts ladders of prescribed length directly from trees of explicit height.

2.3 FROM THE ORDER PROPERTY TO TALL TREES

To prove (3) = (1) of Theorem 1.1.6, we need a supply of many ¢-types over a small
model, and binary trees (see Definition 2.1.2) are the natural source. The first step, taken
in this section, is to grow tall trees out of long ladders, which is (2) = (3) of Theorem 2.1.3.
The idea is to place the nodes and the leaves of a binary tree on a line, in such a way that
the leaves above the right edge out of each node lie to the left of that node and the leaves
above the left edge lie to the right of the node. A ladder read along this line then has exactly
the pattern of a tree.

Proposition 2.3.1. If a model M of T contains an N-ladder for o, where N = 2"t — 1,
then it contains a tree of height n. Hence, if ¢ has the order property, then it encodes binary
trees of arbitrarily large finite height.

Proof. For o € 25" put

d(o) =Y (1—o(k)) 2" 42707 ¢ (0,1).
k<|o|
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The binary expansion of d(o) is (1 — 0(0),...,1 — o(Jo| — 1),1), which ends in 1. Thus the
map d is injective on 25", and the image V of d has exactly [25"| = 2"T! — 1 = N elements.
© Claim. If 07 (u) C n with n € 2", then we have d(n) < d(¢0) < u=1.

Indeed, let k = |o|. Since n|k = o and n(k) = u, we have

dn) —d(o) =—u2"* 4+ R R= )" (1-n(y)2 Ut 4270,
k<j<n
Here we have 0 < R < (27(k+1) —27n) 4 2=(n+1) < o=(k+1) Hence the difference d(n) —d(o)
is negative if uw = 1 and positive if u = 0, which proves the claim.

Let a1,...,an,b1,...,by € M satisfy ¢(a;,b;) <= i < j,andlete: V — {1,...,N}
be the order isomorphism. Put b, := be(q(s)) for o € 25" and a; := a(q(y)) for n € 2" If
o~ (u) C n, then we have d(n) # d(o), and so we have

M E ¢(ay, bs) <= e(d(n)) <e(d(o)) < d(n) <d(o) <= u=1.
Thus the families (by) and (a,) form a tree of height n in M. &

Figure 2.2 shows the construction for n = 2.
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FiGURE 2.2. The proof of Proposition 2.3.1 for n = 2. The seven sequences
of length at most 2 are placed at the positions e(d(c)) = 1,...,7 of a ladder of
length 7, and the tree grows upward. In a ladder, the formula ¢(a;, b;) holds
when a; lies to the left of b; (that is, i < j), so here the y-edges (purple) go
up and to the left and the —p-edges (pink) go up and to the right. The bound
R < 2= +1) in the claim is what keeps every leaf on the correct side of each

node below it: the leaf a9, for instance, lies to the left of by and to the right
Ofby

2.4 TALL TREES PRODUCE NON-DEFINABLE TYPES

Tall trees produce more p-types over a small model than there are formulas to define
them, and this proves (3) = (4) of Theorem 2.1.3. The count is done in Proposition 2.4.2
below. To prepare for it, in Lemma 2.4.1 below we use compactness to turn finite trees into
a tree of infinite height, whose branches will give the types. When L is countable, the count
is easiest to see over a countable model, and this case is the picture to keep in mind: a tree
of height w has 280 branches, each branch gives a (-type over a countable model, and only
countably many formulas are available to define them. In Section 2.5 the same tree of height
w reappears as a copy of the Cantor space inside S,(M).
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Lemma 2.4.1 (compactness). Suppose that ¢ encodes binary trees of arbitrarily large finite
height, and let p be an infinite cardinal. Then there are a model M' of T' and tuples (bs)gea<nu
in M’ such that for every n € 2" the set

En(fﬁ) = {(10(:17’ bn\a)n(a) o< M}
is finitely satisfiable in M’.

Proof. Add new tuples of constants ¢s (s € 2<#) and let I be T together with the sentences

Yo, F = 3 /\ gp(x,c,ﬂa)”(a) (n € 2!, F C p finite).
acF

By compactness, we need only show that every finite I'g C I" has a model.

Let vy,,r, (i < m) be the sentences of this form in I'g (if m = 0 there is nothing to do).
Only finitely many nodes of 2<# are mentioned in these sentences, and the plan is to embed
them into a finite tree, preserving the direction in which each branch leaves each node. Let
S be the finite set of all n;|a and 7;|(a + 1) with i < m and « € F;. Note that o +1 <
because p is a limit ordinal. Let S" = {sA s’ : 5,8’ € S}, where s A ¢ is the longest common
initial segment. The set S’ is finite and closed under A, because in a tree the meet s A s’ A s”
equals one of the pairwise meets. Thus the set S” has a least element r, and every s € S'\ {r}
has a longest predecessor s~ € S’ with s~ C s.

Define f: S — 2<V, where N = |S'| + 1, by recursion on length, setting f(r) = () and
f(s)=f(s7)"(s(|s7|)). Then we have |f(s)| < N.

© Claim. If s,s’ € S" and s C &, then we have f(s)™(s'(|s|)) C f(s').

The proof is by induction on |s|. If s'~ = s, this is the definition of f. Otherwise we have
s C ¢~ C ¢ by maximality of s'~. By induction, we have f(s)™(s'~(|s])) C f(s7) C f(s'),
and finally we have s'~(|s|) = s(|s]).

By hypothesis, take a model My of T' containing a tree (by),co<n, (av),con of height N.
Interpret cs as by, for s € S’, and arbitrarily otherwise. Fix ¢ < m, let o* = max F; and
s* = n;|(a*+1) € §’. Pick v € 2V extending f(s*). For a € F; we have n;|a C s* and s*(a) =
ni(c). By the Claim, we have f(n;|a)™ (ni(«)) C v, which gives My = go(a,,,bf(m|a))’7i(a).
Hence the tuple a, witnesses v,, r,, and the structure My with this interpretation is a model
of F().

By compactness, the theory I' has a model. The L-reduct M’ of that model, with by = cé” /,
is as required. ©

In the next proposition we write k = |L| 4+ Ng, which is the number of L-formulas.
Proposition 2.4.2. If ¢ encodes binary trees of arbitrarily large finite height, then for every
cardinal \ > k there is a model M of T with |M| < X and |S,(M)| > X. In particular, there
are a model M of T with |[M| < k and a type p € S,(M) such that p is not definable.

Proof. Let u be the least cardinal with 2* > A. Then the cardinal y is infinite and satisfies

1 < A. Since 2 < A for every v < p, we have 2] =37 2" <p- A=A

Take M" and (bs) as in Lemma 2.4.1. By the downward Lowenheim—Skolem theorem,
there is M =< M’ with |M| < X containing all bs. Each finite part of ¥, is satisfiable in M’,
hence in M, since the formula 3z A ... is an L(M)-sentence. Thus the set ¥, is consistent
with the elementary diagram of M and extends to some p, € S,(M).

If n # 1/, let a be least with n(«) # 7'(a). Put s = nja = 1’|a; then the types p, and p,y
disagree on ¢(z, bs). Hence [S,(M)| > 2# > .
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For the last statement take A = k. A definable type is determined by any ¢-definition of
the type, and there are only |L(M)| < « formulas over M. Thus at most & types in S, (M)
are definable, and some p € S, (M) is not. ©

Proof of (3) = (1) in Theorem 1.1.6. If ¢ has the order property, then it encodes binary
trees of arbitrarily large finite height by Proposition 2.3.1, and so some @-type over some
model of T is not definable by Proposition 2.4.2. ©)

This completes the proof of Theorem 1.1.6, and with it that of Theorem 2.1.3. The
equivalence of (2) and (3) in Theorem 2.1.3 is the form in which trees are used later (see
Section 2.5), so we record it separately.

Theorem 2.4.3. The formula @ has the order property if and only if it encodes binary trees
of arbitrarily large finite height.

Proof. The forward direction is Proposition 2.3.1. Conversely, if ¢ encodes tall trees, then
some ¢-type is not definable (see Proposition 2.4.2), so the formula ¢ has the order property
by (1) = (3) of Theorem 1.1.6. ©)

2.5 TYPES OVER COUNTABLE MODELS: A PERFECT SET DICHOTOMY

Section 2.4 measured instability by counting types; topology measures instability by
shape, and over countable models the two measurements agree. Throughout this section the
language L is countable. For a model M of T, the space S (M) is the Stone space of the
Boolean algebra B, (M) (see Section 1.1). If M is countable, the algebra B, (M) is countable,
so its Stone space S, (M) is a compact metrizable zero-dimensional space. By the Cantor—
Bendixson theorem, such a space is either countable, in which case the space is scattered, or
contains a homeomorphic copy of the Cantor space 2. Stability decides which alternative
occurs.

Theorem 2.5.1. Assume that L is countable. The following are equivalent:

(1) The formula ¢ is stable.
(2) For every countable model M of T', the space S,(M) is countable.

(3) For every countable model M of T', the space S,(M) is scattered.

Moreover, if ¢ is unstable, then some countable model M of T has a closed subset of S,(M)
homeomorphic to 2%.

Proof. (1) = (2). By Theorem 1.1.6, every p € S, (M) has a ¢-definition, which is an
L(M )-formula, and the definition determines p. Since there are only countably many L(M)-
formulas, the space S,(M) is countable.

(2) < (3). This is the Cantor-Bendixson theorem for compact metrizable spaces.

(2) = (1) and the last statement. Suppose that ¢ is unstable. By Theorem 2.4.3, the
formula ¢ encodes binary trees of arbitrarily large finite height, so Lemma 2.4.1 with yp = w
gives a model M’ of T and tuples (by)sea<w in M’ such that every set ¥, (z), for n € 2, is
finitely satisfiable in M’. By the downward Lowenheim—Skolem theorem, there is a countable
model M < M’ containing every b,, and by elementarity every X, (z) is finitely satisfiable
in M. For o € 2<¥, let C,; be the clopen set of types p € S, (M) that contain ¢(z, ba|a)"(o‘)
for every a < |o|. Each C, is nonempty, because the formulas in question form a finitely
satisfiable subset of 3, for any n extending o, and the set C, is the disjoint union of Cj~ ()
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and C,~ (1), which disagree on (7, b,). Thus the sets C; form a Cantor scheme. The closed
set D=, U| ol=n C, maps continuously onto 2, by sending p to the unique  with p € C,,
for every n; the map is onto because each [, Cyn is a decreasing intersection of nonempty
closed sets in a compact space. Hence the space S, (M) is uncountable, so (2) fails, and by
the Cantor-Bendixson theorem the uncountable compact metrizable space S, (M) contains
a closed copy of 2¢. ©
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FiGURE 2.3. The Cantor scheme in the proof of Theorem 2.5.1, growing up-
ward. Each bar is a nonempty clopen set C, of ¢-types, and C, splits into
Co~(0) (left) and C,~y (right), which disagree on ¢(z,b;). The pink bars
C1 2 Ch1 2 Cri9 2 - -+ follow one branch 7, and their intersection contains a
type p with p € Cy,, for every n. Distinct branches give distinct types, so the

types along the 280 branches form the closed set D, which maps onto 2.

A tree of infinite height is thus nothing but a Cantor scheme of clopen sets in a type space
(see Figure 2.3), and stability says that type spaces over countable models are scattered.
Morley used the same topology to define the totally transcendental theories, whose type
spaces over countable sets are scattered, and whose Morley rank is the Cantor—Bendixson
rank on type spaces over Nyp-saturated models. The rank R introduced in Section 3.2 below
is a binary splitting rank on the clopen sets [f], a finite combinatorial cousin of the Cantor—
Bendixson rank: Lemma 3.2.2(iii) says that splitting a clopen set into two pieces of rank at
least m raises the rank.

2.6 EXERCISES

The exercises follow the sections of the chapter. Throughout, we write T for the theory
of an equivalence relation £ with infinitely many classes, all of them infinite, and 6 for the
damped ladder, as in the exercises of Section 1.3. For every finite 0—1 sequence o we put
d(0) =3 4o (1 — o (k) 2~ (k+1) 4 9=(ol+1) a5 in the proof of Proposition 2.3.1; the number
d(c) does not depend on n. The mark (x) indicates the exercises that ask for more than a
direct application of the text.

1. (Section 2.1.) Work in (Q, <), with ¢(z,y) the formula z < y.
(a) Put by =4, by =2, bp =6, a1 =1, ajo = 3, ap1 = 5 and agp = 7. Check that these
elements form a tree of height 2 for ¢, and draw it in the manner of Figure 2.1.
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(b) Find a tree of height 3 for ¢ whose fifteen elements are the integers 1,...,15. (Hint:
place the root at 8, and place the leaves above the right edge out of each node to the
left of that node.)

(c) Let (I,<) be a linear order, and let (by), (ay) be a tree of height n for z < y in
(I,<). Let o € 2<™ be given, and let n,n’ € 2" satisfy o~ (1) C n and o (0) C 7.
Show that a, < b, < a,. Deduce that the leaves are pairwise distinct, and that
a,s < a, whenever v,/ € 2" and v precedes v/ in the lexicographic order. Thus the
arrangement of part (a), in which the leaves turning right lie to the left, is forced.

2. (Section 2.1.)

(a) Let (bs), (ay) be a tree of height n for ¢ in a model M of T'. For a sequence o, let &
be the sequence of the same length with 6(k) =1 — o (k). Show that the families (bz)
and (ap) form a tree of height n for —¢ in M. Conclude that ¢ and —¢ admit trees
of the same heights in M.

(b) Let M be an infinite set, regarded as a structure in the empty language, and let
©(z,y) be the formula x = y. Show that M contains a tree of height 1 for ¢ and no
tree of height 2. (Hint: in a tree of height 2, the leaf a1; equals both by and b;.)

(¢) Let M be a model of Tg. Show that the largest height of a tree for xEy in M is 1.

(d) In the setting of part (b), show that the largest m such that M contains an m-ladder
is 1 for the formula x = y and 2 for the formula x # y. Thus the length of the longest
ladder may change when ¢ is replaced by —p, whereas by part (a) the height of the
tallest tree does not.

3. (Section 2.1.) Let K be a finite field, let T be the theory of infinite vector spaces over
K, and let n > 1 be given. As in the exercises of Section 1.3, let ¢(x1,...,2zn;y) be the
formula which says that y lies in the span of z1,...,x,. Let M be a model of T'. Show
that the largest height of a tree for ¢ in M is n. (Hint: in a tree of height h, for o € 2<",
let U, be the span of the nodes b, with 77 (1) C o. Show that b, ¢ U, by looking at a
leaf above 07 (0), and follow the branch that always turns right. For the construction,
take the nodes linearly independent.) Compare with the exercises of Section 1.3, where
the longest ladder for ¢ in M has length n + 1.

4. (Section 2.2.) Let M be a model of T, let p € S,(M) be given, and let Wp and dry be
as in Section 2.2.
(a) Let F C F’ be finite. Show that every b € M with M = dpp(b) also satisfies
M = dpp(b). Deduce that, if dpe defines p, then so does dpr .

(b) Show that dpp defines p if and only if F' has the property stated in the claim in the
proof of Theorem 2.2.1.

(¢) Let M be an infinite set in the empty language, and let ¢(x,y) be the formula x = y.
Let ¢ € M be given, and let p be the type with D, = {¢}. Compute Wr and dp¢ for
every finite F' C M, and show that dpy defines p if and only if ¢ € F'. Do the same
for the type with D, = 0.
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(d) Let M be a model of Tg, let p(z,y) be the formula xEy, and let p be a type with
D, an E-class C. Show that Wrp = {F N C}, and that dpe defines p if and only if F'
meets C. What is the least size of a set F' that works?

(e) In the setting of Exercise 3, let p € S,(M) be given. Show that there is a single
n-tuple ¢ € M" such that d¢.¢ is the formula ¢(c,y) and defines p. (Hint: the set
D, is a subspace of M of dimension at most n (see the exercises of Section 1.3).)

5. (Section 2.2.) Work in (Q, <), with ¢(x,y) the formula z < y. Let r be an irrational
real number, and let p € S,(Q) be the type with D, = {b€ Q: b > r}.

(a) Let F C Q be finite, and put F, = {a € F : a < r}. Show that every member of
Wp contains F)., and that F,, € Wg. Deduce that the formula dpp(y) is equivalent in
(Q,<) to Ayer, @ < y, which defines the set {b: b > max F,} when F, is nonempty
and the set Q otherwise.

(b) Conclude that no finite ' C Q makes dpp a definition of p.

(¢) Thus the claim in the proof of Theorem 2.2.1 fails for p. Let (¢;)i<, be a strictly
increasing sequence of rationals below r, and let ¢ be a rational above r. Show that
the choices b; = ¢, b, = ¢; and a; = ¢; satisfy (2.1) and (2.2). Determine the color of
each pair, and the ladder that the proof extracts.

Compare with the exercises of Section 1.3 on (Q, <), where the same type is shown not
to be definable at all.

6. (Section 2.3.) Work in (Q, <), with ¢(x,y) the formula x < y, and let a; = i and
bj=j+4for1<ij<T.
(a) Show that these elements form a 7-ladder for ¢.

(b) Carry out the proof of Proposition 2.3.1 with n = 2 and this ladder. Compute d(o)
for o € 252, the index e(d(0)), and the elements b, and a, that the proof assigns.
Check the tree conditions directly, and compare with Figure 2.2.

(¢) Let n be given, and let V be the image of d on 2=". Show that V = {k2-(*1) .0 <
k < 2"} so that e(d(o)) = 2" 1d(o). Show that this index is odd if o is a leaf and
even if o is a node, and that the root receives the index 2"™. Which elements of the
ladder does the proof leave unused?

7. () (Section 2.3.) Proposition 2.3.1 turns a ladder of length 2" —1 into a tree of height
n. This exercise shows that length 2" suffices, and that length 2" — 2 does not suffice in
general.

(a) Let ai,...,asn, by,...,ban be a 2"-ladder for ¢ in a model M of T. For o € 25", put
k, = 2"T1d(c). Show that the elements b, := by, /o for o € 2<" and a,, := Ak +1)/2
for n € 2" form a tree of height n in M. (Hint: use Exercise 6(c), and note that
ky < ko if and only if &, +1 < k;.)

(b) Let k € N be given, let Ry be the binary relation on N given by Ry(m,m’) if and only
if m < m’ and m < k, and let T} be the theory of (N, Ry), with ¢(z,y) the formula
Ry(x,y). Show that T} implies the following two sentences: exactly k + 1 elements z
satisfy Ry (z,x), and every x with —Ry(z, x) satisfies =Ry (x,y) for all y.
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Show that every model of T}, contains a (k+1)-ladder and no (k+2)-ladder for . Show
that a model of T} contains a tree of height h for ¢ if and only if 2" < k 4 2. (Hint:
two distinct leaves of a tree disagree on some formula ¢(x,b,), and by part (b) a leaf
a with =Ry (a, a) satisfies none of these formulas, so at most k + 2 leaves are available.
For the construction, work in (N, Ry), put a, = (k; — 1)/2 and b, = ks/2 — 1 with
n = h, and note that the existence of a tree of height h is expressed by a sentence.)

Let N > 1 be given. Deduce that the structure (N, Ry_1) contains an N-ladder for
© and no tree of height n when N < 2 — 1. Thus the length of the ladder needed for
a tree of height n lies between 2™ — 1 and 2.

Show that Ry(m,m’) holds if and only if §(m,m’) > 27%=1 and that 6(m,m’) > 0
holds if and only if m < m’. Conclude that the formula R, which defines the level
set {# > 27571} of the damped ladder, is stable in T}, that the heights of its trees
tend to infinity with %k, and that the formula 6§ > 0 has the order property. Explain
why this is consistent with the stability of 6 (see the exercises of Section 1.3).

8. (Section 2.j.) Let M be a model of T. We say that M contains a tree of height w
for ¢ if there are tuples (by)seco<w in M such that, for every n € 2¥, the set ¥, (z) =
{p(z, bmk)”(k) : k < w} is finitely satisfiable in M, as in Lemma 2.4.1 with y = w.

(a)

(b)

(c)

Show that, if M contains a tree of height w, then M contains a tree of height n for
every n, and the formula ¢ is unstable. (Hint: for n € 2", choose 1’ € 2% extending 7,
and let a, € M realize the finite part {p(x, bmk)”(k) : k < n} of ¥,/. For instability,
use Theorem 2.4.3.)

Assume that L is countable. Show that ¢ is unstable if and only if some countable
model of T contains a tree of height w for ¢. (Hint: Lemma 2.4.1 and the downward
Lowenheim—Skolem theorem.)

Let M be countable and contain a tree of height w. Show that |S,(M)| = 2%,
Conclude that a countable model with only countably many (-types contains no tree
of height w (for the converse, see Exercise 15).

9. (Section 2.4.) Work in (Q, <), with ¢(x,y) the formula z < y, and put b, = d(o) for
o€ 2%v,

(a)

(b)

Show that the set {b, : o0 € 2<%} is the set of dyadic rationals in the interval (0, 1),
which is countable and dense in (0,1). (Hint: Exercise 6(c).)

Show that the elements b, form a tree of height w in Q (see Exercise 8). (Hint: for
n € 2¥ and n < w, the claim in the proof of Proposition 2.3.1 shows that d(n|n)
satisfies p(z, bmk)n(k) for all k < n.) No appeal to compactness is needed here.

Deduce that |S,(Q)| = 2%, and that already the instances ¢(x,b) with b a dyadic ra-
tional in (0, 1) separate 2% types. Conclude that some @-type over Q is not definable,
without using the description of definable sets of (Q, <).

For n € 2%, put r, = 3 ,.,(1 — n(k))2~*+D. Assume that 7 is not eventually
constant. Show that r, < by, if n(k) = 1 and ry > by, if n(k) = 0, and that every
p € S,(Q) containing ¥, contains z < b for each rational b > 7, and —~(z < b) for
each rational b < r,,. Which types contain X, when 7, is irrational?
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10. (*) (Section 2.4.) This exercise shows that the passage to a new model in Lemma 2.4.1
cannot be avoided. For N > 1, let Cy be a chain of NV elements. Let M be the disjoint
union of the chains O, ordered by letting ¢ < ¢’ hold exactly when ¢ and ¢’ lie in the
same chain and ¢ precedes ¢ there. Let ¢(z,y) be the formula < y, and let T be the
theory of M.

(a) Show that M contains a tree of height n for ¢ for every n. (Hint: Exercise 1.)

(b) Let (by)se2<w be a tree of height w in M (see Exercise 8). Show that every node b,
with o # () and ¢(0) = 1 lies in the chain of by, and that, for every n, the 2" leaves ay,
with 1(0) = 1 of the tree of height n + 1 given by Exercise 8(a) are pairwise distinct
and lie in the chain of by. Conclude that M contains no tree of height w.

Since M contains trees of every finite height, Lemma 2.4.1, applied to the elementary
diagram of M in place of T, gives an elementary extension M’ of M containing a tree of
height w. Show that, in such an M’, the set of elements comparable with by is infinite,
although in M every such set is finite.

11. (Section 2.4.) This exercise concerns the choice of u in the proof of Proposition 2.4.2.
Assume that L is countable, so that x = Ng.

(a) Show that, for A = g, the proof takes u = Wy and produces a countable model M
with | S, (M)| = 2%,

(b) Let A = Xy, and assume that 2% > R;. Show that the proof takes u = Rg, and that
the set 2<¢! has more than X; elements. Thus, with g = A, the bound |2<#| < X used
in the proof would fail.

(c) Let A = Ry, and assume that 2% = R;. Show that the proof takes u = Ry, and that
|29t = Ny.

(d) Deduce from the proposition that, if ¢ encodes binary trees of arbitrarily large finite
height, then for every cardinal A > k some model M of T" with |M| < A carries a
p-type that is not definable.

12. (Section 2.5.) For a topological space X, let X’ be the set of points of X that are not
isolated in X. Put X = X, x(@+) = (X(@) and X©) =N, _s X for limit §. The
Cantor—Bendizson rank of a point p € X is the ordinal o with p € X () \X(O‘H), when
such an ordinal exists. Recall that X is scattered if every nonempty closed subset of X
has a point that is isolated in that subset.

(a) Let M be a countably infinite set in the empty language, and let p(x, y) be the formula
x = y. Using the description of S, (M) as a one-point compactification in the exercises

of Section 1.3, show that the realized types have rank 0, that the remaining type has
rank 1, and that S,(M)® = 0.

(b) Do the same for a countable model of T and the formula zEy.

(c) Let M be an uncountable set in the empty language, with ¢ the formula z = y.
Show that S, (M) is uncountable and scattered. Explain why this does not contradict
Theorem 2.5.1.

13. (x) (Section 2.5.) Work in the setting of Exercise 3, and let M be a model of T. By
the exercises of Section 1.3, the map p — D), is a bijection from S, (M) onto the set of
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subspaces of M of dimension at most n. Show by induction on j < n that S, (M)W
consists of the types p with dim D, < n — j, and conclude that the Cantor-Bendixson
rank of the type with D, = {0} is n and that S,(M)"*+) = (. (Hint: let p be a
type with dim D, = k. The conjunction of the formulas ¢(z,c) with ¢ € D, defines a
neighborhood of p in which every other type ¢ satisfies D, 2 D,. When k <n —j, a
basic neighborhood of p is determined by finitely many formulas, among them finitely
many —¢(x,b) with b ¢ D,,; find infinitely many subspaces D, + Ke of dimension k + 1
that avoid these b, using that K and D, are finite and M is infinite.) Compare with
Exercise 3: for this formula, the largest Cantor-Bendixson rank of a point of S, (M)
equals the largest height of a tree for .

14. (Section 2.5.) Work in (Q, <), with ¢(z,y) the formula x < y.
(a) For n € 2%, put s, = > (1 +n(k)) 10~ D' Show that the map n > s, is
continuous and injective, and that every s, is irrational. (Hint: the decimal expansion
of s, has its nonzero digits exactly at the positions (k + 1)!.)

(b) Let p, € S,(Q) be the type with D, = {b € Q:b > s,}. Show that the map 1+ p,
is a homeomorphism of 2% onto a closed subset of S,(Q).

(c) In the proof of Theorem 2.5.1, take M = Q and use the tree of Exercise 9 in place of
the one obtained there. Show that the set D of that proof is the whole space S, (Q),
and that the map from D onto 2% sends the two types with D, = {b: b > 1} and
Dy = {b:b> %} to the same sequence. (Hint: % has binary expansion 0.0101....)
Thus the set D need not itself be a copy of 2“, which is why the proof appeals to the
Cantor-Bendixson theorem.

15. (x) (Section 2.5.) Assume that L is countable, and let M be a countable model of T
Show that S (M) is uncountable if and only if M contains a tree of height w for ¢
(see Exercise 8). (Hint: by the Cantor-Bendixson theorem, an uncountable compact
metrizable space contains a nonempty closed subset P without isolated points. Choose
the nodes b, by recursion on |o|, so that the clopen set of types containing p(z, ba|k)‘7(k)
for all k < |o| meets P; two distinct types in P differ on some instance ¢(z,b).) Deduce
from Exercise 8(a) a second proof of the implication (1) = (2) of Theorem 2.5.1: if
some countable model has uncountably many ¢-types, then ¢ encodes binary trees of
arbitrarily large finite height, and hence is unstable. If Corollary 3.1.6 is used in place
of Theorem 2.4.3, this proof avoids type definability altogether.

2.7 HISTORICAL REMARKS

Section 2.2. Definability of ¢-types over models for formulas without the order property
is due to Shelah [She71, She90]. The sharper form proved here, in which the definition
is a positive Boolean combination of instances of ¢ itself, goes back to Hrushovski and
Pillay [HP94], as Pillay points out in [Pil96, Chapter 1]. Pillay [Pil17, Remark 2.4] derives
the positive form directly from Grothendieck’s double limit criterion (see Theorem A.1.3
below) by a compactness argument. Positivity matters in applications: a quantifier-free
formula receives quantifier-free definitions.
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Section 2.3. Binary trees enter stability theory through Shelah’s local rank R(—,¢,2).
In [She71, Lemma 2.7] the rank of a type is computed from the consistency of families
of formulas indexed by the branches of binary trees of height n. The formulas of infinite
2-rank are thus exactly those that encode binary trees of arbitrarily large finite height (see
Definition 2.1.2), and Shelah showed that these are exactly the formulas with the order prop-
erty [She71, She90]. Quantitatively, the two directions differ. A ladder of length exponential
in n yields a tree of height n (see Proposition 2.3.1). In the other direction, a tree yields only
a ladder of length logarithmic in the height of the tree; see Section 3.1.

Section 2.4. The construction of this section is the local form of Shelah’s counting argu-
ment [She71]. A tree of infinite height gives 2%0 p-types over a countable set of parameters,
which is incompatible with definability of all p-types. This is also the origin of the stability
spectrum: a theory with the order property has 2* types over some set of size A, for every
infinite A [She90].



Chapter 3

More stability, trees, and definability

Chapter 2 established the equivalences of Theorem 2.1.3 by the most direct route to the
definability theorem. In that route, the way from tall trees back to the order property goes
through non-definable types and a count of types over large models. This chapter develops
the quantitative side of the theory, which that route leaves out. In Section 3.1 we show by
a direct combinatorial argument, based on Ramsey’s theorem and carried out inside a single
model, how tall a tree must be to contain a ladder of a given length. In Section 3.2 we present
the classical proof of definability of types, which measures types by the height of the trees
that can be grown above them and produces the definitions explicitly from this rank, without
passing through the order property. The conventions are those of Chapter 2.

Chapter 2 settled whether; this chapter asks how much and how. A proof by counting
shows that a non-definable type exists without pointing to it, and a proof through
the order property shows that a type is definable without saying what its definition is.
Neither defect touches the truth of the theorems, but both matter to anyone who wishes
to use them. Section 3.1 removes the first defect. By Ramsey’s theorem, a tree of height
2 2") — 1 in a model already contains a ladder of length n in the same model, so that
trees and ladders are compared without leaving the model and with an explicit bound.
Section 3.2 removes the second. Types are measured by the height of the trees that can
be grown above them, and the definition of a type is read off from this rank. Nothing
later in the notes depends on this chapter. The reader whose interest is in the truth of
the theorems may omit it; the reader whose interest is in their mechanism will not wish
to.

3.1 TREES GIVE THE ORDER PROPERTY: A QUANTITATIVE PROOF BY RAMSEY’S
THEOREM

Theorem 2.4.3 was derived from the definability theorem; here we give a direct and
quantitative proof of the implication “tall trees = order property”. The proof is pure finite
combinatorics, the Boolean case of a Ramsey-type argument due to Hodges, and we follow
the presentation of Conant and Terry [CT26]. Finding a ladder inside a tree requires passing
to smaller trees embedded in it, and the first definition says what such an embedding is.
Definition 3.1.1. Let s, > 1 be given.

(a) A node embedding is a map 0: 2<% — 2=t such that p~ (u) C 7 implies 8(p) " (u) C 0(7).
(b) A full embedding is a map 6: 2% — 25! sending 2<° into 2<* and 2° into 2!, with the same
property for all p, 7 € 259,

43
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Lemma 3.1.2. Every node embedding 0: 2<% — 2<! extends to a full embedding. If (b,),
(ay) is a tree of height t in M and 0 is a full embedding 258 5 25t then the families
(bo(oy : 0 € 2%°) and (agy) : n € 2°) form a tree of height s in M.

Proof. For n € 2, let 6(n) be any element of 2¢ extending 6(n|(s — 1)) (n(s — 1)). Suppose
that p~(u) C n. If p =n|(s — 1), the requirement holds by construction. Otherwise we have
p~(u) E n|(s — 1), and therefore 0(p) ™ (u) C O(n|(s — 1)) C 6(n). The second statement is
immediate, since whether ¢(a,,bs) holds depends only on the direction u with o™ (u) C n,
and full embeddings preserve this direction. ©

To find a ladder, the proof of Proposition 3.1.5 below splits the nodes of a tree into two
classes and needs a tall tree embedded in one of them. The next lemma, a Ramsey theorem
for node embeddings, provides such an embedding; Figure 3.1 illustrates it for tg = t; = 2.
In its proof and in the rest of this chapter, for u € {0,1} and a finite 0-1 sequence o, we
write (u) "o for the sequence obtained by putting u in front of o.

00 01 10 11

® C1
® Cy

FIGURE 3.1. The nodes 2<3, growing upward, coloured with two colours Cj
(pink) and C; (purple). The dashed arrows show a node embedding 0: 2<% —
2<% into C7, with 6(0) = 0, 6(0) = 00 and (1) = 1: the image of the left
child lies above the image of the root in the left direction, and the image of
the right child in the right direction, but the map 6 need not send children
to children. This is the conclusion of Lemma 3.1.3 for tg = t; = 2 and t = 3.
The colour Cy admits no such embedding here.

Lemma 3.1.3 (Ramsey lemma for trees). Let tg,t; > 1 be given, lett =to+t; — 1, and
suppose that 2<' = CoUC}. Then for some u € {0,1} there is a node embedding 6: 2<tv — 2<
with image contained in C,.

Proof. Induction on ¢t. If t = 1, then we have t5 = t; = 1, and the map 0 — () works for
the u with () € C,. Now suppose that ¢t > 1, and choose w with () € C,,. If t,, = 1, the map
() — O works, so assume that t,, > 2. For v € {0 1} and i € {0,1} let CY = {0 € 2t~ .
(v)" 0 € C;}. Then the union C§ UCY covers 2<'~1 and we have (t, — 1) +t1_ —1 =1 —1.
By induction, for each v either
(i) there is a node embedding y: 2<-» — CV_ . in which case the map o — (v) " x(0) is a

node embedding 2<!1-v — 2<! with image in C;_,,, and we are done; or

(ii) there is a node embedding x,: 2<t»~! — C2.

If (ii) holds for both v, define §: 2<t» — 2<! by 4(0)
The image of 6 lies in Cy,. Suppose that p~(u) C 7. If
and 07 (u) C (7). If p = (v)"p/, then we have 7 = (v) 7" with p'~(u) C 7/, and therefore
Xo(p) T (u) E xo(7"). In both cases we have 6(p)"(u) T 6(7), so the map 6 is a node
embedding. ©

i?) and 0((v)"0) = <v>“><v(0)-

—~

(), then we have 7 = (u) "o

\b
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The ladders found inside a tree come in two orientations, according to the side of the
split on which the Ramsey lemma lands, and the induction keeps track of both.
Definition 3.1.4. Let (by),co<t, (ay)yecat be a tree in M. An up-ladder of length k in this
tree consists of nodes o1, ..., 0} and leaves 1, ..., n such that M = ¢(ay,,bs,) <= p <q.
A down-ladder of length ¢ is defined in the same way with “p > ¢” in place of “p < ¢”.

The height needed to force a ladder is governed by a familiar recursion. Define B(k, /)
for k,¢ > 1 by B(k,1) = B(1,¢) = 1 and B(k,¢) = B(k — 1,{) + B(k,£ — 1) + 1 for

k,¢ > 2. By induction on k + ¢, using Pascal’s rule (k;rfj’) + (k;gﬁ?’) = (kzﬁz

B(k,0) =2 (k ZEIZ) —1. The recursion is the Erd6és—Szekeres recursion for the Ramsey numbers

R(k,¢), and the bound mirrors R(k, ¢) < (szf) The proof below follows the Erdds—Szekeres
pattern as well: we fix a leaf 1, and split the nodes according to whether a,, satisfies the
corresponding instance of ¢. Lemma 3.1.3 finds a large subtree whose nodes all lie on one
side of the split, induction finds a ladder inside that subtree, and the pair formed by 7, and
the root of the subtree extends the ladder by one rung.

Proposition 3.1.5. For all k,¢ > 1, every tree of height B(k,{) for ¢ in a model of T

contains an up-ladder of length k or a down-ladder of length .

) , we have

Proof. Induction on k + £. In a tree of height 1, the root () with the leaf (1) is an up-ladder
of length 1, and the root with the leaf (0) is a down-ladder of length 1. This settles the case
k=1lor{=1.

Let k,¢ > 2 be given, let ¢t = B(k,¢), and let (by), (ay) be a tree of height ¢ in M. Fix a
leaf 1, € 2¢ and put

Pt ={ce2%: M E ¢(ay.,bs)}, P~ =2\ Pt,

Let t* = B(k—1,¢)+1and ¢t~ = B(k,{ — 1)+ 1, so that t* +¢~ — 1 =¢. By Lemma 3.1.3,
one of the two cases below occurs.

Case +: there is a node embedding 6: 2<t™ 5 2<t with image in PT. Extend 6 to a full
embedding 6 (see Lemma 3.1.2) and set ¢ () = 6((0)"7) for 7 € 2<'" =1, Then the map v
is a full embedding of height B(k — 1,¢). Put o9 = 0(()). Since 0™ (0) C (0)"7, we have
o0 (0) C ¢(7) for every 7. By Lemma 3.1.2, the embedding v induces a tree of height
B(k —1,¢) in M. By induction, the induced tree contains a down-ladder of length ¢, which

is then a down-ladder in the original tree, or an up-ladder (0;,, 7]}’7)];;
(01, m) = (00.n),  (Opr1,mpr1) = (W(oy), ¥(1,)) (L <p <k).

We check that ¢(ay,,bs,) <= p<gq.

%. In the latter case, let

(a) For p =1, every oy is in the image of #, which lies in P*, so the formula ¢(ay,, bs,) holds,
and indeed 1 < gq.

(b) For p > 2 and ¢ = 1, we have o™ (0) C 7, so the formula —y(ay,,bs,) holds, and indeed
p>1

(¢) For p,q > 2: this is the up-ladder property of the smaller tree.

This is an up-ladder of length k.

Case —: there is a node embedding 0: 2<t™ — 2<t with image in P~. Proceed symmetrically,
with (1) = 6((1) "), a full embedding of height B(k,¢— 1) whose leaves all extend oo™ (1).

By induction the induced tree contains an up-ladder of length k, and we are done, or a

down-ladder (0;),77]’3)5;11. Prepend (og,7x) as before.
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(a) For p = 1, the formula —¢(ay,, bs,) holds for all ¢, because the nodes lie in P~, and indeed
1#q.

(b) For p > 2 and ¢ = 1, the formula ¢(a,,,bs,) holds, because oo™ (1) E 7,, and indeed
p>1.

This is a down-ladder of length £. €}

Corollary 3.1.6. If a model M of T contains a tree of height B(n+ 1,n+ 1) for ¢, then it
contains an n-ladder for o.

Proof. By Proposition 3.1.5, the model M contains an up-ladder or a down-ladder of length
n + 1. An up-ladder of length n + 1 is an (n 4 1)-ladder, and so contains an n-ladder. A
down-ladder of length n 4 1 yields an n-ladder by Remark 1.1.5. ©)

3.2 THE CLASSICAL PROOF OF DEFINABILITY, VIA RANKS

In Proposition 3.2.3 below we give the classical argument that, in the absence of tall
trees, every @-type is definable. Together with Proposition 2.3.1, the argument gives another
route to (1) = (3) in Theorem 1.1.6, at the cost of positivity: the definitions obtained in this
section are not positive Boolean combinations of instances of ¢, since they contain quantifiers
and negations that do not occur in ¢ (see Lemma 3.2.2(iv)). The idea is to measure each
finite piece of a type by the height of the tallest tree that can be grown above the piece, and
to define the type by a piece of minimal height.

Until the end of the proof of Proposition 3.2.3, we assume that there is n such that no
model of T" contains a tree of height n, and we fix a model M of T'. By a ¢-conjunction over
M we mean a finite conjunction 6(z) of formulas ¢(x,b)" with b € M.

Definition 3.2.1. For a p-conjunction 6 over M and m < w, we write R(6) > m if there are
be € M (0 € 2<™) such that for every n € 2™, we have

ME Elx(ﬁ(x) AN @(m,bmk)"(k)).

k<m

Thus R(0) > 0 if and only if M = 3z 0(x). When 0 is satisfiable in M, we write R(6) for the
largest m with R(6) > m.

In Lemma 3.2.2(i) below we show that this largest m exists.
Lemma 3.2.2.

(i) The inequality R(8) < n holds for every 0; in particular, the rank R(6) is well defined
whenever 0 is satisfiable in M.

(i) If 0" = 0 A x, then we have R(0") < R(6).
(iii) If b € M satisfies R(6 N p(x,b)*) > m for both u € {0,1}, then we have R(0) > m + 1.

(iv) For each 0 and m there is an L(M)-formula g, (y) such that for all b € M we have
RO N @(z,b)) >m <= M =g m(D).

Proof. (i) If R(§) > n, witnessed by (b,), then choosing a witness a,, € M for each n € 2"
gives a tree of height n in M, which is impossible.
(ii) A witness for R(8') > m is a witness for R(0) > m.
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(iii) Let (by)sea<m witness R(6 A ¢(z,b)") > m. Put by = b and byy~, = by. A
branch of length m + 1 has the form (u)™n with n € 2™, and the corresponding formula is
ONo(z,0)" A Ny o(, bglk)"(k), which is satisfiable in M.

(iv) Take
Yom(®) = Haooeren N\ Fo(06) A p) A A ol 2s)™®),
ne2m k<m
whose parameters are those of 6. ©

Proposition 3.2.3. Let M be a model of T. If for some n no model of T contains a tree of
height n, then every p € S,(M) is definable.

Proof. Let ®, be the set of finite conjunctions of members of p. Each 6 € ®,, is satisfiable in
M, because the sentence Jx 6 is an L(M)-sentence consistent with the elementary diagram
of M, hence true in M. By Lemma 3.2.2(i), choose 6 € &, with m = R(#) minimal. We
show that g ,, is a p-definition of p, i.e. that for b € M, we have

o(z,b) € p < R(O N p(z,b)) > m.

If p(x,b) € p, then the conjunction 6 Ap(x,b) belongs to ®,, so we have R(§ Ap(x,b)) > m by
minimality. Conversely, suppose that ¢(z,b) ¢ p. Then the formula —¢(x,b) belongs to p, so
we have R(6 A—p(x,b)) > m by minimality. If also R(6 A¢(x,b)) > m, then Lemma 3.2.2(iii)
would give R(0) > m + 1, a contradiction. The equivalence together with Lemma 3.2.2(iv)
shows that p is definable. €]

Remark 3.2.4.

(a) The passages between ladders and trees are effective. An up- or down-ladder of length
n + 1 appears in any tree of height B(n + 1,n+ 1) = 2(2;:) — 1. Conversely, a ladder of
length 2"t — 1 yields a tree of height n.

(b) Theorem 2.2.1 uses only that p is finitely satisfiable in M (see Lemma 1.1.2). Conse-
quently, the theorem applies to any @-type over a set A that is finitely satisfiable in A
(see Definition 3.2.5(a) below). The definition given by the theorem has its parameters in
the finite set F', whereas the rank argument of Proposition 3.2.3 yields a definition whose
parameters are those of the formula 6 of minimal rank.

(c) Without finite satisfiability, definitions over the parameter set cannot be expected in gen-
eral, and the restriction to types over models is essential. Definition 3.2.5 and Exam-
ple 3.2.6 below make this precise.

Definition 3.2.5. Let N be a model of T', and let A C N and p € S,(N) be given.

(a) A complete p-type over A is defined as in Definition 1.1.1, with b ranging over A instead
of M; such a type is finitely satisfiable in A if every finite subset of the type is realized by
an element of A.

(b) The type p is definable over A if p has a ¢-definition that is an L(A)-formula.

(¢) The type p is definable almost over A if p has a p-definition of the form (y,c), with
¥ (y,z) an L-formula and ¢ a tuple of N, such that only finitely many distinct subsets of
N are of the form (N, ) with ¢ € N realizing the same complete type over A as ¢. In
other words, the definition of p has only finitely many conjugates over A.
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Definable over A implies definable almost over A: take ¢ to enumerate the parameters
from A, so that ¢ = c is the only possibility. The converse fails, as the next example shows
with two equivalence classes.

Example 3.2.6. Let T be the theory of an equivalence relation £ with exactly two
classes, both infinite, let p(z,y) be E(z,y), and let A = (). Let N be a model of T" with
classes C1 and Cy, and let p € S,(IN) be the ¢-type saying that x lies in C1, i.e. the
type that contains E(z,b) if and only if b € C. For any ¢ € Cj, the formula E(y, c)
is a o-definition of p. All elements of N have the same complete type over (), so the
sets F(N, () are exactly C7 and Cs. Hence the type p is definable almost over (). The
type p is not definable over (): since N has an automorphism swapping C; and Cs, every
L-formula v (y) without parameters defines () or N, never Cy. Note that p is not finitely
satisfiable in (.

3.3 EXERCISES

The exercises follow the sections of the chapter, and we write T for the theory of an
equivalence relation E with infinitely many classes, all of them infinite, as in the exercises of
Section 2.6. The mark (x) indicates the exercises that ask for more than a direct application
of the text.

1. (Section 3.1.) Let s,t > 1 be given, and let §: 2<% — 2<! be a node embedding.

(a) Show that |6(c)| > |o| for every o € 2<°. Show that the map 6 is injective and sends
incomparable sequences to incomparable sequences, and that, for all p,7 € 2<% and
u € {0,1}, we have p~(u) C 7 if and only if 6(p) ™ (u) C 6(7). (Hint: if p and 7 are
incomparable, let 7 be their longest common initial segment, and apply the definition
to m. For the converse implication, treat separately the cases 7 C p, p™ (1 —u) C 7,
and p, 7 incomparable.)

(b) Show that there is no node embedding 2<% — 2<! when t < s, and that the identity
is the only node embedding 2<% — 2<5,

(c) Show that the map sending o to (0) "¢ is a node embedding 2<° — 2<5*1 and that
so is the map 0 which repeats every entry, given by 6(c) = (c(0),0(0),0(1),0(1),...)
with [6(c)| = 2|o|, as a map 2<% — 2<2571. Show that, for s > 2, the map sending o
to 0 (0) is not a node embedding 2<% — 2<5+1,

(d) For s,t > 1, let N(s,t) be the number of node embeddings 2<% — 2<! and put
N(s,0) = 0. Show that N(1,¢) = 2" — 1 and that

N(s,t) =) 2'N(s—1,t—-d—1)*> (s>2).
d<t
(Hint: classify the node embeddings by d = |0(0)|, and write 8({v) " 0) = 0(0) ™ (v) " xw(0),
as in the proof of Lemma 3.1.3; check that yo and x; are arbitrary node embeddings
2<s=1 5 9<t=d=1) Deduce that N(2,3) = 11, N(2,4) = 71 and N(3,4) = 123, and
list the eleven node embeddings 2<% — 2<3.

2. (Section 5.1.)
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(a) Let s,t > 1 be given, let 0: 2<% — 2<! be a node embedding, and let 6: 255 — 2=! be
a map that extends § and sends 2% into 2. Show that the map 0 is a full embedding
if and only if 6(n|(s —1)) " (n(s— 1)) C 6(n) for every n € 2. Deduce that the number
of full embeddings extending ¢ is [, cos 2t=1=10(nl(s—1))I,

(b) Let 6: 2<2 — 2<3 be the node embedding of Figure 3.1, given by 6(0) = 0, (0) = 00
and 0(1) = 1. Show that # has exactly four extensions to a full embedding 252 — 253
and list them.

(c) Work in (Q, <), with o(z,y) the formula x < y. For o € 253 put b, = 16d(0) if
lo| < 3 and a, = 16d(0) if |o| = 3, with d as in the proof of Proposition 2.3.1.
EXpliCitly, the nodes are b@ = 8, b() = 12, b1 = 4, b()() — 14, b()l = 10, b10 = 6, bu = 2,
and the leaves are aggy = 15, agor = 13, agio = 11, ag11 = 9, a1go = 7, a1o1 = 5,
a110 = 3, a111 = 1. Show, by the claim in the proof of Proposition 2.3.1 or directly,
that these elements form a tree of height 3 for ¢. Let 0 be the extension of the node
embedding of part (b) with #(00) = 000, 6(01) = 001, A(10) = 100 and #(11) = 110.
Compute the tree of height 2 given by Lemma 3.1.2, and check the tree conditions
directly. Show that, if the value é(OO) is replaced by 010, the resulting families are no
longer a tree.

3. (Section 3.1.) For a finite 01 sequence o and v € {0,1}, let #,(o) be the number of
k < |o| with o(k) = v, and for k < w let 0% and 1* be the constant sequences of length
k.
(a) In the colouring of Figure 3.1, where C; = {0,1,00} and Cy = {0,01,10,11}, show
that the embedding drawn there is the only node embedding 2<? — 2<3 with image
in C1, and that no node embedding 2<? — 2<3 has image in Cj.

(b) Let 6: 2<% — 2<! be a node embedding. Show that #,(0(c)) > #,(0) for every
o€ 2<% and v € {0,1}.

(c) Let tg,t; > 1 be given with tg +t1 > 3, put t = to +t; — 2, and let Cy = {0 € 2<! :
#o(0) <ty — 2} and Oy = 2<t\ Cy. Show that no node embedding 2<% — 2<! has
image in Cp, and that no node embedding 2<% — 2<% has image in C;. (Hint: consider
the images of 0~ and of 1171, and note that every o € C; satisfies #;(0) < t; —2.)
Conclude that the number ¢y +¢; — 1 in Lemma 3.1.3 cannot be replaced by a smaller
one.

4. (Section 3.1.) Let B(k,¢) be defined by the recursion of Section 3.1.

(a) Compute B(k,¢) for 1 < k,¢ < 5 from the recursion, and check the values against
the closed form 2(]“;:{12) — 1. Compute the bound B(n + 1,n + 1) = 2(2:) — 1 of
Corollary 3.1.6 for 1 < n < 5; the values are 3, 11, 39, 139 and 503.

(b) Show that the numbers B(k, £)+1 satisfy Pascal’s rule B(k,¢)+1 = (B(k—1,0)+1)+
(B(k7 €—l)+1) for k, £ > 2, with the value 2 when k£ = 1 or £ = 1, and derive the closed
form from this without guessing it. Recall that the Ramsey numbers satisfy R(k,1) =
R(1,¢) = 1 and the Erdés—Szekeres inequality R(k,¢) < R(k—1,¢)+R(k,{—1). Show
that the numbers (k:ff) satisfy the corresponding equality with the same boundary
values, so that B(k,?¢) + 1 is exactly twice the Erdés-Szekeres bound for R(k, ().
Locate the summand 1 of the recursion for B in the proof of Proposition 3.1.5.
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(c) Show that every tree of height B(n,n+1) for ¢ in a model M of T yields an n-ladder
for ¢ in M, and that B(n,n+1) = (277:) — 1. Thus the height in Corollary 3.1.6 may
be lowered to less than half of its value; for 1 < n <5 the new values are 1, 5, 19, 69

and 251.

(d) Show that 4"/(2n+ 1) < (2:) < 4™ for n > 1. Deduce that a tree of height h > 4 for
¢ in M yields an n-ladder in M with n = |log, k|, and that the bound B(n+1,n+1)
grows exponentially in n. Compare with Proposition 2.3.1, by which a ladder of
length L yields a tree of height |logy(L +1)] —1: in both directions the passage loses
a logarithm.

. (Section 3.1.) Work with the tree of height 3 for z < y in (Q, <) of Exercise 2(c),

and carry out the proof of Proposition 3.1.5 with k¥ = ¢ = 2, for which B(2,2) = 3
and t+ =t~ = 2. In parts (a) and (b), whenever the proof needs a node embedding
2<2 5 2<3, take the inclusion map, and extend it to the full embedding 6 given by
0(n) = n—(0) for n € 22.

(a) Take 7, = 111. Show that P* = 2<3, so that the proof is in Case +. Compute the
map ¢ and the induced tree of height B(1,2) = 1, whose node is by = 12 and whose
leaves are aggp = 15 and ag1p = 11. Find the up-ladder of length 1 given by the base
case of the induction, and show that the proof returns the up-ladder with oy = 0,
m = 111, 09 = 0 and 1y = 010. Check directly that the elements a117 = 1, agig = 11
and by = 8, by = 12 form a 2-ladder.

(b) Take n, = 000. Show that P = (), so that the proof is in Case —, and that it returns
the down-ladder with o1 = (), 71 = 000, o2 = 1 and 75 = 100, with elements 15, 7 and
8, 4. Check this down-ladder directly, and determine the ladder that Remark 1.1.5
extracts from it.

(c) For each of the eight leaves 7, determine the set P*, and decide whether a node
embedding 2<? — 2<3 with image in P*, or one with image in P~, exists. Show that
the first exists exactly for n, € {011,100,101,110,111} and the second exactly for
n« € {000,001,010,011,100}, in accordance with Lemma 3.1.3.

. (%) (Section 3.1.) For m > 2, let H(m) be the least h with the following property:

for every theory T, every formula ¢(z,y) and every model M of T, if M contains a
tree of height h for ¢, then M contains an m-ladder for ¢. By Exercise 4(c), we have
H(m) < (2:;) — 1.

(a) Let n > 1 be given, let T" be the theory of infinite sets in the empty language, and
let p(z1,...,zn;y) be the formula \/i_; y = x;, which says that y is an entry of the
tuple z. Show that every model of T" contains an n-ladder for ¢ and no (n+1)-ladder.
(Hint: in an (n 4 1)-ladder, the elements by, ..., b,+1 are pairwise distinct entries of
al.)

(b) In the setting of part (a), show that every model of T' contains a tree of height n for
¢ and no tree of height n + 1. (Hint: in a tree of height h, let j < k < h be given,
and look at a leaf above 1¥7(0) to see that by; # byx; all the nodes byx are entries
of a;n. For the construction, take the nodes pairwise distinct, and let the leaf a, list
the nodes b, with 07 (1) C 7, repeated as needed, or an element distinct from all the
nodes if there are none.) For n = 1, compare with Exercise 2(b) of Section 2.6.
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(c) Deduce that H(m) > m. Let (by), (ay) be a tree of height 2 for an arbitrary formula
¢ in a model M. Show that the elements ai1, ajgp and by, by, in this order, form
a 2-ladder. Conclude that H(2) = 2, whereas Exercise 4(c) gives the bound 5 and
Corollary 3.1.6 the bound 11. (A finite search by computer shows that H(3) = 3 and
H(4) >5.)

(d) In the setting of Exercise 3 of Section 2.6, the span formula over a finite field has trees
of height n, and its longest ladders have length n+ 1 (see the exercises of Section 1.3).
Show that this example yields the inequality H(n + 2) > n + 1, which is weaker than
the one of part (c). The structures (N, Ry) of Exercise 7 of Section 2.6 contain (k+1)-
ladders, no (k + 2)-ladder, and no tree of height |log,(k + 2)| + 1. Show that they
yield only the inequality H(m) > [logy m| + 1, which for m > 3 is weaker than the
one of part (c), and explain why: their ladders are long compared with their trees.
Show that they bear instead on the converse passage: for n > 2, a ladder of length
2™ — 2 need not yield a tree of height n, so that Proposition 2.3.1 needs ladders of
length at least 2" — 1 in general (see Exercise 7(d) of Section 2.6).

7. (Section 3.2.) Let M be a model of T. The condition R(¢) > m makes sense, by the
same definition, for every L(M )-formula 0(x), and without the standing assumption of
Section 3.2. In this and the following exercises we use it in this generality, we write
R(0) = —1 if 6 is not satisfiable in M and R(f) = oo if R(#) > m for every m, and we
write RM for R when the model must be indicated.

(a) Show that R(#) > m if and only if M contains a tree of height m for ¢ whose leaves
all satisfy 6. In particular, the rank R(z = x) is the largest height of a tree for ¢ in
M, or oo if there is no largest height.

(b) Show that, for each m, the condition R(f) > m is expressed in M by an L(M)-
sentence whose parameters are those of §. Deduce that RM(0) = R™(6) whenever
M < N. Show that R(f) < R(#') whenever §(M) C ¢'(M); in particular, the rank
R(6) depends only on the set (M), and Lemma 3.2.2(ii) holds for every L(M )-formula
X-

(¢) Show the converse of Lemma 3.2.2(iii): if R(f) > m + 1, then some b € M satisfies
R(ONp(z,b)") > m for both u € {0,1}. Deduce that, if R(x = x) is finite, then every
0 satisfiable in M satisfies

: u
R(O) =1+ max ug%g’ll} RO N o(x,b)").

8. (Section 3.2.) Let M be an infinite set in the empty language, and let ¢(z,y) be the
formula x = y. By Exercise 2(b) of Section 2.6, the standing assumption of Section 3.2
holds with n = 2. Use the conventions of Exercise 7.

(a) Show that R(z = x) = 1, and that a p-conjunction 6 over M that is satisfiable in M
has R(f) = 0 if it has a conjunct of the form x = ¢ and R(f) = 1 otherwise.

(b) Let a,a’ € M be distinct, and let 6 be the formula 2 = aVaz = o’. Show that R(6) = 1,
although R(z = a) = R(x = a’) = 0. Show that, for b = a, both formulas 6 A p(z, b)"
have rank 0, and check Lemma 3.2.2(iii) in this case. Thus a single instance of ¢ can
lower the rank on both sides.
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For ¢ € M, let p. be the type with D, = {c}, and let po be the type with D, =0
(see Exercise 1 of Section 1.3). Show that the least rank of a member of ®,, is 0 and
that of a member of ®,__ is 1. For 6 the formula = ¢, write out the formula vy o(y)
of Lemma 3.2.2(iv) and show that it is equivalent to y = ¢. For 6 the formula z # ¢,
which belongs to pso, show that

Ql’e,1(y)ZH,Z(EI:JC(:U;&C/\Q::y/\m;réz)/\El:r:(:n750/\1::y/\:n:,z)),

and that this formula is equivalent in M to y # y. Compare with the definition dpp
of Exercise 4(c) of Section 2.6, which for p, is the empty disjunction, and compare
the least ranks with the Cantor-Bendixson ranks of Exercise 13(a) of Section 2.6.

Do the same for a model M of T and the formula xFy: show that R(z = z) = 1,
that a satisfiable ¢-conjunction has rank 0 if it has a conjunct of the form xzFEc and
rank 1 otherwise, that for 6 the formula zFEc the formula ¢y (y) is 3z (xEc A xEy),
which is equivalent to yEc in M, and that for 6 the formula -z Ec the formula 1 1 (y)
is equivalent to y # y. Compare with Exercises 4(d) and 13(b) of Section 2.6.

In both settings, the definitions produced by Proposition 3.2.3 contain a quantifier and,
for the type whose least rank is 1, the negation of an instance of ¢, although each of
them is equivalent to a positive Boolean combination of instances of .

. (%) (Section 3.2.) Work in the setting of Exercise 3 of Section 2.6: let K be a finite field,

let T be the theory of infinite vector spaces over K, let n > 1 be given, let o(x1,...,zn;y)
say that y lies in the span of x1,...,x,, and let M be a model of T'. Use the conventions
of Exercise 7.

(a)

(d)

Let 0 be the ¢-conjunction A\, p(z,¢;) A N\, ~p(x,d;), and let U be the span of
o, ..., Cr—1. Show that 0 is satisfiable in M if and only if dimU < n and no d; lies
in U, and that in this case R(f) = n — dimU. (Hint: for the upper bound, let (b,),
(ap) be a tree of height h whose leaves satisfy 6, and show, by looking at a leaf above
1¥7(0), that by;x does not lie in the span of U and the nodes by; with j < k; then
count the dimension of the span of a;». For the lower bound, note that M has infinite
dimension, and take the nodes linearly independent over the span of U and the d;.)

Deduce that R(x = x) = n, the largest height of a tree found in Exercise 3 of
Section 2.6. Thus the standing assumption of Section 3.2 holds with n 4 1 in place of
n, and the bound of Lemma 3.2.2(i) is attained.

Let p € S,(M) be given, so that D, is a subspace of M of dimension at most n (see
the exercises of Section 1.3). Show that the least rank of a member of ®), is n—dim D),
and that it is attained by 6, = ¢(2,0) A A.cc @(z,c) for any basis C' of D,. Show
that this least rank equals the Cantor-Bendixson rank of p found in Exercise 14 of
Section 2.6.

Show directly from part (a) that g, m(y), with m = n — dim D,,, defines D, in M.
For n =1 and D, = {0}, write out g, 1(y) and show that it is equivalent to y = 0.
Compare with the definition ¢(c, y) by a single instance in Exercise 4(e) of Section 2.6.

10. (Section 3.2.) Work in (Q, <), with ¢(x,y) the formula < y, so that the standing
assumption of Section 3.2 fails. Use the conventions of Exercise 7.

(a)

Show that every ¢-conjunction 6 over QQ that is satisfiable in Q defines a set containing
an open interval, and that R(f) = co. (Hint: the numbers 2"+1d(c) with o € 25™,
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for d as in the proof of Proposition 2.3.1, form a tree of height m, and a tree for x < y
is carried to a tree by every order-preserving map.)

(b) Let r be an irrational real number, and let p be the type with D, = {b € Q :
b > r}. Show that, for every 6§ € ®, and every m, there is a rational b < r with
R(O N ¢(z,b)) > m, so that the formula 1y ,,, does not define p. Which step of the
proof of Proposition 3.2.3 fails? Recall from Exercise 3 of Section 1.3 that p has no
definition at all.

11. (%) (Section 3.2.) Use the conventions of Exercise 7.

(a) Show that the following are equivalent: for some n, no model of T' contains a tree of
height n for ¢; for every model M of T, the rank RM (z = z) is finite. (Hint: for the
nontrivial implication, use Lemma 2.4.1 with 4 = w.) Show that, if 7' is complete,
these conditions are also equivalent to the finiteness of RM (z = x) for a single model
M of T. Show that completeness cannot be dropped, by taking for 71" the theory of
linear orders and for ¢ the formula x < y.

(b) Let M be the disjoint union of finite chains of Exercise 11 of Section 2.6, with ¢(x,y)
the formula x < y. Show that R(z = z) = oo in M, although M contains no tree of
height w. Thus infinite rank is witnessed by finite trees.

(c) Let k € N be given, and let T} be as in Exercise 7 of Section 2.6. Show that R(z =
x) = |logy(k+2) | in every model of Tk, so that the standing assumption of Section 3.2
holds with n = |logy(k+2) | +1, although every model of T} contains a (k+1)-ladder.

3.4 HISTORICAL REMARKS

Section 3.1. The Ramsey-type argument that extracts ladders from trees is due to Hodges,
and appears in his book [Hod93]. It proves directly, without definability of types, that tall
trees force the order property. Conant and Terry [CT26] gave the argument explicit bounds
and extended it from {0, 1}-valued formulas to real-valued functions; we follow their version.
Bounds of this kind are what the applications of stability to finite combinatorics require, the
regularity lemma for stable graphs among them.

Section 3.2. The rank R(#) is Shelah’s local rank R(6,¢,2) [She71, She90]|. The proof
that a type of minimal rank is definable is the classical route to definability of types. It is
older than the combinatorial and analytic proofs given elsewhere in these notes, and it is
the one found in most textbooks, for instance Pillay [Pil96] and Tent—Ziegler [TZ12]. Its
definitions involve quantifiers; those of Section 2.2 do not.






Chapter 4

From stability to NIP

In a stable theory no formula can encode arbitrarily long ladders. Many of the best
understood structures in mathematics fail this test for a simple reason: they carry a definable
linear order. Dense linear orders, the ordered field of real numbers and, more generally, o-
minimal structures are all unstable, and yet their definable sets are remarkably well behaved.
To account for this kind of tameness we introduce the independence property, a configuration
much wilder than a ladder, and study the formulas and theories that avoid the independence
property, called NIP. Since a ladder is one of the patterns that the independence property
demands, every stable formula is NIP (see Proposition 4.1.2); the orders just mentioned are
NIP as well, so that NIP generalizes both stability and the tameness of order. Section 4.1
treats formulas, with the conventions of Section 1.1. Section 4.2 treats bounded functions,
with the conventions of Section 1.2; there NIP becomes the existence of pointwise convergent
subsequences, and the independence property a copy of SN.

The definability theorem shows that stability is a condition of great power, and the
examples show that it is also a condition of great severity. The real line with its order
is as well understood as any structure in mathematics, and yet it is not stable, because
an order is the very configuration that stability forbids. It is natural to ask whether
some weaker condition admits the orders while still excluding what is truly wild, and
this chapter proposes one. Section 4.1 defines the independence property, under which
a formula imposes every pattern on arbitrarily large finite sets of parameters, and its
absence, NIP. A ladder is one such pattern, so every stable formula is NIP (see Proposi-
tion 4.1.2); the order of the rationals is NIP and unstable (see Example 4.1.3); and the
edge relation of the random graph has the independence property (see Example 4.1.4).
Section 4.2 passes to bounded functions and, by Rosenthal’s dichotomy, finds that NIP
is the existence of pointwise convergent subsequences (see Theorem 4.2.4), while the
independence property produces a copy of SN (see Proposition 4.2.5).

The word “independence” is used in these notes in two senses, and the equivocation is
historical. A family of parameters is independent, in the sense of this chapter, when
the formula can impose every pattern on it; the independence property is thus a su-
perabundance of choices, and it is not a notion of independence of the kind studied in
Chapters 6 and 7. The two meanings are nevertheless related, and Section 7.5 shows
how: where independent extensions of a type fail to be unique, an independent family
appears.

55
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4.1 THE INDEPENDENCE PROPERTY

A ladder (see Definition 1.1.4) is a special pattern: the element a; satisfies p(z, b;) exactly
for 7 > 4. The independence property asks instead that every pattern be realized.
Definition 4.1.1. Let M be a model of T, and let n > 1 be given.

(a) Tuples by,...,b, of M are shattered by ¢ in M if for every S C {1,...,n} there is a tuple
ag of M such that, for all 1 <i < n, we have

M = p(ag, b)) < i€ S.

(b) The formula ¢ has the independence property if for every n some model of T' contains n
tuples shattered by ¢. Otherwise the formula ¢ is NIP; the letters abbreviate Shelah’s
name, the negation of the independence property (see the Introduction). NIP formulas are
also called dependent.

(¢) The VC dimension of ¢ is the largest n such that some model of T' contains n tuples
shattered by ¢, and oo if there is no largest such n.

A theory is NIP if every formula is NIP.

Thus the formula ¢ is NIP if and only if the VC dimension of ¢ is finite. The terminology
comes from learning theory, where shattering is a property of a family of sets. For a € M we
write p(a, M) ={be M : M | ¢(a,b)}. If by,...,by, are shattered by ¢ in M, then every
subset of {b1,...,by} is cut out by one of the sets ¢(a, M), so that the family {p(a, M) : a €
M} shatters {bi,...,b,} in the sense of learning theory.

As for ladders, an (n+1)-shattered family contains an n-shattered one, so by compactness
the formula ¢ has the independence property if and only if some model of T" contains an
infinite sequence (b;);<., such that for every S C w there is ag with ¢(ag,b;) if and only if
1€ S.

Proposition 4.1.2. If ¢ does not have the order property, then the formula ¢ is NIP.

Proof. We prove the contrapositive, by finding a ladder among the patterns that shattering
provides. Suppose that by, ...,b, are shattered by ¢ in a model M of T, witnessed by the
tuples ag. For 1 <i<mnput S;={j:i<j<n}anda; =ag,. We then have M = ¢(a;,b;)
if and only if 5 € S;, that is, if and only if ¢ < j. Thus the suffixes S; cut out a staircase
pattern, and the tuples ai,...,a, and by,...,b, form an n-ladder. Since n is arbitrary, the
formula ¢ has the order property whenever it has the independence property. ©

Figure 4.1 shows the proof for n = 3.
The converse of Proposition 4.1.2 fails, and the first example of the chapter, the order of
the rationals, shows why NIP is the right notion for ordered structures.

Example 4.1.3. Let T be the theory of (Q,<) and let ¢(z,y) be x < y. Then the
elements a; = ¢ and b; = j + % satisfy o(ai, b;) if and only if ¢ < 4, so the formula ¢ has
the order property and is unstable. However, the formula ¢ is NIP, with VC dimension
1. Indeed, let by, by be elements of a model, say b; < bs. Shattering requires some a with
a < by and a £ be, that is, some a with by < a < by, which is impossible. Hence no two
elements are shattered. A single element b is shattered, by any a < b and any a > b.

The random graph lies at the other extreme: its edge relation realizes every pattern on
every finite set of vertices.
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b1 b2 b3 bl b2 b3

{1,2,3} rows of the suffixes S; a1
(2,3} as
a{3} as
agp
a{1}
{2}
a{1,2}
a{1,3}

FIGURE 4.1. The proof of Proposition 4.1.2 for n = 3. Left: shattered tuples
b1, b2, b3, with one row ag for each S C {1,2,3} and a pink cell where ¢(ag, b;)
holds. Right: the three rows indexed by the suffixes S; = {1,2,3}, S2 = {2,3}
and S3 = {3} (framed) form the staircase of a 3-ladder (compare Figure 1.1).
A ladder uses only n of the 2™ rows, which is why the order property does not
give the independence property (see Example 4.1.3).

Example 4.1.4. Let T be the theory of the random graph, whose models are the graphs
in which, for all disjoint finite sets U, V' of vertices, some vertex outside U UV is adjacent
to every vertex of U and to no vertex of V. Let ¢(x,y) be the edge relation E(z,y).
Any n distinct vertices by, ..., b, are shattered: for S C {1,...,n} apply the extension
property to U = {b; : i € S} and V = {b; : i ¢ S}. Thus the relation E has the
independence property.

The independence property of p(x,y) refers to shattering tuples on the y-side. In Proposi-
tion 4.1.5 below we show that the choice of side does not matter, at the price of an exponential
loss in the number of shattered tuples. We write ¢°PP(y, z) for ¢(x,y) with the roles of the
variables exchanged.

Proposition 4.1.5. The formula ¢ is NIP if and only if p°PP is NIP. More precisely, if some
model contains 2™ tuples shattered by @, then that model contains n tuples shattered by p°PP.

Proof. The idea is to index the shattered tuples by sets, so that membership itself becomes
the pattern, and then to read the pattern from the other side. Let M be a model of T
containing 2" tuples shattered by ¢, index them as by with 7" C {1,...,n}, and let the
tuples ag with S C P({1,...,n}) witness that they are shattered by ¢. For 1 <i < n put
S; ={T :i €T} and a; = ag,. We then have M = ¢(a;,br) if and only if T' € S;, that is,
if and only if 4 € T. Thus for every T' C {1,...,n} the tuple by satisfies p°PP(br, a;) exactly
for i € T, and the tuples aq,...,a, are shattered by p°PP. Applying this in both directions
gives the equivalence. ©

Remark 4.1.6. Examples 4.1.3 and 4.1.4 are unstable for different reasons, and a theorem
of Shelah says that there are no others. A formula ¢ (z,y) has the strict order property if
for every n some model M of T' contains tuples by, ..., b, with ¢)(M,b1) C (M,ba) C --- C
(M, by), where Y(M,b) = {a € M : M |= 1¢(a,b)}. The formula z < y of Example 4.1.3
is the basic case. Shelah’s theorem states that a theory is unstable if and only if some
formula has the independence property or some formula has the strict order property [She90,
Chapter II]. Thus an unstable theory either encodes arbitrary subsets, as the random graph
does, or encodes an infinite order; NIP theories are those in which only the second reason
can occur.
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4.2 'THE REAL-VALUED CASE

As in Section 1.2, formulas give way to bounded functions on arbitrary sets, and the goal
is an analytic form of NIP: in Theorem 4.2.4 below we show that a function is NIP exactly
when every sequence of its evaluation maps has a pointwise convergent subsequence. The
definition must first be adapted. On arbitrary sets compactness is not available, so shattering
is required only for finite patterns, with a uniform gap between the values on the two sides.
Definition 4.2.1. Let A, B be sets and ¢: A x B — R a bounded function. A sequence
(bn)n<w in B is independent for ¢ if there are reals r < s such that for all disjoint finite sets
P,Q C w there is a € A with

o(a,by) > s forne P and w(a,by) <r forn e Q.

The function ¢ has the independence property if some sequence in B is independent for ¢,
and is NIP otherwise.

For a {0, 1}-valued function, any 0 < r < s < 1 may be used, and a sequence is indepen-
dent exactly when each finite part of the sequence is shattered in the sense of Definition 4.1.1.
By compactness, a formula ¢(x,y) is NIP in the sense of Definition 4.1.1 if and only if the
corresponding function on Ml x MWl is NIP for every model M of T.

As in the {0, 1}-valued case (see Proposition 4.1.2), stability implies NIP. The proof there
turned a shattered set into a ladder, a staircase being one of the patterns that shattering
provides. Here the ladder appears among the types: ultrafilter limits of witnesses give types
P that form a ladder against the b,, and the separate continuity of the extension ¢ of
Proposition 1.2.8 rules the ladder out.

Proposition 4.2.2. Every stable function p: A x B — [0,1] is NIP.

Proof. Let ¢: LS(p) x RS(¢) — [0,1] be the separately continuous function of Proposi-
tion 1.2.8. Taking a constant family in (1.2) gives ¢(p, rtp,, (b)) = p(b) for all p € LS(¢) and
be B.

Suppose, towards a contradiction, that (b,) is independent for ¢, with reals r < s. For
m < N choose a,, v € A with

©(am,N,bp) >s form <n<N and ©(am N, bp) <1 forn <m,
and let a,, v be arbitrary for N < m. Fix a nonprincipal ultrafilter U on w and put

Pm = %\lf,mu ltpcp(am,N) € LS(@)'

For fixed n the displayed inequalities hold for all N > max(m,n), so we have
(4.1) Pm(bp) > s if n>m, Pm(bn) <7 if n < m.

Now put ¢ = lim,, y 1tp,(bn) € RS(¢) and p = lim,, y pm € LS(p). We compute $(p,q) in
two ways.

First, by continuity of @(pm,-) and (4.1), we have @(pm,q) = limg, pm(bn) > s for
every m, since pp,(b,) > s for all n > m. By continuity of ¢(-,q), we obtain @(p,q) =
limy, y G(Pms q) > s

Second, limits in LS(y) are computed coordinatewise. Since pp,(by,) < 7 for all m > n,
we have

p(byn) = limpy, (b,) <7 for every n.

m,
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By continuity of ¢(p, -), we obtain
n,U n,U
Hence we have s < ¢(p, q) < r, contradicting r < s. €}

Stability was characterized in Section 1.2 by the exchange of iterated limits. NIP, the
weaker condition by Proposition 4.2.2, is characterized by the evaluation maps ep: LS(p) —
[0, 1], given by ey(p) = p(b) for b € B as in Subsection 1.2.4: every sequence of them has a
pointwise convergent subsequence. The analytic input is Rosenthal’s dichotomy: a bounded
sequence of functions has either a pointwise convergent subsequence or a subsequence that
behaves like an independent sequence.

Fact 4.2.3 (Rosenthal). Let X be a set and (f,) a uniformly bounded sequence of real-
valued functions on X. Then the sequence (fy) has a subsequence that converges pointwise
on X, or a subsequence (fp,) for which there are reals r < s such that for all disjoint finite
sets P,Q C w there is x € X with fyp, (z) > s for k € P and fy, (x) <r for k € Q.
Theorem 4.2.4. For ¢: A x B — [0, 1], the following are equivalent:

(1) The function ¢ is NIP.

(2) For every sequence (by,) in B, the sequence of functions (ep, ) has a subsequence that
converges pointwise on LS(¢p).

Proof. (2) = (1). Suppose that (b,) is independent for ¢, with reals r < s, and let (by, )
be a subsequence. For each K < w choose ax € A with p(ak,b,,) > s for even k < K
and ¢(ak,by,) < r for odd k < K. Let U be a nonprincipal ultrafilter on w, and put
p = limg ltp,(ak), a point of LS(p). For each fixed k the inequality for & holds for all
K >k, so the value ey, (p) = p(bn,) is at least s for even k and at most r for odd k. Hence
the sequence (e, (p)) does not converge. Since the subsequence was arbitrary, condition (2)
fails.

(1) = (2). Suppose that condition (2) fails for (b,). By Fact 4.2.3 applied to X = LS(yp)
and f, = ep,, there are a subsequence (b, ) and reals r < s such that for all disjoint finite
P, Q) C w there is p € LS(p) with p(by,) > s for k € P and p(b,,) < rfor k € Q. Fix r’ and &’
with r <7’ < s’ < s. Since p is a pointwise limit of left types ltp,(a) and only finitely many
coordinates are involved, some a € A satisfies p(a, by, ) > &' for k € P and ¢(a,by,,) <1’ for
k € Q. Thus the sequence (b, ) is independent for ¢, with 7’ < ', and the function ¢ is not
NIP. ©

The failure of condition (2) has a striking topological form: an independent sequence
produces a copy of SN.
Proposition 4.2.5. If (b,) is independent for o, then the map U — lim,, 3 ey, s a homeo-

morphism from BN onto a closed subset of the pointwise closure of {ey : b € B} in [0,1]1S(),

Proof. The map n +— e, from N into the compact space [0, 1]58(#) extends to the continuous
map U — lim, 15, on BN, whose image lies in the pointwise closure of {e; : b € B}. Since
BN is compact and [0, 1]LS(5") is Hausdorff, it remains to be shown that the map is injective.
Let r < s witness the independence of (b,,), let U # V be ultrafilters on N, and choose X € U
with N\ X € V. For each finite F' C N there is ap € A with p(ap,b,) > sforne FNX
and p(ap,by) < rforn € F'\ X. Let D be an ultrafilter on the finite subsets of N that
contains {G : G 2 F} for every finite F', and put p = limgp ltp,(ar) € LS(p). Then we
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have p(b,) > s for n € X and p(b,) < r for n ¢ X. Hence the limit of e, (p) along U is at
least s, the limit along V is at most r, and the two limits of (ep, ) differ at p. ©

n e X: p(bn)

Y

S

bo by bo bs by by be bz bg by  bio b11
n¢ X: pbn) <7

FIGURE 4.2. The proof of Proposition 4.2.5. Independence of (b,) lets a single
point p of LS(p) cut out any prescribed set X C N (pink bars): the values
p(by,) lie above s on X and below r off X. Two distinct ultrafilters U > X
and V 5 N\ X therefore give limits of (ep, ) that differ at p, and SN embeds
in the closure of the instances.

Thus the instances of ¢, viewed as continuous functions on LS(y), face a dichotomy.
If ¢ is NIP, every sequence of instances has a pointwise convergent subsequence (see The-
orem 4.2.4); if ¢ has the independence property, the closure of the instances contains SN,
a compact space in which no sequence of distinct points converges. The dichotomy is the
topological face of Rosenthal’s ¢; dichotomy. In the theory of Bourgain, Fremlin and Tala-
grand [BFT78], the same dichotomy separates the Rosenthal compacta, the compact spaces
of Baire class 1 functions on Polish spaces, from compact spaces of functions that contain
BN, and Simon [Sim15b] develops the NIP side of this picture for spaces of types. Stable
functions sit at the rigid end of the spectrum: their type spaces are Eberlein compacta (see
Corollary A.1.8 below).
Remark 4.2.6. Proposition 4.2.2 can also be derived, with heavier machinery, from Theo-
rem 4.2.4. By Grothendieck’s double limit criterion, in the form of Proposition A.1.7, stability
of ¢ makes {e; : b € B} relatively weakly compact in C'(LS(¢)). By Corollary A.1.6, which
rests on the Eberlein-Smulian theorem (see Fact A.1.5 below), every sequence (e, ) then
has a pointwise convergent subsequence. Thus condition (2) of Theorem 4.2.4 holds, and
the function ¢ is NIP by the implication (2) = (1), which does not use Rosenthal’s di-
chotomy. The direct proof of Proposition 4.2.2 avoids both Grothendieck’s criterion and the
Eberlein-Smulian theorem.
Remark 4.2.7. Theorem 1.2.9 represents stable functions by the pairing of a reflexive Banach
space E with E*. Khanaki [Khal5] proved that ¢ is stable, NIP, or NSOP (that is, without
the strict order property of Remark 4.1.6) according as a Banach space naturally associated
with ¢ is reflexive, contains no copy of ¢1, or is weakly sequentially complete (every weakly
Cauchy sequence converges weakly).
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4.3 EXERCISES

The exercises follow the sections of the chapter. Throughout, we write Trg for the theory
of the random graph (see Example 4.1.4), and a family F of subsets of a set X shatters a set
Z C X if every subset of Z is of the form Y N Z with Y € F. The mark (%) indicates the
exercises that ask for more than a direct application of the text.

1. (Section 4.1.) Let T be the theory of (Q, <), and let p(z122,y) be the formula z; <
y Ay < xg. For a pair a = (a1, a2) in a model M, the set ¢(a, M) is the open interval
with endpoints a; and a9, and it is empty when ay < a;. Show that the VC dimension of
¢ is 2. Show that the VC dimension of ¢°PP is also 2. (Hint: let three pairs a; = ({;,7;)
be shattered by ¢°PP, choose i with [; least and j with r; greatest, and, when i # j, use
the pattern {4, j}; show that for some index k the interval ¢(ay, M) is contained in the
union of the other two.) Show finally that the formula ¢ has the order property (see
Definition 1.1.4).

2. (Section 4.1.) Let T be the theory of an equivalence relation E with infinitely many
classes, all of them infinite. Show that the formula E(z,y) has VC dimension 1 and that
no model of T' contains a 2-ladder for it. For k& > 1, let ¢;(x1 ... 2k, y) be the formula
\/f:1 E(z;,y). Show that the VC dimension of v is k, and that no model of T' contains
a (k + 1)-ladder for ¢y. Thus for every k there is a stable formula of VC dimension
exactly k. (Hint: in a ladder aq,...,a, and by,...,b, for ¥y, the elements by, ..., b, lie
in pairwise distinct classes, and each of these classes contains a coordinate of a.)

3. (Section 4.1.) Let T be the theory of (Q,<). For R C {<,=,>}, let pr(x,y) be the
disjunction of the formulas z < y, x = y and y < z that correspond to the members of
R, the empty disjunction being L. Show that every quantifier-free formula ¢(z,y), with
x and y single variables, is equivalent modulo T" to some pgr. Show that every ¢p has
VC dimension at most 1. (Hint: for by < by there are only five positions of an element a
relative to by and by; list the pairs of truth values of ¢r(a,b1) and pr(a,bs).) Show that
pp is stable if and only if R contains both or neither of the symbols < and >. Thus four
of the eight formulas are unstable and NIP, as in Example 4.1.3.

4. (Section 4.1.) Work in Trg, and let ¢(z,y) be a quantifier-free formula in the language
of graphs, with  and y single variables. Show that ¢ is equivalent modulo Trg to a
formula (r =y Aa)V (x #yAB), where ais T or L and 3 is one of T, 1, E(x,y) and
—E(x,y). Show that the formula ¢ is NIP if and only if 8 is T or L, that is, if and only
if ¢ is equivalent modulo Trg to a Boolean combination of the formula x = y. (Hint:
when g is =E(x,y), argue as in Example 4.1.4 with the sets U and V' exchanged.)

5. (Section 4.1.) Let T be the theory of (N,|), where x | y means that z divides y, and
let ¢(z,y) be the formula = | y. Let pi,...,p, be distinct primes. Show that the
elements b; = H#i pj, for 1 <14 <n, are shattered by ¢ in N, so that the formula ¢ has
the independence property. Show directly, without Proposition 4.1.5, that the elements
P1, - - ., Pn are shattered by ¢°PP in N. Show also that the formula ¢ has the strict order
property of Remark 4.1.6. Thus the structure (N, |) is unstable for both of the reasons
named in that remark.
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6. (Section 4.1.) Let m > 1 be given, put X = {1,...,2™}, and let M be the finite

structure whose universe is the disjoint union of X and P(X), with one binary relation
R such that R(c,d) holds if and only if ¢ € X, d € P(X) and ¢ € d. Let T be the complete
theory of M, and let ¢(x,y) be the formula R(x,y). Every model of T' is isomorphic to
M. Show that the VC dimension of ¢°PP is 2™ and that the VC dimension of ¢ is m.
(Hint: for the lower bound, label the elements of X by the subsets of {1,...,m}; for the
upper bound, count the witnesses ag.) Conclude that the bound of Proposition 4.1.5
cannot be improved: a model may contain 2 tuples shattered by one formula and no
m + 1 tuples shattered by its opposite.

() (Section 4.1.) The following bound is the Sauer—Shelah lemma mentioned in the
historical remarks.

(a) Let X be a set with m elements, let d > 0 be given, and let F be a family of subsets
of X that shatters no subset of X with d + 1 elements. Show that |F] < Z?:o ().
(Hint: induction on m. Fix z € X, let F be the family of the sets Y\ {z} with Y € &,
and let F” be the family of the sets Y C X \ {z} with Y € F and Y U{z} € F. Show
that |F| = |F| + |F”| and that the family F” shatters no subset with d elements. For
d = 0 the last condition means that " is empty.)

(b) Suppose that the formula ¢(z,y) has finite VC dimension d, let M be a model of
T, and let by,...,b,, be tuples of M. Show that, as a ranges over M, the sets
{i: M = ¢(a,b;)} take at most 30, (™) < (m + 1)¢ values.

(c) Suppose that the formulas ¢(z,y) and ¢ (x,y) are NIP. Show that the formulas -,
@ A and ¢ V ¢ are NIP. (Hint: for the conjunction, let d and e be bounds for the
VC dimensions of ¢ and 1, and compare (m + 1)%+¢ with 2™.)

8. (Section /.2.) For n > 1, let P, be the set of pairs (n,i) with 1 < i < n, and let

Qn be the set of pairs (n,Y) with Y C {1,...,n}. Let M be the structure whose
universe is the disjoint union of the sets P, and @,, with one binary relation R that
holds of ((n,Y), (n,1)) if and only if i € Y, and of no other pair. Let T" be the complete
theory of M, and let ¢(x,y) be the formula R(z,y). Show that the formula ¢ has the
independence property in the sense of Definition 4.1.1. Show that the corresponding
function p: M x M — {0,1} is NIP in the sense of Definition 4.2.1. (Hint: all terms
of an independent sequence lie in a single set P,, and they are pairwise distinct.) Show
finally, by compactness, that some model of T' contains a sequence independent for (.
Thus, in the equivalence stated after Definition 4.2.1, the words “for every model” cannot
be replaced by “for the given model”.

9. (Section 4.2.) Let p: A x N — [0,1] be a function such that, for every a € A, the

sequence (¢(a,n)), is monotone, and in the same direction for all a.

(a) Show from Definition 4.2.1 that the function ¢ is NIP. (Hint: two terms of an inde-
pendent sequence are distinct, and one pattern of size two already fails.)

(b) Verify condition (2) of Theorem 4.2.4 directly. (Hint: every p € LS(¢) is monotone on
N, and every sequence in N has a subsequence that is constant or strictly increasing.)

(c) Apply (a) to the function ¢(x,n) = 2™ on [0,1] x N of Example A.1.4 and to the
function of Example 1.2.12. Show that both functions are unstable in the sense of
Definition 1.2.5.
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(d) Let A be a topological space, let B be a set, and let ¢: A x B — [0,1] be an NIP

function such that every function ¢(-,b) is continuous on A. Show that for every
sequence (b,) in B some subsequence of the functions ¢(+,b,) converges pointwise on
A, so that its limit is of the first Baire class. Show that for z™ on [0, 1] the limit is
not continuous.

(Section 4.2.) Let ¢: [0,1]xN — [0,1] be given by ¢(t, k) = 1 (1+sin(27 8"t)). Show that

the sequence (k)j<,, is independent for ¢, with r = § — % and s = 3 + %. (Hint: write

t=23>1 d;877 with digits d; € {0,2, 6}; the value sin(27 8¥t) is at least @ when dj1 =
o V2

2, and at most —72 when dj41 = 6.) Show also that no subsequence of the continuous
functions t — ¢(t, k) converges pointwise on [0, 1]. (Hint: for a subsequence (k;), choose
t with dy,11 = 2 for even [, with dy,y; = 6 for odd [, and with all other digits 0;
independence alone would not suffice, by Exercise 12(a).) Deduce from Proposition 4.2.5
that the pointwise closure of {e; : k € N} in [0, 1]"5(®) contains a copy of SN.

(*) (Section 4.2.) Let ¢: [0,27] x N — [0, 1] be given by ¢(z,n) = 3(1 4 sinnz). Show
that f02ﬂ(sin nx — sinn’z)? dv = 27 for distinct n,n’ > 1. Deduce from the dominated
convergence theorem that no subsequence of the functions ¢(-,n) converges pointwise
on [0,2r]. Apply Fact 4.2.3 with X = [0, 27], not X = LS(p), to conclude that some
subsequence of (n),<, is independent for ¢. Deduce that the function (z,y) — (1 +
sinzy) on R x R has the independence property. Compare Exercise 10, which gives an

explicit independent sequence.

(Section 4.2.) Let A be the set of finite subsets of N, and let ¢: Ax N — {0, 1} be given
by p(F,n) =1if n € F and ¢(F,n) = 0 otherwise.
(a) Show that the sequence (1)<, is independent for ¢. Show that for every sequence
(ng) of distinct natural numbers the functions ¢(-,ny) converge pointwise to 0 on
A. Thus condition (2) of Theorem 4.2.4 cannot be weakened to convergence at the
realized types ltp,,(F).

(b) Show that LS(¢p) is the set of all functions from N to {0, 1}, which we identify with

P(N), and that e,(Z) =1 if and only if n € Z.

(c) Let U be an ultrafilter on N. Show that the function lim,, 1 e, on P(N) takes the value
1 at Z if and only if Z € U. Conclude that the map of Proposition 4.2.5 sends each
ultrafilter to its own characteristic function, and that it is a homeomorphism from SN
onto the pointwise closure of {e,, : n € N}.

(d) Show that the function ¢ is unstable in the sense of Definition 1.2.1. (Hint: consider

—p.)

() (Section 4.2.) Let A and ¢ be as in Exercise 12, and let ¢»: N x A — {0,1} be
given by 1(n, F') = ¢(F,n). Show that the function v is NIP. (Hint: in an independent
sequence (F}), the finite set Fy would have to contain 2%V distinct elements for every N.)
Show that the function 1 has the order property. Thus, for functions on arbitrary sets,
the independence property of a function does not pass to its opposite, in contrast with
Proposition 4.1.5. Show, however, that for every k some sets F1, ..., F, € A have all 2"
patterns realized by elements of N, so that the failure comes from the requirement that
a single infinite sequence carry all finite patterns.



64 4. FROM STABILITY TO NIP

4.4 HISTORICAL REMARKS

Section 4.1. The independence property was introduced by Shelah [She71], in the same
paper as the order property. His theorem that an unstable theory has the independence
property or the strict order property is in [She90, Chapter II]. The combinatorial notion of
shattering, and the VC dimension, were introduced independently in probability and learning
theory by Vapnik and Chervonenkis [VC71]; the polynomial bound on the number of traces
(the subsets cut out on an n-element set) of a family of finite VC dimension was found
independently by Sauer [Sau72] and by Shelah [She72]. Laskowski [Las92] observed that
a formula is NIP exactly when the family of sets it defines has finite VC dimension. The
observation joined model theory to learning theory.

Section 4.2. Rosenthal’s dichotomy comes from his characterization of Banach spaces con-
taining ¢; [Ros74], and the systematic study of pointwise compact sets of Baire class 1
functions is due to Rosenthal [Ros77] and to Bourgain, Fremlin and Talagrand [BFT78|.
Their work entered model theory later. The development is summarized in the following
timeline.

Hrushovski—Peterzil-Pillay; Hrushovski—Pillay
—

Rosenthal; Bourgain—Fremlin—Talagrand Khanaki
fauer; gﬁaaﬂ ?oizat %askowski §im0n
Shelah; Vapnik—Chervonenkis Pillay—Steinhorn Ben Yaacov
° ° °
1970 1980 1990 2000 2010 2020

e Shelah; Vapnik—Chervonenkis. Shelah [She71] introduces the indepen-
dence property. Independently, Vapnik and Chervonenkis [VC71] intro-
duce shattering and what is now called VC dimension, in the study of
uniform convergence of empirical frequencies.

e Sauer; Shelah. Sauer [Sau72] and Shelah [She72] independently prove
the polynomial bound on the number of traces of a set system of finite VC
dimension.

. Rosenthal; Bourgain—Fremlin—Talagrand. Rosenthal proves the ¢; di-
chotomy [Ros74] and studies pointwise compact sets of Baire class 1 func-
tions [Ros77]. Bourgain, Fremlin and Talagrand [BFT78] develop the

theory of these “Rosenthal compacta”.

o Poizat. Poizat [Poi81] characterizes countable NIP theories by a bound on
the number of types, and develops the theory of unstable theories without
the independence property.

e Pillay—Steinhorn. Pillay and Steinhorn [PS86] develop the theory of o-
minimal structures, following van den Dries. These structures are NIP and
are the main source of unstable NIP theories.

o Laskowski. Laskowski [Las92] identifies NIP formulas with formulas defin-

ing families of finite VC dimension.
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Hrushovski—Peterzil-Pillay; Hrushovski—Pillay. The study of invari-
ant and generically stable measures in NIP theories [HPP08, HP11], mo-
tivated by Pillay’s conjecture on definable groups in o-minimal structures,
turns NIP into a central topic of model theory.

Ben Yaacov. Ben Yaacov [Ben09] extends VC classes to [0, 1]-valued
functions, the continuous analogue of NIP used in Section 4.2.

Simon. Simon [Sim15b] applies the theory of Rosenthal compacta to
spaces of p-types of NIP formulas, and publishes the monograph [Sim15a]
on NIP theories.

Khanaki. Khanaki [Kha20, Khal5] relates stability, NIP and NSOP to
three properties of Banach spaces (see Remark 4.2.7).






Chapter 5

From stability to simplicity

A stable formula has definable types, and a definition extends its type canonically to every
larger set of parameters (see Theorem 1.1.6 and the remarks following Definition 1.1.3). A
stable theory therefore has, over a model, a preferred way of extending a type without adding
information, and in Chapter 6 we show that this way is unique. The random graph of
Example 4.1.4 is not stable, since its edge relation has the independence property, and yet it
carries an evident notion of independence. Over a set C, a vertex a is independent from a
set B when a is not one of the vertices of B outside C’; once this holds, the extension axioms
leave a free to be joined to the vertices of B in any way whatever. Uniqueness is lost precisely
here: a new vertex may be joined to a given vertex b or not, and neither choice tells us more
about b than the other. What survives is amalgamation. Suppose that ¢; and co have the
same type over C, that c¢; is independent from by and co from bs, and that b; and by are
independent from each other. Then a single vertex realizes the type of ¢; over C' U {b;} and
the type of ca over CU{ba} at once. This is the independence theorem. It holds in the simple
theories of Shelah, and, together with the other properties of independence, it characterizes
them. The theme of this chapter fits in one line: from stability to simplicity, uniqueness gives
way to amalgamation.

Simplicity has a combinatorial definition in the spirit of the order property and of the
independence property: a theory is simple if no formula has the tree property (see Defini-
tion 5.2.7), a configuration assembled from dividing, the way in which a formula can say
something essentially new about a set.

The chapter proceeds from definitions to an example, and from the example to the
property that made the example work. Section 5.1 fixes the conventions on monster
models, and Section 5.2 defines dividing and the tree property. Section 5.3 places
simplicity in the classification: every stable theory is simple, a theory is stable if and
only if it is simple and NIP (see Theorem 5.3.4), and in a simple theory every type
is nondividing over a small part of its domain. Section 5.4 computes dividing in the
random graph from the extension axioms alone, proves that the random graph is simple,
and proves the independence theorem there. Section 5.5 asks what these proofs used,
and finds a single property of the finite graphs, disjoint 3-amalgamation. Every Fraissé
limit with this property is simple (see Theorem 5.5.9), and two classical Fraissé limits
without it, the rational order and the Henson graph, are not. Section 5.6 passes to
real-valued functions, as Chapters 1 and 4 did, and shows by counting approximate
definitions that stable functions have no tree property (see Theorem 5.6.4).

The order of exposition is deliberate. A general theorem is easier to believe after one has
seen it hold in a particular case, and easier to prove after one has seen which features of

67
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the particular case the proof actually used. The random graph is studied here in detail
so that Chapter 7 may forget it.

5.1 CONVENTIONS

This section fixes the setting for the rest of the notes. From now on T is a complete
theory in the language L, and x = |T| = |L| + Ng. We work inside a monster model M of
T: a k-saturated and strongly k-homogeneous model for some very large cardinal % (larger
than 227, say). A set is small if of cardinality <k. Letters A, B, C' denote small subsets of M
tuples may be infinite, but are always small. We freely identify a set with an enumerating
tuple. A model is a small elementary substructure M < M. Every model of T' of size <k
embeds elementarily in M, and every type over a small set is realized in M.

We write tp(a/A) for the complete type of a over A, S,(A) for the set of complete types
over A in the variables z, and a =4 d' for tp(a/A) = tp(a’/A). We write M B for M U B. By
strong homogeneity, we have a =4 o’ if and only if o(a) = @ for some o € Aut(M/A).

Until now, stability has been a property of single formulas. We record the correspond-
ing notion for the theory T, together with a sufficient condition by counting types, which
Section 5.5 uses to recognize stable Fraissé limits.

Definition 5.1.1.

(a) The theory T is stable if no L-formula ¢(x,y) has the order property (see Definition 1.1.4).

(b) For an infinite cardinal A, the theory T is A-stable if |Sz(A)| < A whenever |[A| < X and =
is a finite tuple of variables.

Lemma 5.1.2. If T is A-stable for some A > k, then T is stable.

Proof. Suppose that ¢(z,y) has the order property. By Proposition 2.3.1, the formula ¢
encodes binary trees of arbitrarily large finite height. By Proposition 2.4.2 there is a model
N of T with [N| < A and [S,(N)| > A. Since T is complete, we may assume N < M.
Every ¢-type over N is consistent with the elementary diagram of N, so each ¢-type over N
extends to a complete type in S, (N), and distinct p-types have distinct extensions. Hence
|Sz(N)| > A > |N|, and T is not A-stable. ©

5.2 DIVIDING AND THE TREE PROPERTY

The goal of this section is to define dividing and the tree property, and with them the
simple theories. A small set of formulas with parameters in M is consistent if it is realized in
M. We often identify a tuple with the set of its coordinates; thus, for tuples a, b and a set C,
the inclusion a Nb C C says that every element that is a coordinate of both a and b belongs
to C.

A formula ¢(z,b) may say about z something that a set C' already knows, or something
new. Two examples show the difference. In a model of the theory of (Q, <), the formula
b1 < x < by is one of infinitely many formulas b} < x < b}, with b} < blﬁl, which look alike
over () and are pairwise contradictory. In the random graph, the formula E(x,b), where b is
a vertex, looks like E(x,b’) for every other vertex b’, but any finite number of these formulas
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hold together, because the extension axioms provide a common neighbour. The first formula
divides over (), and the second does not. Indiscernible sequences make “look alike” precise.
Definition 5.2.1. Let C' be a small set. A sequence (b;);i<. of tuples of the same length is
indiscernible over C' if for every n and all i; < --- < i, and j; < -+ < j, in w, we have

(biy, -5 0i,) =c (bjy, .., bj,).

Every infinite subsequence of a sequence indiscernible over C' is indiscernible over C; a
sequence indiscernible over C' is indiscernible over every subset of C'; and, taking n = 1, all
its terms have the same type over C. Leibniz held that things which cannot be told apart
are one and the same. The terms of an indiscernible sequence may be distinct, and yet no
formula over C' tells one increasing tuple of them from another.

Indiscernible sequences are plentiful. Every sequence leaves a trace of the formulas that

hold of all its increasing tuples, and Ramsey’s theorem, together with compactness, produces
an indiscernible sequence with the same trace. For a sequence (b;);<, and a small set C,
the Ehrenfeucht-Mostowski type of (b;) over C' is the set of L(C)-formulas 1(y1, ..., yn) such
that M = ¥(b;y,...,b;,) for all i; < --+ < iy in w.
Lemma 5.2.2 (Extraction of indiscernible sequences). Let C be a small set, and let
(bi)icw be tuples of the same length. Then there is a sequence (b))i<w, indiscernible over C,
that realizes the Ehrenfeucht—Mostowski type of (b;) over C': for every formula ¥(y1,...,yn)
of that type and all j1 < -+ < jn, we have M = (b} ,...,b; ). In particular, if all the b;
have the same type over C, then b;- =c by for every j.

Proof. Let ¥ be the set of L(C')-formulas in variables y; (i < w) consisting of

(a) ¥(Yjs---,yj,), for every 1 in the Ehrenfeucht-Mostowski type of (b;) over C' and all
jl < <Jn7 and

(b) 0(yiry---»¥in) < OYjs---,Yj.), for every L(C)-formula § and all iy < --- < i, and
jl <. < jn
A realization of ¥ is a sequence as required: (b) says that it is indiscernible over C', and (a)
that it realizes the Ehrenfeucht—Mostowski type. Since ¥ has at most |C| + Xy parameters,
by saturation it suffices to show that every finite ¥ C X is satisfiable.

Let 61, ...,6,, be the formulas that occur in the formulas of type (b) in Xg, and let n be
the largest number of variables among them (if there are none, take H = w below). Colour
each set {i; < -+ < iy} C w by the sequence of truth values of 6;(b;,, ... ,binl), l=1,...,m,
where n; < n is the number of variables of #;. There are at most 2" colours, so Ramsey’s
theorem gives an infinite set H C w all of whose n-element subsets have the same colour.
Let hg < h1 < --- enumerate H, and assign by, to y;. Every increasing n;-tuple from H
is the beginning of an increasing n-tuple from H, because H is infinite, so the truth value
of 6; on increasing n;-tuples from H does not depend on the tuple; hence the formulas of
type (b) in 3¢ hold. The formulas of type (a) hold because they hold of all increasing tuples
of the original sequence. For the last assertion, every formula of tp(by/C'), in one variable y1,
belongs to the Ehrenfeucht—Mostowski type. ©

In the Rado graph and in Fraissé limits, quantifier elimination gives a sharper conclusion
over finite sets: an infinite subsequence of the given sequence is itself indiscernible (see
Lemmas 5.4.4 and 5.5.7).

Definition 5.2.3. Let C be a small set, let ¢(z,y) be an L-formula, and let b be a tuple of
the length of y.
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(a) The formula ¢(x,b) divides over C' if there is a sequence (b;);<,, indiscernible over C, with
bp = b, such that the set {¢(x,b;) : i <w} is inconsistent.

(b) For k > 2, a set of formulas is k-inconsistent if each of its subsets with &k elements is
inconsistent, and ¢(z,b) k-divides over C' if the sequence in (a) can be chosen so that
{¢(x,b;) : i <w} is k-inconsistent.

(c) Let B D C be small. A type p € Sy(B) divides over C if some formula of p divides over
C.

Every L(B)-formula has the form ¢(z,b) with ¢ € L and b a finite tuple from B, so clause
(c) makes sense. The next lemma shows that dividing is k-dividing for a suitable k, so that
the two notions of (a) and (b) agree.
Lemma 5.2.4. Let (b;)i<,, be indiscernible over C, and suppose that {p(x,b;) : i < w} is
inconsistent. Then there is k > 2 such that {¢(x,b;) : i < w} is k-inconsistent. In particular,
a formula divides over C if and only if it k-divides over C' for some k > 2.

Proof. By compactness and saturation, some finite subset {o(z,bi,),...,¢(z,b;, )}, with
i1 < -+ < i, is inconsistent; adding formulas keeps it inconsistent, so we may assume k > 2.
Thus M E -3z /\511 o(x,b;,). For ji < --- < ji, indiscernibility gives (bj,...,b;) =c
(biy,...,bi,), and hence M = -3z /\é’f:1 o(x,by,). ©)

Remark 5.2.5.If C C C" and ¢(z,b) k-divides over C’, then ¢(z,b) k-divides over C,
because a sequence indiscernible over C” is indiscernible over C. Consequently, if C C ¢’ C
B and p € S;(B) divides over C’, then p divides over C. The terms of the sequence in
Definition 5.2.3 all have the type of b over C, so dividing is a strengthening of Shelah’s
original condition, which asks only for infinitely many realizations of tp(b/C') whose formulas
are k-inconsistent; in fact, the two conditions are equivalent (see [TZ12, Chapter 7]), but we
shall not need this.

Example 5.2.6. Let T be the theory of (Q, <), let b; < by be elements of M, and let
0(x;y1,y2) be the formula y; < x < yo. Choose pairs b* = (b%,b5) with b° = (by, ba),
with b} < b, and with by < bi™! for every i. By quantifier elimination for dense linear
orders without endpoints (see Fact 5.5.2(b) and Example 5.5.3(2) below, or [Hod93,
Theorem 7.4.1]), the type over () of a tuple is determined by the order between its
coordinates, and any two increasing n-tuples of the sequence (b%) are ordered alike. Hence
the sequence (b%) is indiscernible over (). The intervals (b%,b5) are pairwise disjoint, so
{6(x,b) : i < w} is 2-inconsistent, and O(z, by, by) 2-divides over (.

In Example 5.2.6 we can go on: inside the interval (bj,bs) there are infinitely many
disjoint subintervals, inside each of these infinitely many more, and so on. Choosing one
interval at each stage, we obtain a consistent descending sequence of formulas; at each stage,
the available choices are pairwise inconsistent. The tree property abstracts this picture. We
use the notation of Chapter 2 for sequences, with w in place of 2. Thus the set w<% consists of
the finite sequences of natural numbers, w® is the set of infinite ones, o™ (i) is the extension
of o by the entry i, and n|n is the initial segment of 1 of length n.

Definition 5.2.7. Let ¢(z,y) be an L-formula, and let k£ > 2 be given. The formula ¢ has
the k-tree property if there are tuples b,, for o € w<* with o # (), such that the following
hold:

(a) for every n € w*, the set {¢(x,by),) : 1 <n < w} is consistent;
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(b) for every o € w<¥, the set {p(z,b,~(;) : i < w} is k-inconsistent.

The formula ¢ has the tree property if it has the k-tree property for some k£ > 2. The theory
T is simple if no L-formula has the tree property.

Along each branch the formulas are consistent; among the immediate successors of a
node, called siblings, they are k-inconsistent. Each step up a branch therefore chooses one of
infinitely many incompatible options, and a simple theory is one that cannot accommodate
an w-sequence of such choices made by a single formula. Shelah’s original name for the simple
theories, treeless, said precisely this (see the Introduction). The trees of Chapter 2 were bi-
nary, with parameters at the nodes and elements at the leaves; the trees here branch infinitely,
carry parameters at every node, and have no leaves. Figure 5.1 shows the configuration.

branch n = (1,0,0,...): consistent

. \. siblings:

,! k-inconsistent

FIGURE 5.1. The k-tree property (see Definition 5.2.7). The tree grows up-
ward; the node o carries the parameter b,. Along every branch (pink) the for-
mulas ¢(x, by,,) have a common solution, while the formulas attached to the
siblings of any node (framed for the successors of the root) are k-inconsistent:
no k of them hold together.

By compactness, trees of finite height suffice.

Remark 5.2.8. Let ¢(z,y) be an L-formula, and let £ > 2 be given. Suppose that for every
n > 1 there are tuples b,, for ¢ € wS" with o # (), such that condition (a) of Definition 5.2.7
holds for the branches of length n (the set {¢(z,by,) : 1 < m < n} is consistent for every
7 € w™) and condition (b) holds for every o € w<". Then ¢ has the k-tree property. Indeed,
by compactness a branch {¢(z,by),,) : 1 < m < w} is consistent if and only if each of its
finite initial segments is. Hence the k-tree property for a family of variables (y,) is expressed
by the set of formulas

n

k
Jz /\ Sp(xayn\m) (77 € ww, n > 1)7 -z /\ Qo(xaya’\<il)) (U € w<w7 i <o < Zk)
m=1 =1

A finite subset of this set mentions only nodes of length at most some n, and the given family
of height n satisfies it. By compactness and saturation, the whole set is realized in M.
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5.3 SIMPLICITY BETWEEN STABILITY AND NIP

The goal of this section is to place simplicity in the classification. We show that every
stable theory is simple, that a theory with the strict order property is not, and that the simple
NIP theories are exactly the stable ones. We close with the first structural consequence of
simplicity: every type is nondividing over a subset of its domain of size at most «.
Proposition 5.3.1. If T is stable, then T is simple.

Proof. The idea is to count branches. A tree with \ successors at every node has AN
branches, whereas a single p-type can follow at most 280 of them, because at each node it
accepts fewer than k successors; a stable formula has too few types to follow all the branches.

Suppose that o(z, y) has the k-tree property. Put A\g = 2%, A,y 1 = 2™, and X = sup,, \,.
Then A > 2%, the set A<¥ has cardinality )\, and A has cofinality w, so that A% > X\ by
Ko6nig’s theorem.

© Step 1: a wide tree. There are tuples b,, for 0 € A<% with o # (), satisfying the two
conditions of Definition 5.2.7 with A in place of w. Indeed, the conditions are expressed by
formulas as in Remark 5.2.8, and a finite set of them mentions finitely many nodes. Let J C A
be the finite set of entries of these nodes, and let e: J — w be injective. The map sending
o to the sequence e o g preserves initial segments and the relation of being siblings, so the
tuples beo, Of the given tree satisfy the finite set. By compactness and saturation, the wide
tree exists in M. By the downward Lowenheim—Skolem theorem, there is a model M < M
with |M| = A that contains all the tuples b,.

© Step 2: few types. By Theorem 1.1.6, every p € S, (M) has a ¢-definition that is a
positive Boolean combination of instances ¢(a,y) with a € M. The type p is determined by
the set D), hence by its definition, and there are at most |[M| + Ry = X such combinations.
Therefore |S,(M)| < A.

© Step 3: many branches. For each n € A\¥, choose a,, realizing {¢(z,b,,) : n > 1},
and put p, = tp,(a,/M). Fix p € Sy,(M). For each node o, the set Acc, = {a < A :
o(x, baﬂ<a>) € p} of successors accepted by p has fewer than k elements: otherwise p would
contain k siblings, whose conjunction is inconsistent in M and hence in M, whereas p is
consistent with the elementary diagram of M. If p, = p, then n(n) € Accy, for every n.
Hence the map sending such an 7 to the sequence of positions of 7(n) in Acc,, is injective

into (k — 1)¥, and at most 2% branches 7 satisfy p, = p. It follows that
N = |X] < [Sp(M)] - 2% < A,
because A > 2 > 2N0; this contradicts AR0 > \. (©)

Simplicity is thus weaker than stability. A definable infinite order is enough to destroy it:
the strict order property (see Remark 4.1.6) produces the picture that follows Example 5.2.6,
nested intervals with infinitely many disjoint subintervals inside each interval.

Proposition 5.3.2. If some formula has the strict order property, then T is not simple.

Proof. Let ¢(x,y) have the strict order property, and write ¥ (M, ¢) for the set of solutions of
(z,c) in M. By compactness and saturation, there are tuples ¢, for ¢ € Q, with (M, ¢q) C
(M, ¢,) whenever ¢ < r: a finite set of these conditions mentions finitely many rationals
q1 < -+ < qn, and is satisfied by a strictly increasing chain of length n, which exists in some
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model of T and hence in M. Let 6(z;y1,y2) be the formula 1(z,y2) A —¢(x,y1), and for
rationals ¢ < r put

A(q7 T') = ¢(M7 C’I‘) \ ¢<M, cq)’
the set of solutions of #(x; ¢y, c,); it is nonempty. Two properties of these sets follow from
monotonicity of the chain:

(i) if ¢ < ¢ <" <r, then A(¢,7") C A(q,r);
(i) if r < ¢ < 7/, then A(g,r) N A(¢,7") = 0, since A(q,7) € (M, ¢,) € (M, cy) and
A(q', ") is disjoint from (M, cgy).
Assign rationals ¢, < r, to the nodes o € w<¥ by recursion, starting from (gg,rg) = (0,1)
and putting, with d = r, — ¢,
Ao~ (1) ZQU+d(1_2_i)a To~ (i) ZQU+d(1_2_i_1)'

Then ¢o < gy < Tom (i) < Ty a0d 7o~ 3y < go—(5) for i < j. Put by = (cq,, ¢p,) for o # 0.
For a branch 7 and n > 1, property (i) gives A(gyn; yin) S A(Gyjms Tym) for m < n, so any
element of the nonempty set A(gyn, yn) satisfies 0(x, by,,) for all m < n. By property (ii),

the sets attached to two siblings are disjoint. Thus 6 has the 2-tree property. ©
(0,1,0)
length 3 ﬁ
length 2 3:— — —
length 1 3 3 -
0 1

FI1GURE 5.2. The proof of Proposition 5.3.2. The node o carries the rational
interval (g,,rs|, drawn at the height of the length of o; the successors of a
node carry disjoint subintervals of its interval. The formula 6(x,b,) defines
A(go, 1) = V(M cr,) \ (M, ¢, ), a band of the chain (1(M, ¢q))qeq. Nested
intervals give nested bands, so a branch (pink) is consistent; disjoint intervals
give disjoint bands, so siblings are 2-inconsistent.

The two propositions combine with Shelah’s theorem, quoted in Remark 4.1.6, to char-
acterize the stable theories as the simple NIP ones.

Fact 5.3.3 (Shelah [She90, Chapter II]). If T is unstable, then some formula has the
independence property or some formula has the strict order property.

CTheorem 5.3.4. A complete theory is stable if and only if it is simple and NIP. J

Proof. If T is stable, then T is simple by Proposition 5.3.1, and every formula is NIP by
Proposition 4.1.2. Conversely, if T' is unstable, then by Fact 5.3.3 some formula has the
independence property, so that 1" is not NIP, or some formula has the strict order property,
so that T is not simple by Proposition 5.3.2. ©)

Thus simplicity and NIP are the two halves of stability: an unstable theory encodes
either arbitrary subsets or an infinite order, simplicity forbids the order, and NIP forbids
the subsets. Neither half contains the other. Figure 5.3 places the Fraissé limits studied in
Section 5.5 in the four regions that this division determines.
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complete theories

simple NIP

stable

(]
Rado graph,
andom tournament,
random hypergraphs

°
infinite set

® Henson graph

FIGURE 5.3. Theorem 5.3.4: the stable theories are the simple NIP theo-
ries. The pure infinite set is stable (see Example 5.5.3). The Rado graph is
simple (see Theorem 5.4.6) and has the independence property (see Exam-
ple 4.1.4); the random tournament and the random hypergraphs are simple
(see Theorem 5.5.9), and their extension properties shatter every finite set, as
in Example 4.1.4. The rational order is NIP, being o-minimal [PS86], and is
not simple (see Proposition 5.3.2). The Henson graph is neither (see Exam-
ple 5.5.10).

The first consequence of simplicity concerns dividing. In a stable theory a type over a
model is determined by its restriction to a submodel of size at most x, as Chapter 6 shows;
in a simple theory a type is nondividing over a subset of size at most k. The proof runs the
construction of the tree property backwards: a long sequence of dividing formulas is turned
into a tree. The tree is built one level at a time, using automorphisms to copy a sequence
that witnesses dividing above each leaf.

Lemma 5.3.5. Let p(z,y) be an L-formula, and let k > 2 be given.

(1) Letn > 1, and let ag, . ..,an—1 be tuples such that {o(z,amy) : m < n} is consistent and,
for every m < n, the formula p(x,ay) k-divides over A, = {a;: 1 < m}. Then there are
tuples by, for o € wWS" with o # 0, such that

(i) for every n € w", we have (by1,...,byy) = (a0, .-, an-1), and

i1) for every o € w<", the set {o(x,b,~ ) 1 < w} is k-inconsistent.
(@)
In particular, these tuples form a tree of height n as in Remark 5.2.8.

(2) If for every n > 1 there are tuples ag,...,an—1 as in (1), possibly depending on n, then
¢ has the k-tree property. This holds in particular if (an)n<w S a sequence such that
{o(x,a,) : n < w} is consistent and, for every n, the formula ¢(x,ay,) k-divides over
Ap =A{am :m < n}.

Proof. (1) For each m < n, fix a sequence (al,)i<w, indiscernible over A,,, with al, = a,
and {¢(z,a},) : i < w} k-inconsistent. We build the tuples level by level: for p=1,...,n we
find b, for o € WP, o # (), satisfying (i) and (ii) with p in place of n and (ag,...,ap—_1) in
place of (ao,...,an—1). Condition (i) gives condition (a) of Definition 5.2.7 for the branches
of length p, because {¢(7, a,,) : m < p} is consistent. For p = 1, put b(;, = ag; all terms of an

indiscernible sequence have the same type, so (i) holds, and (ii) holds by the choice of (af).
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Suppose that the tuples have been built for some p < n. For each n € wP, by (i) and

strong homogeneity there is f,, € Aut(M) with f,(ao,...,ap-1) = (by1,...,byp). Keep the
tuples already built, and put b~ = f; (aﬁ,) for i < w. Since a; =4, ap, we have
(byj1s - > Oylps by~ 3y) = folao, - - -, ap—1, a;,) = (ag, - . . ,ap_l,a;) = (aop, ..., ap),

which is (i) for p+ 1. The set {¢(z,b,~(;) : i <w} is the image under f; of a k-inconsistent
set, and hence is k-inconsistent; this is (ii) at the new level, and (ii) at the old levels is
unchanged.

(2) By (1), for every n > 1 there is a tree of height n whose branches are consistent and
whose siblings are k-inconsistent, and Remark 5.2.8 gives the k-tree property. For the last
assertion, apply (1) to the initial segments aq, ..., a,—1 of the sequence. ©)

Part (2) gives the local character of dividing at once. The finite form (1) is used in
Chapter 7, where the tuples ag,...,a,_1 are produced afresh for each n.
Theorem 5.3.6 (Local character of dividing). Assume that T is simple, and let a be a
finite tuple and B a small set. Then there is A C B with |A| < k such that tp(a/B) does not
divide over A.

Proof. Suppose not. We choose, by recursion on o < k™, finite tuples b, from B, formulas
¢a(z,y) € L and integers ko > 2. Put By = s, b, a subset of B of size at most x. By
assumption tp(a/B) divides over By, so some formula of tp(a/B), say ¢a(z,bs) with ¢, € L
and b, from B, divides over B,, and by Lemma 5.2.4 it k,-divides over B, for some k, > 2.

There are only r pairs (p, k) with ¢ € L and k < w, and 7 is regular, so some pair
(p, k) equals (¢q,kq) for unboundedly many «. Choose such ap < a; < ---, and put
apn = by, . The set A, = {am, : m < n} is contained in By, , so ¢(z,a,) k-divides over 4, by
Remark 5.2.5. The formulas ¢(z,a,) all belong to tp(a/B), and so they form a consistent
set. By Lemma 5.3.5(2), the formula ¢ has the k-tree property, contradicting simplicity. @

Remark 5.3.7. The converse of Theorem 5.3.6 holds as well: if every type over a model is
nondividing over a submodel of size at most k, then T' is simple (see Corollary 7.6.4); the
version over arbitrary sets is due to Shelah [She80]. Kim and Pillay [KP97], building on
Kim [Kim98|, characterized the simple theories by an abstract relation of independence,
as Chapter 6 does for the stable theories; their theorem is the subject of Chapter 7. In
Sections 5.4 and 5.5 we prove the corresponding statements directly, from the axioms, for the
random graph and for a class of Fraissé limits.

5.4 THE RADO GRAPH

The goal of this section is to compute dividing in the random graph, from the extension
axioms alone, and to derive from the computation that the random graph is simple and that
its independence relation satisfies the independence theorem but not uniqueness. Let Tra be
the theory of Example 4.1.4: the axioms say that E is irreflexive and symmetric and, for all
m,n, that for all disjoint finite sets U, V' of vertices with |U| = m and |V| = n some vertex
outside U UV is adjacent to every vertex of U and to no vertex of V. These are the extension
axioms. A countable model is easy to write down.
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Example 5.4.1. Let the vertices be the natural numbers, and for ¢ < j join ¢ and j if
the i-th binary digit of j is 1 (digits counted from the right, starting at 0). This graph
satisfies the extension axioms. Let U,V be disjoint finite sets of natural numbers, choose
N larger than every element of U UV, and put

z=2N 4 Z 24,
uclU
Then z > 2V > N, so 2 ¢ UUV and z is larger than every element of U UV. The
binary digits of z at the positions w € U are 1 and at the positions v € V' are 0, so z is
adjacent to every vertex of U and to no vertex of V. The graph is called the Rado graph
R (see Figure 5.4).

j binary neighbours ¢ < j
1 001 {0}

2 010 {1}

3 o011 {0,1}

4 100 {2}

5 101 {0,2}

6 110 {1,2}
7111 {0,1,2}

F1GURE 5.4. The vertices 0,...,7 of the Rado graph of Example 5.4.1. For
1 < 7, the vertex j is joined to ¢ exactly when the binary expansion of j has
digit 1 in position ¢; the table lists the expansions. The new neighbour of U
that avoids V is obtained by writing 1 in the positions of U, 0 in the positions
of V, and a 1 far to the left.

Fact 5.4.2. The theory Trg is complete, Ng-categorical, and admits elimination of quan-
tifiers; its countable model is the Rado graph (see [Hod93, Theorem 7.4.1], or Fact 5.5.2
below).

From now until the end of this section, the theory T is Trg. By quantifier elimination,
the type of a tuple over a set is determined by the equalities and edges that it satisfies with
parameters from the set. We use this in the following form: for small tuples a,a’ and a small
set C,

(5.1) a =c d <= the map that fixes C pointwise and sends each
coordinate of a to the corresponding coordinate of a’ is
a well defined bijection from C' U a onto C U a’ that
preserves edges and non-edges.

An injective map between graphs that preserves edges and non-edges is an embedding. The
computation of dividing rests on two tools. The first is the extension axioms, which let us
embed into M any graph that agrees with M on a given small set.

Lemma 5.4.3. Let C be a small set of vertices, and let X be a graph whose vertex set is the
disjoint union of C' and a small set Xo, and whose restriction to C' is the graph induced by
M on C. Then there is an embedding g: X — M with g(c) = ¢ for every c € C.
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Proof. Introduce a variable x, for each v € Xj, and let ¥ be the set of formulas x, # X,
Ty # ¢, E(xy,x)" and E(zy,c)" (for v # w in Xy and ¢ € C) that describe X, where
u € {0,1} records whether the edge is present in X. A realization of ¥ is an embedding of
the required kind, and Y is a small set of formulas over C, so by saturation it suffices to
show that every finite subset of ¥ is satisfiable. A finite subset mentions finite sets Cy C C
and {v1,...,vn} C Xo. Choose images wi,...,w,, € M one at a time: if wi,...,w;_1 have
been chosen, apply the extension axiom to U, the set of elements of CoU {w1, ..., w;_1} that
must be adjacent to w;, and V', the set of the others. The vertex w; so obtained lies outside
CoU{wi,...,wi_1}, so the new vertices are distinct from each other and from Cj. ©

The second tool is Ramsey’s theorem, in the sharper form announced after Lemma 5.2.2:
over a finite set, an infinite subsequence of the given sequence is itself indiscernible.
Lemma 5.4.4. Let D be a finite set of vertices, and let (b;)i<. be tuples of the same finite
length. Then there is an infinite set H C w such that (b;)icy is indiscernible over D.

Proof. Call the diagram over D of a tuple the set of equalities and edges, and of their
negations, that hold among its coordinates and elements of D. Since D is finite and the
tuples have fixed length, there are finitely many possible diagrams over D of one tuple b;,
and of a pair (b;,b;). By the pigeonhole principle, all b; with ¢ in some infinite set have the
same diagram over D; colouring each pair ¢ < j of this set by the diagram of (b;,b;) over
D, Ramsey’s theorem gives an infinite homogeneous set H. Each equality or edge involves
at most two vertices, hence at most two of the tuples. Hence, for i1 < --- < i, in H, the
diagram of (b;;,...,b;,) over D is determined by the diagrams of the b;, and of the pairs
(bi,, bs,,,) with I < m, which do not depend on the choice of i1 < --- < i, in H. By (5.1), the
sequence (b;);ep is indiscernible over D. ©

We can now compute dividing. The answer is the one suggested by the introduction to
this chapter: a type over C'U B divides over C' exactly when it puts one of the variables equal
to an element of B outside C'.

Theorem 5.4.5 (Dividing in the Rado graph). Let a be a finite tuple, and let C and
B be small sets. Then tp(a/C U B) divides over C if and only ifanN B L C.

Proof. Suppose first that some coordinate a; of a lies in B\ C, and write d = a;. The formula
xj = d belongs to tp(a/C U B). By Lemma 5.4.3, applied to the graph on C U {d} : i < w}
in which each new vertex d is adjacent to ¢ € C exactly when d is, and no two new vertices
are adjacent, there are distinct vertices d ¢ C with these adjacencies. By (5.1), any two
increasing n-tuples of (d}) have the same type over C, and dj =¢ d. Choose f € Aut(M/C)
with f(djj) = d. The sequence (f(d!))i<w is indiscernible over C, begins with d, and consists
of distinct vertices, so {z; = f(d/) : i < w} is 2-inconsistent. Hence tp(a/C'U B) divides over
C.

Conversely, suppose that aN B C C. Let ¢(z,b) be a formula of tp(a/CUB), with ¢ € L
and b a finite tuple from C'U B, and let (b;);<,, be indiscernible over C' with by = b. We find
a single tuple a” with a”b; =¢ ab for all i; then o satisfies every ¢(x,b;), so ¢(z,b) does not
divide over C'. The idea is to join a fresh copy of a to each b; exactly as a is joined to b. For
this to be well defined, coordinates shared by different terms of the sequence must play the
same role in b. Write e[p| for the p-th coordinate of a tuple e.

© Claim. If i # j and b;[p] = bj;[q|, then b[p] = blq], and all terms of the sequence have the
same p-th coordinate and the same ¢-th coordinate.
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Exchanging the roles of (i,p) and (j,q) if necessary, we may assume i < j. Choose
I > j. Since (b;,bj) =c (bi, by), we have b;[p] = bi[q], and since (b;,b;) =c (b;,b;), we have
bilp] = bilg]. Hence bj[p] = bi[p] = bjlq]. As b;j =¢ b, this gives b[p] = b[q]. Moreover,
since b;[p] = b;[p] with i < j, indiscernibility gives by[p] = b; [p] for all i’ < j; thus the p-th
coordinate is constant. Finally, by =¢ b and b[p] = b|q] give by [p] = bi[q] for every i, so the
¢-th coordinate is constant as well. This proves the claim (see Figure 5.5).

1] 2] (3] (4]
bo [ w0 | e | w [ o]
e, ¢/: constant columns,
by ‘ ul H e H V1 H e ‘ the only elements shared
by two different terms
b [ | e | w [ @]
b3 u3 e v3 e/ .
u;, v;: new in each term
bya Uq e V4 e’

Fi1GURE 5.5. The claim in the proof of Theorem 5.4.5. The rows are the terms
of a sequence indiscernible over C', and the columns are their coordinates. An
element outside C' that occurs in two different terms occupies a whole column
(pink): it is the same coordinate of every term. The fresh copy of a can
therefore be joined to e and ¢’ without ambiguity, exactly as a is joined to the
corresponding coordinates of b.

With the claim in hand, we build the fresh copy of a. Let I be the set of indices v with
a, ¢ C. For v € I we have a, ¢ b, because b C CUB and aNB C C. Let V = J;b; \ C,
and let X be the graph on C UV together with fresh vertices a), for v € I, where a), = al,
exactly when a, = a,,, with the following edges:

(i) on C UV, the edges of M

(ii) the vertex al, is adjacent to ¢ € C if and only if a, is adjacent to ¢, and a is adjacent to
a,, if and only if a, is adjacent to a;

(iii) if e = b;[p] € V, then a), is adjacent to e if and only if a, is adjacent to b[p)].

Clause (iii) does not depend on the choice of i and p with e = b;[p]: if also e = b;[q], then
b[p] = bg], by the claim when i # j, and because b; =¢ b when i = j. By Lemma 5.4.3, there
is an embedding g of X into M fixing C' U V. Let a” be the tuple with a! = g(a) for v € I
and a,, = a, for v ¢ I. Fix i. The map that fixes C, sends a to a” and b to b; coordinatewise
is a well defined bijection from C'UaUb onto C' Ua” Ub;: on C'Ub it is the bijection given by
b =¢ b;, the coordinates a, with v € I lie outside C' U b, and their images lie outside C U V.
By (i)—(iii) this map preserves edges and non-edges, so a”b; =¢ ab by (5.1). ©

A dividing step therefore uses up a coordinate of a, and a tuple of length n can divide at
most n times. This is the heart of the proof that the random graph is simple.
Theorem 5.4.6. Let a be a tuple of length n, and let Dy C D1 C --- C D,, be small sets
such that tp(a/Djy1) divides over Dj for every j < m. Then m < n. The theory Tra is
stmple.
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Proof. By Theorem 5.4.5, applied with C' = D; and B = Dj1, the tuple a meets Djq in a
coordinate outside D;. Thus the sets aN Dy CaNDy C--- C an D, increase strictly, and
a has at least m distinct coordinates, so m < n.

Suppose now that ¢(x,y) has the k-tree property, witnessed by tuples b,, and let n be
the length of z. The idea is to find, along a branch, n 4+ 1 dividing steps, which the first
part forbids. For this we prune the tree so that siblings become indiscernible over the nodes
below them. By recursion, define a set P C w<"*! of nodes: the empty sequence belongs to
P, and if 0 € P has length at most n, let D, = U1§l§|a| b1, a finite set (empty when o = (),
choose by Lemma 5.4.4 an infinite set H, C w such that (b,~()icn, is indiscernible over
D,, and put 0~ (i) € P for i € H,. Choose € w™"! with 5|l € P for every I, let a realize
{o(z,by;) : 1 <1 <n+1}, and put Dy = Dy for [ <n+ 1, where Dy, 1 is defined by the
same formula.

Let [ <n and o = n|l. The terms b,~;y with i € H, and i > n(l) form a sequence indis-
cernible over D; that begins with b, 1, and the corresponding formulas are k-inconsistent.
Hence ¢(x,by);41) divides over D, and, since this formula belongs to tp(a/Diy1), the type
tp(a/Dyy1) divides over D;. The chain Dy C -+ C D,4q has n + 1 dividing steps, contra-
dicting the first part of the theorem (see Figure 5.6). @)

coordinates of a = (a1, a2) caught

no third coordinate
aNDy> ai,az

anNDy>ay

anNDy=10

FIGURE 5.6. The proof of Theorem 5.4.6 for a pair x = (z1,z2), so n = 2.
The tree is pruned so that the siblings above each node are indiscernible over
the parameters below it (framed). Each step up the branch (pink) is a dividing
step, and by Theorem 5.4.5 it catches a new coordinate of the realization a
in the parameters D; collected so far. After two steps both coordinates are
caught, and a third dividing step is impossible; a tree of height 3 cannot exist.

Simplicity settled, we turn to the second aim of this section, the independence relation of
the random graph. An independence relation over a model M is a relation A | o B, read “A
is independent from B over M”, and the following axioms are the yardstick for such relations.
In Chapter 6 we show that a theory is stable exactly when it carries a relation satisfying all
of them (see Theorem 6.2.2); the random graph carries a relation satisfying all of them but
one.

Before the axioms are stated, we should ask what they are meant to accomplish. A
relation deserves the name of independence only if it expresses the thought that B tells us
nothing about A beyond what M already tells us, and several requirements follow from this
thought at once. Whether A is independent from B over M should depend only on how
A, B and M sit in the monster model, and not on how they are named (INv). What is
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independent from a set should be independent from its parts (MON), and whether it is should
be decided by finite parts alone (FC). If B tells us nothing new about A, then A should
tell us nothing new about B (sym). Every type over M should be realizable in a position
of independence from any given set (EX). Enlarging the base within B should not destroy
independence (BMON), and independence over a chain of bases should compose (TR). A
finite tuple should be independent from a model over some small submodel (LOC), so that
independence can always be witnessed by a small base. Finally, if B tells us nothing new
about A, there is nothing to choose between two ways of placing A independently from B, and
so the independent extension should be unique (UN). The last requirement is the strongest,
and it is the one that will fail in the random graph. The axioms below are these requirements,
made exact.

Definition 5.4.7. An independence relation (over models) is a relation A |, B between
small sets A, B and models M satisfying the following axioms, for all small A, A’, B, B’ and
all models M, N.

Invariance. If A |, B and o € Aut(M), then o(A4) | o(B).

o(M)
Monotonicity. If A |, B, A" C Aand B' C B, then A" || B’

)
)
(BMON) Base monotonicity. If A |, B and N is a model with M C N C B, then A | B.
) Transitivity. f M C N, A |, Nand A | B, then A |, NB.

)

Finite character. The relation A |, B holds if and only if a |, b for all finite tuples
a from A and b from B.

Symmetry. The relation A \LM B holds if and only if B \LM A.
Ezistence (extension). For all A, M, B there is A’ =) A with A" |, B.
Uniqueness (stationarity). If A=y A', A |, Band A" | B, then A=yp A"

Local character. For every finite tuple a and every model N there is a model M C N
with [M|<rkanda |, N.

The relation is suggested by the computation of Theorem 5.4.5: a tuple should be inde-
pendent from a set when it shares with it nothing outside the base.
Definition 5.4.8. For small sets A, B, C, write A J/tc Bif ANB C C. Wecall J/t trivial in-
dependence; the superscript distinguishes it from the abstract relations | of Definition 5.4.7.

For a finite tuple a, Theorem 5.4.5 says that a \J/tc B if and only if tp(a/C U B) does not
divide over C. We compare the relation | ' with the axioms of Definition 5.4.7, read with
arbitrary models M, N of Trg as bases, and with one further axiom, anti-reflexivity (AR): if
a \LM a for a finite tuple a, then a C M. It reappears for stable theories in Theorem 6.2.2.
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a N
Theorem 5.4.9 (Independence in the Rado graph). The following hold in Trg:

(a) The relation | * satisfies all the axioms of Definition 5.4.7 except (UN), and it satisfies
(AR).
(b) The relation | ° does not satisfy (UN).

(¢c) (Independence theorem.) Let C' be a small set and by, ba,c1,co finite tuples. If
by \Ltc b, c1 thcbl’ ca \LE, by and c1 =c¢ ca, then there is ¢ with ¢ =cp, €1, ¢ =cp, C2
and c J/tc b1bs.

Proof. (a) Invariance, monotonicity, finite character, symmetry and anti-reflexivity are im-
mediate from the definition. Base monotonicity: if AN B C M and M C N C B, then
ANB C N. Transitivity: if M C N, ANN C M and ANB C N,then ANBCANNCM,
so AN(NUB) C M. Local character: given a finite tuple a and a model N, the downward
Lowenheim—Skolem theorem gives a model M < N with aN N C M and |M| < k, and then
a J/S\/I N. Ezistence: given A, M and B, let X be the graph on M U B together with fresh
vertices al, one for each coordinate a, of A outside M (equal coordinates receiving equal
vertices), where the edges on M U B are those of M, the vertices a, are joined to each other
and to M as the a, are, and no a, is joined to a vertex of B\ M. Lemma 5.4.3 embeds X
into M over M U B, and the resulting tuple A’ satisfies A’ =p; A by (5.1) and AN B C M.

(b) Let M be a model, and let b be a vertex not in M. By Lemma 5.4.3 there are vertices
a,a’ ¢ M U{b}, adjacent to no vertex of M, with a adjacent to b and a’ not. Then a =y o
by (5.1), and a J/Ewb and a’ J/Bw b, but a £y a'.

(c) Let I be the set of indices v with (¢1), ¢ C; since ¢1 =¢ c¢2, it is also the set of indices
with (c2), ¢ C, and (c1)y = (c2)y for v ¢ I. Let X be the graph on C'Uby Ubg, with the edges
of M, together with fresh vertices ¢ for v € I (equal coordinates receiving equal vertices),
where the new vertices are joined to each other and to C' U by as the coordinates of ¢; are,
and to be \ C as the coordinates of co are. The two prescriptions overlap only on C, because
by Nby C C, and on C' (and among the new vertices) they agree, because ¢; =¢ ¢2. By
Lemma 5.4.3, there is an embedding g of X into M fixing C'Ub; Uby. Let ¢ be the tuple with
¢y = g(c,) for v € I and ¢, = (1), for v ¢ I. The coordinates (c1), with v € I lie outside
C' U by, since ¢; Nb; C C, and the coordinates ¢, with v € I lie outside C' U by U by. Hence
the map fixing C'U b; and sending c; to c is a bijection preserving edges and non-edges, and
¢ =cp, ¢1 by (5.1). In the same way ¢ =cp, c2, and ¢ (by Ubg) C C. ©

Figure 5.7 shows the construction of (c¢) in the smallest interesting case.

Stability and simplicity, side by side

In a stable theory, as we show in Chapter 6, every type over a model M has exactly one
independent extension to M U B: the heir, given by the definition scheme of the type. In
the Rado graph, a type over M has many independent extensions to MU{b}, one for each
way of joining the new vertices to b, and uniqueness fails (see Theorem 5.4.9(b)). In its
place stands the independence theorem (see Theorem 5.4.9(c)): independent extensions
over two independent sets can always be realized together. Dividing is measured by
coordinates (see Theorem 5.4.5), each dividing step uses up one coordinate, and so no
formula can have the tree property (see Theorem 5.4.6).
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N
N
N

7o)
\ZJ

tp(c1/Cb1) tp(c2/Cb2) the amalgam

F1GURE 5.7. The independence theorem in the Rado graph, with C' = {e}
(see Theorem 5.4.9(c)). Solid lines are edges and dashed lines non-edges. The
vertices ¢; and ¢z have the same type over C' (both are adjacent to e); the
vertex c; is adjacent to by, and ¢y is not adjacent to by. The vertex c¢ inherits
its edges to C'U {b1} from ¢; and to C'U {ba} from co. The two prescriptions
can only conflict on C', where they agree. A second vertex, joined to by and bs
in the same way but differing elsewhere, would be just as good: the amalgam
exists, but it is not unique.

=

5.5

5 FRAISSE LIMITS

The goal of this section is to find the property of finite graphs on which Section 5.4
depends, and to prove that every Fraissé limit with this property is simple. In the proofs of
Theorems 5.4.5 and 5.4.9, new vertices were joined to old ones as prescribed by several types
at once, and Lemma 5.4.3 embedded the resulting graph into M. Every graph is allowed
in the random graph, so the prescriptions only had to be consistent with one another. In
a Fraissé limit only the structures of a given class are allowed, and the question becomes
whether the structure assembled from the prescriptions belongs to the class. In the proof of
the independence theorem, three structures are given pairwise, on C'UcU by, on C U c U by
and on C' U by U by, and they must be completed to a structure on the union. This is a
3-amalgamation problem.

Throughout this section, the language L is finite and relational. For an L-structure N,

the age of N is the class of finite L-structures that embed into V.
Definition 5.5.1. A Fraissé class is a nonempty class X of finite L-structures, closed under
isomorphism, with the following properties:

(a) hereditary property: every substructure of a structure in X belongs to X;
(b) joint embedding property: any two structures in X embed into a common structure in X;

(c) amalgamation property: if A, By, By € X and f;: A — By are embeddings, then there are
B € X and embeddings g;: By — B with g1 o fi = g2 0 fo.

An L-structure N is ultrahomogeneous if every isomorphism between finite substructures
of N extends to an automorphism of N. Given a Fraissé class K, a structure N has the
extension property for X if, whenever A C B belong to X, with |B \ A| = 1 and A possibly
empty, every embedding of A into N extends to an embedding of B into .

Fact 5.5.2 (Fraissé [Fra54]; see [Hod93, Theorems 7.1.2 and 7.4.1]). Let K be a Fraissé
class.

(a) There is a countable ultrahomogeneous L-structure My whose age is K, and it is unique
up to isomorphism.
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(b) The theory Ty of My is Ng-categorical and admits elimination of quantifiers.

(¢) An L-structure N is a model of Ty if and only if every finite substructure of N belongs to
X and N has the extension property for XK.

The structure My is the Fraissé limit of XK.

Example 5.5.3. The following are Fraissé classes; the amalgamation property is checked
by taking unions (orienting the new pairs, for tournaments) or, for linear orders, by
interleaving.
(1) The finite sets, in the language with equality only. The limit is a countably infinite
set. Its theory is stable: by quantifier elimination, the type of an n-tuple over a set
A is determined by the equalities among its coordinates and with elements of A, so
there are at most |A| + Ny such types; the theory is A-stable for every infinite A, and
stable by Lemma 5.1.2.

(2) The finite linear orders. The limit is (Q, <).
(3) The finite graphs. The limit is the Rado graph, and T is Trg.

(4) The finite tournaments (complete graphs with an orientation of each edge). The limit
is the random tournament.

(5) For r > 2, the finite r-uniform hypergraphs. The limit is the random r-hypergraph.
(6) The finite triangle-free graphs. The limit is the Henson graph .

In the proofs of Section 5.4, the new vertices were always fresh: no new vertex was
identified with an old one. In Definition 5.5.4 below, we ask the same of amalgamation in
X. For Fraissé classes, we treat structures as sets with relations and say that a structure D
ertends a structure B if B is a substructure of D.

Definition 5.5.4. Let X be a Fraissé class.

(a) The class X has disjoint 2-amalgamation if whenever Bj, By € KX have a common sub-
structure A with B; N By = A, some structure in X on By U By extends By and Bs.

(b) The class X has disjoint 3-amalgamation if the following holds. Let By, Ba, Bs be struc-
tures with a common substructure A € X and with B; N B, = A for | # m, and let
B2, Bi3, Bag € X be structures on By U By, B1 U B3, By U B3 such that By, extends B
and B,,. Then some structure in X on By U By U B3 extends Bys, Biz and Bas.

In a 3-amalgamation problem every tuple contained in the union of two of the sets B;
already has its relations prescribed, by one of the structures Bj,,; what remains free is the
relations on tuples that meet all three of the sets B; \ A. Figure 5.8 shows a 3-amalgamation
problem in general, and two problems without solution.

Example 5.5.5. All classes of Example 5.5.3 have disjoint 2-amalgamation. For graphs,
triangle-free graphs and hypergraphs, take the union of the two structures, with no
relations between B; \ A and Bs \ A; a triangle in the union that is contained neither in
Bj nor in B would need two adjacent vertices, one in each of By \ A and By \ A. For
tournaments, orient the new pairs from Bj to Bs. For linear orders, put the elements of
Bj \ A before those of By \ A within each interval determined by A.
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The classes (1), (3), (4) and (5) have disjoint 3-amalgamation. For sets, graphs and
tournaments, every relation involves at most two elements, so in a 3-amalgamation
problem every relation is already prescribed and the union of Bis, Big and Bog is a
solution. For r-uniform hypergraphs, declare that no hyperedge meets all three of the
sets By \ A.

The classes (2) and (6) do not have disjoint 3-amalgamation. Take A = ) and one-
element sets By = {z}, By = {y}, B3 = {z}. For linear orders, let Bjo, Ba3, B3 say
that £ < y, y < z and z < x: no linear order extends them. For triangle-free graphs, let
each By, be an edge: the only graph on {z,y, z} extending them is a triangle.

7 AN
S

linear orders: triangle-free graphs:
r<y<z<z a triangle

Bas

FIGURE 5.8. Left: a disjoint 3-amalgamation problem (see Defini-
tion 5.5.4(b)). The sets Bi, B, B3 meet pairwise in A; the structures
Bis, B13, Bag are given on the three pairwise unions, and a solution is a struc-
ture in K on the whole union extending all three. Right: two problems without
solution, with A = () and one point in each B; (see Example 5.5.5). Each pair
is consistent, and only the triple is forbidden.

For the rest of this section, we fix a Fraissé class K, put T' = Ty, and let M be a monster

model of T. By quantifier elimination, (5.1) holds with “preserves edges and non-edges”
replaced by “is an isomorphism of substructures”; we refer to this version as (5.1) as well.
The two tools of Section 5.4, the embedding of graphs over a set (see Lemma 5.4.3) and the
extraction of indiscernible subsequences by Ramsey’s theorem (see Lemma 5.4.4), generalize
directly.
Lemma 5.5.6. Let C be a small subset of M, and let X be an L-structure whose universe is
the disjoint union of C' and a small set X, whose restriction to C is the substructure of M
on C, and whose finite substructures all belong to K. Then there is an embedding g: X — M
with g(c) = ¢ for every c € C.

Proof. Argue as in the proof of Lemma 5.4.3, with the atomic formulas of L in place of edges.
Given finite sets Co C C and {v1, ..., vy} C Xo, the substructures of X on CyU{v1,..., v},
for I < m, belong to X, and each extends the previous one by one element. Applying the
extension property of Fact 5.5.2(c) m times, starting from the inclusion of Cj into M, gives
an embedding of the substructure on Cy U {v1,..., vy} into M over C. ©

Lemma 5.5.7. Let D be a finite subset of M, and let (b;)i<w be tuples of the same finite
length. Then there is an infinite set H C w such that (b;)iem is indiscernible over D.
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Proof. Let r be the larger of 2 and the maximal arity of a symbol of L. Argue as in the
proof of Lemma 5.4.4, colouring each r-element set iy < --- < i, by the diagram over D of
(biy,...,bi,), that is, by the set of atomic formulas with parameters from D, and of their
negations, satisfied by it. Let H be infinite and homogeneous. Each atomic formula involves
at most r of the tuples. If it involves the tuples b, ,...,b;,, with j; < --- < js in H and
s < r, then its truth value is read off from the diagram of any increasing r-tuple from H that
begins with j1,...,js, and so depends only on the position of the tuples involved. Hence all
increasing n-tuples from H have the same diagram over D, and the sequence is indiscernible
over D by (5.1). ©

The first half of the proof of Theorem 5.4.5 needed an indiscernible sequence of distinct
conjugates of a vertex, and in the Rado graph it was written down by hand. In general
we obtain it from disjoint 2-amalgamation and the extraction of indiscernible sequences (see
Lemma 5.2.2).

Lemma 5.5.8. Assume that X has disjoint 2-amalgamation. Let C be a small set, and
let d be an element of M not in C. Then there is a sequence (d;)i<. of distinct elements,
indiscernible over C, with dy = d.

Proof. First, there are infinitely many distinct realizations of tp(d/C). By compactness and
saturation, it suffices to find, for every finite Cy C C' and every n, distinct elements with
the same diagram over Cp as d. Let Y be the substructure of M on Cy U {d}. By n —1
applications of disjoint 2-amalgamation, there is a structure in X on Co U {d*,...,d"}, with
new elements d', in which each CyU {dl} is a copy of Y over Cy. By Lemma 5.5.6, it embeds
into M over Cy. Let (d})i<., be distinct realizations of tp(d/C).

Next, apply Lemma 5.2.2 over C' to the sequence (d}). Its Ehrenfeucht-Mostowski type
over C' contains every formula of tp(d/C'), in one variable, and the formula y; # y2, so the
lemma gives a sequence (d}), indiscernible over C, of distinct realizations of tp(d/C). An
automorphism of M over C sending dfj to d carries it to the required sequence. €}

With these lemmas, the arguments of Section 5.4 go through for Fraissé limits: disjoint 2-
amalgamation supplies the conjugates that make a type divide, and disjoint 3-amalgamation
supplies the common realizations that keep it from dividing.

Theorem 5.5.9. Let K be a Fraissé class in a finite relational language with disjoint

2-amalgamation and disjoint 3-amalgamation, and let T' = Tx.

(1) For a finite tuple a and small sets C, B, the type tp(a/C U B) divides over C if and
only ifan B  C.

(2) If a is a tuple of length n and Dy C --- C Dy, are small sets such that tp(a/Dji1)
divides over Dj for every j < m, then m < n. The theory T is simple.

(3) The relation | ' of Definition 5.4.8 satisfies all the axioms of Definition 5.4.7 ex-
cept possibly (UN), together with (AR) and the independence theorem stated in Theo-
rem 5.4.9(c).

Proof. (1) If an B ¢ C, argue as in the first part of the proof of Theorem 5.4.5, with
Lemma 5.5.8 in place of the explicit sequence (d/).

Suppose that a N B C C. Let ¢(x,b) belong to tp(a/C U B), with b a finite tuple from

C U B, and let (b;);<., be indiscernible over C' with by = b. Let ¥ (x) be the set of formulas

¥(x,b;), for i < w and ¢¥(x,y) an L(C)-formula with ¢ (z,b) € tp(a/C UD). A realization a”
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of ¥ satisfies a”b; =¢ ab for every i, and in particular every ¢(z,b;), so it suffices to show,
by saturation, that every finite subset g of 3 is realized. Here, unlike in the Rado graph,
the structure to be embedded is not determined by the prescriptions, and 3-amalgamation
supplies it.

The set g involves finitely many indices i1 < - - - < ij, and finitely many formulas, which
by quantifier elimination we may take to be quantifier-free with parameters from a finite set
Coy C C; enlarge C to contain a N C and bN C. Let F be the set of elements not in C that
belong to two distinct terms of the sequence. By the claim in the proof of Theorem 5.4.5,
which used only indiscernibility, each element of F' is a coordinate that is constant along the
sequence, so F' C b and F C b; for every i. Since b, N C = b N C for every i, we obtain
biﬂbj CCyuUFfori#j. Put A=CyUPF.

Let I be the set of indices v with a, ¢ C; as before, a, ¢ b for v € I. Take fresh elements
al, for v € I, equal exactly when the a, are, and let a’ be the tuple with these coordinates
and with a, = a, for v ¢ I. For [ < h, let m; be the map from A Ub;, Ua’ onto AUbUa
that fixes A, sends b;, to b coordinatewise, and sends o’ to a. It is a well defined bijection: a
coordinate b;, [p| lies in A if and only if b[p] does, and then the two are equal (for coordinates
in Cy because b;, =c b, and for coordinates in F' because these are constant); the map is
injective on b;, because b;, =¢ b; and the coordinates a, with v € I lie outside AU b, because
anNbC C and F Cb. Let Z; be the structure on AU b;, U’ that makes m; an isomorphism
onto the substructure of Ml on AU bU a. Then Z; belongs to X, its restriction to A U b;, is
the substructure of M (because m; there is the restriction of an automorphism of M over C'
sending b;, to b, and fixing F'), and its restriction to AU a’ does not depend on I.

By induction on ! < h, we build ¥; € KX on AU Ub;, U---Ub; extending Z,...,7Z
and the substructure of Ml on AUb;, U---Ub;,. Put Y1 = Z;. For | > 2, apply disjoint
3-amalgamation over A to

BleUCL/, BQZAUbilU--'Ub BgZAUbil,

—1>

with B = Y;_1, Bi1s3 = Z;, and Bs3 the substructure of Ml on By U Bs. The sets By, Bs, B3
meet pairwise in A: the elements a) with v € I are fresh, and b;, N bi; € A. The three
structures agree on Bi, By and Bs, by the properties of the Z;. A solution is the required Y;
(see Figure 5.9).

By Lemma 5.5.6, applied to Y}, over the finite set AUb;, U---Ub;, , there is an embedding
g of Yy, into M fixing this set. Put a” = g(a’). For each I, the map gom, ! is an isomorphism
from the substructure on AUbU a onto the substructure on A Ub;, Ua” that fixes Cp, sends
b to b;,, and sends a to a”. Hence a”b;, and ab satisfy the same quantifier-free formulas over
Co, and a” realizes Y.

(2) The first statement follows from (1) as in the proof of Theorem 5.4.6, and the second
follows from the first as there, with Lemma 5.5.7 in place of Lemma 5.4.4.

(3) The axioms other than existence are checked as in the proof of Theorem 5.4.9(a).
Existence and the independence theorem are proved as in Theorem 5.4.9(a) and (c), with
compactness reducing each to finitely many formulas over a finite part Cy of the base, and
with the structure to be embedded supplied by amalgamation. For existence, given A, M
and B, let Ag and By be finite parts of A and B, and let Cy C M be finite and contain
ApgN' M and Bg N M. Apply disjoint 2-amalgamation over the substructure on Cy to the
substructure on Cy U By and to a copy over Cy of the substructure on Cy U Ag whose new
elements are disjoint from By. For the independence theorem, apply disjoint 3-amalgamation
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Bi2 =Y, B3 =27,

(built so far a copy of AUbU a)

~_

Bas: the substructure of M

BQZAUbilU'~'Ubil71

FIGURE 5.9. The inductive step in the proof of Theorem 5.5.9(1). The fresh
copy a’ of a has already been joined to the first [ — 1 terms (the structure
Y;_1); it must now be joined to b;, as a is joined to b (the structure Z;), while
the terms of the sequence keep the structure they have in M. Disjoint 3-
amalgamation over A glues the three prescriptions into Y;. In the Rado graph
nothing has to be glued, because every relation is binary and every graph is
allowed.

over the substructure on Cy, where Cjy contains (by Uby U 1) N C, to
31=COUC/, By = Cy U by, Bs = Cy U bo,

where ¢ is a fresh copy of the coordinates of ¢; outside C, By makes Cy U ¢ U by a copy of
CoUcyUby, B1g makes CoUc Uby a copy of CoUcyUbs, and Bag is the substructure of M. The
sets meet pairwise in Cy because by Nby C C, and By2 and B3 agree on By because ¢1 =¢ co.
Embed the solution over Cy U by U be by Lemma 5.5.6, and conclude by saturation. €}

By Example 5.5.5, Theorem 5.5.9 applies to the Rado graph, the random tournament and
the random r-hypergraphs, and also to the pure infinite set, which is stable. The rational
order has disjoint 2-amalgamation but not disjoint 3-amalgamation, and it is not simple by
Proposition 5.3.2. The Henson graph shows that disjoint 3-amalgamation cannot be dropped
even when the forbidden configuration is a triangle rather than an order.

Example 5.5.10. Let X be the class of finite triangle-free graphs, so that Ty is the
theory of the Henson graph H. We show that the formula ¢(z;y1,y2), defined as
E(z,y1) N\ E(z,y2), has the 2-tree property.

Let G be the graph with vertices u,, vy, for 0 € w<¥ with o # (), whose edges are the
Pairs {Us~(iy, Vo~ (jy } With o € w=“ and i < j. Every edge joins a vertex u, to a vertex
vy, so G is bipartite and in particular triangle-free; by Lemma 5.5.6 with C' = (), we
may assume that G is an induced subgraph of M. Put b, = (us, vs).

Siblings are 2-inconsistent. Let i < j. A solution of ¢(z,bs~(;y) A @(z, b5~ (jy) would be
adjacent to u,~;y and to v, (), which are adjacent to each other, and would form a
triangle with them; every finite substructure of a model of Ty is triangle-free.
Branches are consistent. Two distinct nodes of a branch have different lengths and so are
never siblings. Hence, for n € w* and n > 1, the 2n vertices |y, Uy, (1 < m < n) are
pairwise nonadjacent. The graph obtained from them by adding one vertex adjacent to
all of them is triangle-free, and Lemma 5.5.6 embeds it over these vertices; the new vertex
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satisfies ¢(z, by,,) for every m < n. By Remark 5.2.8, condition (a) of Definition 5.2.7
follows.

Hence the theory Ty is not simple. It also has the independence property: for pairwise
nonadjacent vertices by, ...,b, and aset S C {1,...,n}, adding a vertex adjacent exactly
to the b; with [ € S creates no triangle, so the edge relation shatters {b1,...,b,}.
Figure 5.10 shows the siblings of one node.

FiGurE 5.10. The siblings of one node in Example 5.5.10, written b; =
(ui,v;). The vertex u; is joined to v; exactly when ¢ < j: the bipartite
graph is a ladder (compare Figure 1.1). A common solution x of ¢(z,b;) and
©(z, bg) would close the triangle x, u1, vs (pink), so siblings are 2-inconsistent.
Along a branch, the pairs are pairwise nonadjacent, and a common neighbour
exists.

Remark 5.5.11. The proof of Theorem 5.5.9(2) shows that a type of an n-tuple admits at
most n successive dividing steps. In the language of simplicity theory, this says that the
theory T is supersimple, and that every type of a single element has SU-rank at most 1. A
theory is supersimple if the type of every finite tuple over every set B does not divide over
some finite subset of B. The SU-rank of a type p over A is at least av+ 1 if p has an extension
of SU-rank at least « that divides over A, and it is at least a limit ordinal X if it is at least
every a < A (see [Wag00] or [Casll]). Kruckman [Krul9] studied Fraissé classes with
disjoint n-amalgamation for every n, and showed that their limits have pseudofinite theories.
The class of finite triangle-free graphs is the basic example of a free amalgamation class, in
which the union of two structures over a common substructure, with no new relations, is
always an amalgam. Shelah showed that the Henson graph has the property SOP3 of his
hierarchy of strict order properties, but not SOP, [She96, Claim 2.8], and Conant [Con17]
developed the model theory of free amalgamation theories in general, showing in particular
that they are NSOPy.

5.6 THE REAL-VALUED CASE

Chapters 1 and 4 each closed by replacing formulas with bounded functions on arbitrary
sets, and the same can be done for the tree property. Two things are lost in the passage.
There is no compactness, so a tree must carry its own witnesses, branch by branch; and
there is no definability in the sense of Chapter 1, so the proof that stable theories are simple,
which counted definitions (see Proposition 5.3.1), has nothing to count. What takes the
place of a definition is an approximation by polynomials in instances (see Theorem 1.2.11),
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and approximations can be counted just as well, provided that we count them only up to
a tolerance. The tolerance is supplied by a gap between the values that the tree requires
on its branches and the values that it forbids among siblings. We treat the case k = 2 of
Definition 5.2.7, in which siblings are pairwise incompatible.

Definition 5.6.1. Let A, B be sets, let ¢: A x B — [0, 1] be a function, and let r < s be
reals. The function ¢ has the 2-tree property with gap (r, s) if there are b, € B, for 0 € w<¥
with o # (), such that the following hold:

(a) for every o € w<* with o # 0, there is a € A with ©(a,by);,) > s for 1 <m < |of;

(b) forevery 7 € w<¥ and all i # j, there isno a € A with ¢(a,b.~)) > r and p(a, by~ ;) > 7.
The function ¢ has the 2-tree property if it has the 2-tree property with gap (r,s) for some
reals r < s.

Condition (a) asks for witnesses to the finite parts of the branches only; on arbitrary sets
there is nothing that would turn them into witnesses for whole branches. Only gaps with
0 <r < s <1 matter for a [0, 1]-valued function: a gap with s > 1 violates condition (a), and
a gap with r < 0 violates condition (b), since condition (a) provides elements of A and every
value exceeds r. For a formula the two definitions agree. Fix reals 0 < r < s < 1; for a {0,1}-
valued function, a value is at least s, or larger than r, exactly when it is 1. A formula ¢(x,y)
has the 2-tree property of Definition 5.2.7 if and only if, for some model M, the function ¢ on
M1l 5 MW has the 2-tree property with gap (r, s). Indeed, if the tuples b, witness the 2-tree
property in M, a model M < M containing all of them (by the downward Léwenheim—Skolem
theorem) contains witnesses for the finite parts of the branches, by elementarity, and pairs of
siblings remain inconsistent in M. Conversely, every model of T" embeds elementarily in M,
and a tree as in Definition 5.6.1 in a model M < M is a tree in M whose finite branches are
consistent and whose siblings are 2-inconsistent; Remark 5.2.8 gives the 2-tree property.

The proof that a stable function has no such tree counts branches, and the branches are
counted in binary trees of infinite height, the real-valued form of the trees of Definition 2.1.2.
In Lemma 5.6.3 below, we show that every 2-tree contains one.

Definition 5.6.2. Let ¢: Ax B — [0, 1] be a function, and let r < s be reals. A binary tree of
infinite height for ¢ with gap (r, s) consists of families (b, : 0 € 2<¥) in B and (a, : 7 € 2<%)
in A such that, for all o,7 € 2<%,

o ()T = p(ar,by) > s, o (0)CT = ¢(ar,b,) <.

Lemma 5.6.3. If a function ¢: A x B — [0,1] has the 2-tree property with gap (r,s), then
it has a binary tree of infinite height with gap (r,s).

Proof. Let (b,) witness the 2-tree property. Define f: 2<% — w<“ by recursion: f(0)) = 0,
flo™(1)) = f(o)™(0) and f(c7(0)) = f(o)"(1). Then f preserves initial segments, and
f(7(0)) and f(o™(1)) are siblings. For o € 2<% put b, = by(;—~()), and for 7 € 2<¢ let
a. € A satisfy @(al,bg(r)m) > s for 1 <m < |f(7)|, as condition (a) allows (for 7 = () any
element of A will do).

Let 0,7 € 2<% be given. If 07 (1) C 7, then f(o™ (1)) C f(7), so V) lies on the branch
below f(7) and ¢(a’,b,) > s. If 07(0) C 7, then f(oc™(0)) C f(7), so p(al,bs—~(0y)) =

s >r. The nodes f(o™(0)) and f(oc (1)) are siblings, and condition (b) gives ¢(a’,b.) < r.
Thus the families (b)) and (a)) form a binary tree of infinite height with gap (r, s). )

Figure 5.11 shows the embedding f. At the node f(o), the binary tree keeps two children
of the w-branching tree. The child 0 carries the parameter b/ of the binary node o, and a
leaf that turns right at ¢ passes through it. A leaf that turns left passes through the child 1
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instead, takes values at least s there, and so, by the incompatibility of siblings, takes values
at most r at the child 0.

leaf a’ branch f({0,1)) = (1,0)

(0,1)°
/. (0> /

(J
at () the leaf passes through (1), so ¢(a

/
by

(0):

0
b)) <r

/<().1>' 0/ =

FiGURE 5.11. Lemma 5.6.3. The binary tree lives inside the w-branching tree
on the children 0 and 1 of the nodes it uses (pink); the other children (pale)
are discarded. The parameter of the binary node o is the child 0 of f(o). A
leaf that turns right at o passes through this child; a leaf that turns left passes
through its sibling, the child 1, and the incompatibility of siblings forces the
value at the child 0 down to at most 7.

Theorem 5.6.4. A stable function p: Ax B — [0,1] has no binary tree of infinite height
with a gap. In particular, a stable function does not have the 2-tree property.

Proof. The idea is to count. A binary tree of infinite height has 2%° branches, and the
types along distinct branches differ by at least s — r at some node. A stable function, on the
other hand, has only countably many approximate definitions over a countable set, and two
branches with nearly the same definition cannot differ by s — r anywhere.

Suppose that (by) and (a,) form a binary tree of infinite height for ¢ with gap (r, s), and
put € = (s —7)/5. Let Ag = {a, : 7 € 2%} and By = {b, : 0 € 2<¥}, and let ¢ be the
restriction of ¢ to Ag X By. Every instance of Definition 1.2.5 for g is an instance for ¢, so
o is stable.

© Step 1: types along branches. Fix a nonprincipal ultrafilter U on w, and for n € 2%
put p, = lim,ltp,, (a,,) € LS(po). Let o T n be given. For every n > [o| we have
o~ (n(le])) E nln, so (aym,bs) is at least s if n(|o[) = 1 and at most 7 if n(|o|) = 0, and the
same bound holds for p,(b,). If n # 1’ and o is the longest common initial segment of 7 and
7', then n(|o]) # n'(Jo]), and therefore

(5.2) Py (bo) — Py (bg)| = s — 1.

© Step 2: approximate definitions. Let ¢ be the separately continuous function of
Proposition 1.2.8 for ¢p; as in the proof of Proposition 4.2.2, we have $o(p, rtp,, (b)) = p(b)
for all p € LS(¢o) and b € By. Let n € 2% be given. By Theorem 1.2.11, in the form
given by its proof, there are ai,...,ar € Ap and a real polynomial P with |Po(py,q) —
P(q(a1),...,q(ax))| < e for all ¢ € RS(pp). Taking ¢ = rtp,, (b) gives

‘pn(b) — P(p(a1,b),... ,go(ak,b))| <e for all b € By.
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Each monomial is bounded by 1 on [0, 1]*, so changing the coefficients of P by small enough
amounts gives a polynomial P, with rational coefficients with |P — P,| < £ on [0,1]*. Put
ap = (a1,...,a). Then |p,(b) — Py(¢(a1,b),...,o(ax,b))| < 2¢ for all b € By.

© Step 3: counting. The set Ag is countable and there are countably many polynomials
with rational coefficients, so there are only countably many pairs (a,, P,), while 2* is uncount-
able. Hence there are n # ' with (ay, P;)) = (G, Py), and then [p,(b) — py(b)| <4e <s—r
for every b € By. This contradicts (5.2). The last statement follows from Lemma 5.6.3. @

For formulas, Theorem 5.6.4 gives a second proof of the case k = 2 of Proposition 5.3.1.
If p(z,y) is stable, then it is stable on every model (see Remark 1.2.2), so the corresponding
{0, 1}-valued function on every model is stable in the sense of Definition 1.2.5 (see Propo-
sition 1.2.4). By Theorem 5.6.4 this function has no 2-tree property with any gap, and by
the paragraph following Definition 5.6.1 the formula ¢ does not have the 2-tree property.
The two proofs count different things: definitions over a model of size A in Proposition 5.3.1,
approximate definitions over a countable set here. The second count is the real-valued form
of the counting in the proof of (1) = (2) in Theorem 2.5.1: a binary tree of infinite height is
a Cantor scheme of types, and stability leaves room only for countably many types up to a
tolerance.

The converse of the last statement of Theorem 5.6.4 fails. Let M be a model of Trc.
By the extension axioms (see Example 4.1.4), every sequence of distinct vertices of M is
independent for the edge relation, in the sense of Definition 4.2.1, so the edge relation is not
NIP and hence, by Proposition 4.2.2, not stable. On the other hand, the random graph is
simple (see Theorem 5.4.6), so by the paragraph following Definition 5.6.1 the edge relation
does not have the 2-tree property on any model.

5.7 EXERCISES

The exercises follow the sections of the chapter. Throughout, we write Ng for the struc-
ture (w X w, E) in which (m,n) E (m’,n’) holds if and only if m = m/, and Tg for its theory;
thus F is an equivalence relation with infinitely many classes, all of them infinite. The mark
(*) indicates the exercises that ask for more than a direct application of the text.

1. (Section 5.1.) Assume that Tr admits elimination of quantifiers (see Exercise 10). Let
A be a small set and let n > 1 be given. Show that the type over A of an n-tuple a
is determined by the following data: which coordinates of a are equal and which are
E-equivalent; which coordinates are equal to an element of A, and to which one; and
which coordinates are F-equivalent to an element of A, and to which E-class of elements
of A. Deduce that |S;(A)| < |A| + N, that T is A-stable for every infinite A, and that
Tg is stable and simple (see Lemma 5.1.2 and Proposition 5.3.1). Show, in contrast,
that the theory of (Q, <) has 2%° complete 1-types over a countable model, and deduce
from Lemma 5.1.2 that it is A-stable for no infinite A. (Hint: for the last assertion, find
n-ladders for = < y; see Definition 1.1.4.)

2. (Section 5.2.) Let C be a small set and b a tuple. Show that the formula z = b divides
over C' if and only if tp(b/C) has infinitely many realizations, and that it then 2-divides
over C. (Hint: if (b;)i<., is indiscernible over C' and b; = b; for some i < j, then the
sequence is constant. For the converse, apply Lemma 5.2.2 to distinct realizations of
tp(b/C), and note that the formula y; # y2 belongs to their Ehrenfeucht—Mostowski
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type.) Let T be the theory of a structure (IV, E) in which F is an equivalence relation
with infinitely many classes, each with exactly two elements. Let ¢ and b be distinct
E-equivalent elements. Show that x = b does not divide over {c}, although b ¢ {c}.

. (Section 5.2.) Let C be a small set, let p(z,y) and ¥ (z, z) be L-formulas, and let b and

¢ be tuples such that M = Vz (¢(x,¢) — ¢(z,b)). Show that if p(z,b) k-divides over C,
then 9 (z, ¢) k-divides over C. (Hint: let (b;);<,, witness k-dividing, choose ¢; with b;c; =¢
be, and apply Lemma 5.2.2 over C' to the sequence (b;¢;)i<w; the formulas Va (¢(z, z1) —
o(z,y1)) and -3z /\f:1 o(z,y;) belong to its Ehrenfeucht—Mostowski type.) Deduce that
if o(x,b) divides over C, then so does p(z,b) A x(z,d) for every L-formula x(z,w) and
every tuple d.

(Section 5.2.) Work in Tg, and assume that T admits elimination of quantifiers (see
Exercise 10). Let C be a small set, and let b be an element.

(a) Show that the formula z Eb divides over C'if and only if b is E-equivalent to no element
of C, and that it then 2-divides over C. In particular, the formula xEb divides over
(. (Hint: for one direction, choose by, ba, ... in distinct E-classes that meet neither C'
nor the class of b, and show that (b, by, b, ...) is indiscernible over C.)

(b) Show that the formula x = b divides over C' if and only if b ¢ C (see Exercise 2).

(c) Let a be an element and B a small set. Show that tp(a/C U B) divides over C' if and
only if a € B\ C, or a is E-equivalent to some element of B and to no element of C.
(Hint: in the remaining cases, given a formula of tp(a/C U B) with parameters from
a finite tuple d and a sequence (d;);<. indiscernible over C' with dy = d, find a single
element a” with a”d; =¢ ad for every i. Distinguish the cases a € C, a ¢ C' U B with
a equivalent to an element of C, and a ¢ C'U B with a equivalent to no element of
CUB.)

Compare (c) with Theorem 5.4.5: in Tg a type may divide over C' although aN B C C.

. (Section 5.2.) Work in the theory of (Q, <), let C' be a small set, and let by < by be

elements. Show that the formula by < x < by divides over C' if and only if no element
c of C satisfies b7y < ¢ < by, and that it then 2-divides over C'. Show also that the
formulas = < by and by < x divide over no small set. (Hint: for the first assertion, follow
Example 5.2.6, choosing the pairs b’ in the cut of C that contains by and bo. If ¢ = by
for some ¢ € C, then every sequence indiscernible over C' that begins with (by,b2) has
first coordinate constantly equal to c.)

. (Section 5.3.) Work in the theory of (Q, <), and let 6(x;y;,y2) be the formula y; <

r < y2. Find pairs a, = (al,a2), for n < w, such that {0(z,a,) : n < w} is consistent
and 0(z,ay) 2-divides over the set A, of coordinates of the pairs a,, with m < n (see
Exercise 5). Deduce from Lemma 5.3.5 that 6 has the 2-tree property, and compare
the discussion following Example 5.2.6. Deduce also that there are an element a and
small sets Dy C Dy C --- such that tp(a/Dy+1) divides over D,, for every n; compare
Theorem 5.4.6. Finally, show that the formula x < y has the k-tree property for no
k > 2, although it has the order property. Thus, in a theory that is not simple, a

formula with the order property need not have the tree property.

(Section 5.3.) Let T be the theory of the structure (w<*,C), where C is the relation
of being an initial segment. Show that the formula y E = has the 2-tree property, with
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by = o for every nonempty o € w<*. (Hint: the structure (w<*, C) embeds elementarily
in M; two siblings have no common extension, and this is expressed by a sentence with
parameters.) Show that the formula x C y has the k-tree property for no k£ > 2. (Hint:
the theory 7' says that some element is an initial segment of every element.) Deduce
that T is neither simple nor stable.

8. (Section 5.4.) Work in Trg. Let C be a small set, let b be a finite tuple, and let ¢(x,y)
be an L-formula in which z is a single variable. Show that ¢(x,b) divides over C' if and
only if every solution of ¢(x,b) in M is a coordinate of b that does not belong to C.
(Hint: if some solution a is not such a coordinate, then a Nb C C; use Theorem 5.4.5.
For the converse, use Lemma 5.4.3 and (5.1) to build a sequence indiscernible over C
that begins with b and whose terms are pairwise disjoint outside C, as in the first part
of the proof of Theorem 5.4.5.) Deduce that the formulas E(z,b;) and —E(z,b;), for a
single vertex b1, divide over no small set.

9. (Section 5.4.) Work in Trg. Let a be a finite tuple and B a small set. Show that tp(a/B)
does not divide over the finite set a N B. Thus, in Theorem 5.3.6 for Trqg, the set A
can be chosen finite (see Remark 5.5.11). Show also that the bound of Theorem 5.4.6 is
attained: for every n > 1, give a tuple a of length n and sets Dy C --- C D,, such that
tp(a/Djy1) divides over D; for every j < n.

10. (x) (Section 5.5.) Let Xg be the class of finite structures (X, F) in which F is an
equivalence relation.
(a) Show that Kg is a Fralssé class with disjoint 2-amalgamation. (Hint: on B; U Ba,
make an element of By \ A equivalent to an element of By \ A exactly when both are
equivalent to a common element of A.)

(b) Show that Ng is ultrahomogeneous and has age Kg. Deduce from Fact 5.5.2 that
T = Ty, and that T admits elimination of quantifiers.

(c) Show that Xg does not have disjoint 3-amalgamation. (Hint: take A = () and one-
element sets Bi, Ba, Bs.)

(d) Conclude, by Exercise 1, that the converse of Theorem 5.5.9 fails, and, by Exer-
cise 4(c), that conclusion (1) of Theorem 5.5.9 fails for Kg.

(e) Show that the class of finite structures (X, Ey, E2) in which E; and Ey are equiva-
lence relations is a Fraissé class with disjoint 2-amalgamation and without disjoint
3-amalgamation, and that the theory of its limit is stable. (Hint: count types as in
Exercise 1, using Fact 5.5.2(b).)

11. (Section 5.5.) Let L consist of one unary relation symbol P, and let X be the class of
finite L-structures in which at most one element satisfies P. Show that X is a Fraissé
class whose limit is a countably infinite set with exactly one element in P. Show that
X has disjoint 3-amalgamation and does not have disjoint 2-amalgamation. Let d be
the element of P in M. Show that no sequence of distinct elements beginning with
d is indiscernible over (), and that tp(d/{d}) does not divide over () (every sequence
indiscernible over ) that begins with d is constant). Thus the conclusions of Lemma 5.5.8
and of Theorem 5.5.9(1) fail without disjoint 2-amalgamation.



94 5. FROM STABILITY TO SIMPLICITY

12. (*) (Section 5.5.) Let L consist of one ternary relation symbol R, and let K be the class
of finite 3-uniform hypergraphs (see Example 5.5.3(5)), that is, L-structures in which
R holds only of triples of distinct elements and is invariant under permutations of its
arguments, with no tetrahedron, that is, with no four distinct elements of which every
three form a hyperedge.

(a) Show that X is a Fralssé class with disjoint 2-amalgamation. (Hint: take the union,
with no new hyperedges, as in Example 5.5.5.)

(b) Show that X has disjoint 3-amalgamation. (Hint: declare that no hyperedge meets
all three of the sets B; \ A. A tetrahedron that meets all three sets contains a triple
that meets all three.)

(c¢) Deduce from Theorem 5.5.9 that T is simple. Show that the formula R(x;y1,y2) has
the independence property (see Definition 4.1.1), and deduce that Ty is not stable.

13. (%) (Section 5.5.) Let X be the class of finite graphs with no four pairwise adjacent
vertices.
(a) Show that X is a Fraissé class with disjoint 2-amalgamation, and that it does not have
disjoint 3-amalgamation. (Hint: take A =), By = {z}, B2 = {y} and B3 = {z,w}
with z adjacent to w.)

(b) Let 1(x;y1,y2,y3) be the formula E(z, y1)AE(z,y2) AE(z,y3). Show that ¢ has the 2-
tree property in Ty, and conclude that Ty is not simple. (Hint: adapt Example 5.5.10.
Take vertices U, vy, W, for nonempty o € w<¥, join v, to w,, and join Uy~ (7) £O V()
and to w,~ ;) whenever ¢ < j. Show that this graph has no four pairwise adjacent

vertices, and put b, = (uy, Vs, Wy).)

14. (Section 5.6.) Let A = w<¥ and B = w<¥ \ {0}, and define ¢: A x B — [0,1] by
o(a,b) = 2/3 if b C a, by ¢(a,b) = 0 if a is a proper initial segment of b, and by
o(a,b) = 1/3 if a and b are incomparable.

(a) Show that, for reals r < s, the function ¢ has the 2-tree property with gap (r,s) (see
Definition 5.6.1) if and only if 1/3 < r < s < 2/3. (Hint: for » < 1/3, use condition
(b) with 7 = () and an element a of length 1.)

(b) Fix a gap (r,s) as in (a), and apply the construction of Lemma 5.6.3 to the tree
bo = o, with a7 = f(7). Compute by, b’<0>, b’<1>, a’<0> and a’<1>, and check the two
inequalities of Definition 5.6.2 for o = ().

(c) Show directly from Definition 1.2.5 that ¢ is not stable, as Theorem 5.6.4 requires.

(Hint: let a,, and b, be the sequences of zeros of lengths m and n + 1, and let U and
V be nonprincipal.)

5.8 HISTORICAL REMARKS

pd

Section 5.1. Working inside a single large saturated and strongly homogeneous model goes
back to Shelah [She90], who wrote € for this model. The name monster model became
standard later. The notion of w-stability comes from Morley’s categoricity theorem [Mor65].
The study of A-stability for arbitrary A, including the fact that stability is equivalent to \-
stability for all A with ATl = X is due to Shelah [She71, She90].
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Section 5.2. Dividing, forking and the tree property were introduced by Shelah in Clas-
sification Theory ([She90, Chapter III]; first edition 1978), and the simple theories, those
in which no formula has the tree property, were named and studied in his paper [She80].
Indiscernible sequences go back to Ehrenfeucht and Mostowski, and were made into a stan-
dard tool of classification theory by Morley and Shelah [She90]. For the next fifteen years
the simple unstable theories received little attention. Two examples brought them back: the
pseudofinite fields, whose theories Hrushovski showed to be simple and unstable (in work
circulated as a manuscript from 1991 and published in [Hru02]), and the difference fields of
Chatzidakis and Hrushovski [CH99].

Section 5.3. That stable theories are simple, and that the strict order property implies the
tree property, go back to Shelah [She90, Chapter III], [She80]; the dichotomy of Fact 5.3.3
is in [She90, Chapter II]. Kim [Kim98] proved that forking and dividing agree in simple
theories and that forking independence is symmetric; Kim and Pillay [KP97] proved the
independence theorem, abstracting it from Hrushovski’s work on pseudofinite fields, and
characterized simple theories by their independence relation. The title of this chapter is
that of their survey [KP98]. The monographs of Wagner [Wag00] and Casanovas [Cas11]
develop the theory in full.

Section 5.4. The graph of Example 5.4.1 is implicit in Ackermann’s coding of the heredi-
tarily finite sets by natural numbers [Ack37]: the relation “the i-th binary digit of j is 17
encodes membership, and symmetrizing it gives the Rado graph. Erdés and Rényi [ER63]
proved that a random countable graph, with each edge chosen independently with prob-
ability %, is isomorphic with probability 1 to a fixed graph, and Rado [Rad64] gave the
explicit construction of Example 5.4.1 and proved that the graph is universal for countable
graphs. The theory Trg is also the almost sure theory of finite graphs: by the zero—one law
of Glebskii, Kogan, Liogon’kii and Talanov [GKL+-69] and of Fagin [Fag76], a first-order
sentence holds in almost all finite graphs if and only if it holds in the Rado graph. Cameron’s
survey [Cam97] collects its many descriptions.

Section 5.5. Fraissé [Fra54] introduced ages and proved Fact 5.5.2(a), generalizing Can-
tor’s characterization of (Q, <) as the unique countable dense linear order without end-
points. Henson [Hen71] constructed the homogeneous K,-free graphs, and Lachlan and
Woodrow [LW&O0] proved that the countably infinite ultrahomogeneous graphs are, up to
complementation, the disjoint unions of complete graphs of equal size, the Rado graph, and
the Henson graphs. Kruckman [Krul9] made disjoint n-amalgamation a systematic tool for
the theories of Fraissé limits.

Section 5.6. Simplicity for structures with real-valued relations was developed by Ben Yaa-
cov [Ben03] in the framework of compact abstract theories, which includes continuous logic.
The argument of Theorem 5.6.4 is elementary by comparison: it combines the polynomial
approximation of Theorem 1.2.11 with the counting of branches in the proof of Theorem 2.5.1.
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5. FROM STABILITY TO SIMPLICITY

Ackermann. Ackermann [Ack37] codes the hereditarily finite sets by nat-
ural numbers through their binary digits; symmetrized, the coding gives the
Rado graph.

Fraissé. Fraissé [Fra54| introduces ages and proves that every Fraissé class
has a unique countable ultrahomogeneous limit.

Erd6s—Rényi. Erdds and Rényi [ER63] show that the random countable
graph is unique up to isomorphism with probability 1.

Rado. Rado [Rad64] gives the explicit construction of Example 5.4.1 and
proves its universality.

zero—one law. Glebskii, Kogan, Liogon’kii and Talanov [GKL+69], and
independently Fagin [Fag76], prove the zero—one law for first-order sen-
tences about finite graphs; the almost sure theory is Trg.

Henson. Henson [Hen71] constructs the homogeneous K, -free graphs.

Shelah. Shelah’s Classification Theory [She90] introduces forking, divid-
ing and the tree property.

Shelah; Lachlan-Woodrow. Shelah [She80] names and studies the sim-
ple theories, those without the tree property. Lachlan and Woodrow [LW 80]
classify the countable ultrahomogeneous graphs.

Hrushovski. Hrushovski’s manuscript on pseudofinite fields, published
in [Hru02], shows that their theories are simple and proves an indepen-
dence theorem for them.

Shelah. Shelah [She96] introduces the hierarchy of properties SOP,,; the
Henson graph has SOPj.

Kim; Kim—Pillay. Kim [Kim98] proves that forking equals dividing in
simple theories and that forking is symmetric. Kim and Pillay [KP97]
prove the independence theorem; their survey [KP98] is titled From sta-
bility to simplicity.

Chatzidakis—Hrushovski. Chatzidakis and Hrushovski [CH99] develop
the model theory of difference fields, a central example of a simple unstable
theory.

Wagner; Casanovas. The monographs of Wagner [Wag00] and Casanovas [Cas11].

Ben Yaacov. Ben Yaacov [Ben03] extends simplicity to compact abstract
theories, a framework that includes continuous logic.

Conant; Kruckman. Conant [Con17] develops free amalgamation theo-
ries; Kruckman [Krul9] studies disjoint n-amalgamation and pseudofinite
countably categorical theories.



Chapter 6

Stability and notions of independence

Ladders, trees and definitions all describe stability from inside a single formula. Indepen-
dence describes stability globally: in this chapter we show that the stable theories are exactly
those carrying a notion of independence, written A | o B and read “A is independent from
B over M”, that obeys a short list of natural axioms. The most important of these are finite
character, symmetry, and the existence and uniqueness of independent extensions. The idea
is that, given a type p over a model M and a set B, an independent extension of p to M U B
adds no information beyond p. Stability is precisely the condition that such an extension
always exists and is unique.

Both directions rest on Chapter 2. To obtain independence from stability we use de-
finability of types: the independent extension is the heir, the extension of p given by the
same definition scheme as p. The converse is a counting argument of the kind used there:
uniqueness and local character together bound the number of types.

We keep the conventions of Section 5.1, and we measure independence against the axioms
of Definition 5.4.7. In Chapter 5 the random graph carried a relation with every axiom but
uniqueness; here uniqueness is the protagonist.

The preceding chapters studied dependence one formula at a time. This chapter asks a
global question: what it means for a set A to be independent from a set B over a model
M, when all formulas are considered at once. The answer is not an explicit definition but
an implicit one, a list of axioms (see Definition 5.4.7), and the theorem of the chapter
is that a theory is stable exactly when some relation satisfies all of them, uniqueness
included (see Theorem 6.2.2). Section 6.1 constructs the relation. The independent
extension of a type is its heir, the extension given by the same definitions, and the
symmetry of the relation rests on Harrington’s lemma, which Subsection 6.1.1 reveals
as an exchange of iterated limits, the analyst’s form of stability met in Chapter 1.
Section 6.2 states the axioms and proves the theorem in both directions, the converse
by a count of types in the manner of Chapter 2. Section 6.3 records how little of the list
is really needed, and how the relation extends, as nonforking, to arbitrary base sets. If
the chapter had to be summarized in a sentence, the sentence would be this: in a stable
theory there is exactly one way of learning nothing new.

6.1 DEFINITIONS AND HEIRS

In a stable theory every type over a model has a definition scheme, one definition for each
formula (see Lemma 6.1.1). A definition can be evaluated at parameters outside the model,
so the scheme extends the type to larger sets of parameters, and the result is the heir (see

97
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Definition 6.1.2). The section closes with the fact that will make independence symmetric:
definitions over a model commute (see Lemma 6.1.4). In Subsection 6.1.1 we show that this
commutation is the exchange of iterated ultrafilter limits that defines stability in Section 1.2.
Lemma 6.1.1. Assume that T is stable, and let p € S, (M) be given, where x may be infinite.
For every L(M)-formula ¢(2',y), with ' a finite subtuple of x and y finite, there is an L(M)-
formula dyp(y) such that for all b € M, we have

p(a,b) €p = M = dyp(b).
Any two formulas with this property are equivalent in M.

Proof. Write ¢(z’,y) = wo(2’,y,m) with ¢y € L and m € M. The set of formulas ¢o(z’, c)*
(c € M) that belong to p is a complete ¢o-type over M in the sense of Definition 1.1.1. Since
o does not have the order property, Theorem 1.1.6 shows that this ¢g-type has a definition
¥(z) over M, which is a positive Boolean combination of instances of ¢g. Here the tuple z
corresponds to the parameter variables y followed by those replaced by m. Then the formula
dpp(y) = ¥(y,m) works. If 11(y) and 12(y) both work, then we have M |= Vy (11 <> 12).
This is an L(M)-sentence, so this sentence also holds in M. ©

The family (dpyp), given by Lemma 6.1.1, determined up to equivalence in M, is called
the definition scheme of p.

Definition 6.1.2. Assume that T is stable. Let p € S;(M) be given, and let B be small.
Define

PIB = {p(a',b) : ol(a',y) € L(M), be B, M = dyp(b)}.
The set p|B is called the heir of p over M B.

Every L(M B)-formula has the form ¢(a’,b) with ¢ € L(M) and b € B, so the heir p|B
is a set of L(M B)-formulas. Figure 6.1 shows the construction. The next lemma shows that
the heir is in fact a complete type extending p, and that heirs are compatible with enlarging
the parameter set and the base model.

/ parameters in I\h

parameters in M o
°
p(z,0) €p, —p(z,c) €p p(z,b) € p|B, ~p(z,V) € p|B

FIGURE 6.1. Heirs (see Definition 6.1.2). The definition d,¢ is a formula with
parameters in M, so it defines a set of parameters in all of M (pink). Inside M
(shaded) it records which instances ¢(z,c) belong to p; outside M the same
set decides which instances ¢(x, b) belong to the heir p| B. The heir is the type
p evaluated, by its own definitions, at parameters that M has never seen.

Lemma 6.1.3. Assume that T is stable, let p € S, (M) be given, and let B and D be small
sets. Then the following hold:
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(a) The set p|B belongs to Sy(MB) and extends p.
(b) If B C D, then the type p|B is the restriction of p|D to M B.

(¢) If N is a model with M C N, then the type p|N has the same definition scheme as p, and
we have (p|N)|B = p|NB.

Proof. (a) Completeness. Let ¢ € L(M) be given. Since p is complete, for every ¢ € M
exactly one of p(2/,¢), =¢(a,c) lies in p. Hence we have M = Yy (dy(—¢)(y) <+ ~dpo(y)),
and the same holds in M. Thus for b € B exactly one of ¢(a’,b), ~¢(z,b) belongs to p|B.

Consistency. Let p;(x;,b;) € p|B be given for i < n, and put x(Z;y0,.-.,Yn-1) =
Ni<cn @i(2i,v:), where T lists the variables in the x;. For ¢ € M, the formula x(Z,¢) is in
p if and only if each ¢;(x;,¢;) is, and in that case the formula x(z,¢) is satisfiable in M.
Therefore we have

M (N dppilys) = dpx(p)) and M = Vi(dyx(y) = 32 x(2,5)-
1 <n

Both sentences transfer to M. Applied to b = (bo, ..., b,—1), they give M = 3z A, @i(zi, b;).
By compactness, the set p|B is consistent.

Extension. For ¢ € M we have ¢(2/,¢) € p <= M = dpp(c), which holds if and only if
(2, c) € p|B.

(b) This is immediate from the definition.

(c) By (a), the type p|N extends p. For n € N we have p(2/,n) € p|N if and only if
M = dyp(n), so the formula d,¢p is a definition of p|N for ¢ € L(M). For an L(N)-formula
(2, y) = @o(z’,y,n) with @9 € L(M), the formula dy,po(y, n) defines p| N. By the uniqueness
clause of Lemma 6.1.1, the definition scheme of p|N is thus given, up to equivalence, by that
of p. Now for b € B and n € N, we have

wo(2',b,n) € (p|N)|B <= M dppo(b,n) = wo(2',b,n) € p|NB. @)

The fulcrum of the chapter is the following lemma, which says that definitions of types
over a model commute; this lemma is the only place in this chapter where the absence of
the order property is used directly. To state the lemma, let p € Sp(M) and ¢ € Sy(M) be
given, with 2 and y finite, and let ¢(x,y) € L(M) be given. As before, we write dp¢(y) for
the definition of p for ¢(z,y), and we write dyp(x) for the definition of ¢ for ¢ regarded as a
formula in the variables y, with parameter variables .

Lemma 6.1.4 (Harrington’s lemma). Assume that T is stable, and let p € Sp(M), q €
Sy(M) and o(x,y) € L(M) be given, where x and y are finite. Then we have

dpp(y) € ¢ <= dgp(z) € p.

Proof. The idea is to realize p and ¢ alternately, so that each pair (a;,b;) consults one
definition below the diagonal and the other on and above the diagonal; if the two definitions
disagreed, the result would be a ladder. Choose recursively a;,b; € M (i < w) such that a;
realizes p|{b; : j < i} and b; realizes g|{a; : j < i}. This is possible by Lemma 6.1.3(a) and
saturation. In particular, we have a; = p and b; |= q.

If j < ¢, then since a; = p|{b;} and b; = ¢, we have

M= p(ai bj) <= M dpp(by) <= dpp(y) € g-
If i < j, then since b; = q|{a;} and a; |= p, we have
M = p(ai, bj) <= M = dyp(a;) <= dgp(x) € p.
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Suppose that the two right-hand sides differ, and write ¢(x,y) = @o(z,y, m) with ¢y € L
and m € M. Put b = bym. Then either M = ¢o(a;,b}) <= i < j for all 4,7, or
M E po(a;b) <= i > j for all 4,5. In the first case the formula ¢o(z;y,2) has the
order property directly, and in the second by Remark 1.1.5. Either way this contradicts
stability. €}

Figure 6.2 shows the configuration built in the proof.

bo b1 b2 b3 ba

ao

i <j: plai,bj) < dep(z) €p
a1
a2
as

J<i: ola;,b;) <= dyply) €q
a4

FiGURE 6.2. The proof of Lemma 6.1.4. The elements are realized in the
order ag,bg,a1,by,... (the pink path): each a; realizes the heir of p over
the b; already chosen, and each b; the heir of ¢ over the a; already chosen.
Below the diagonal (lavender) the truth value of ¢(a;,b;) is read off from the
definition of p, and on and above it (pink) from the definition of q. Each region
is constant, so if the two answers differed, the array would be the staircase of
a ladder (see Figure 1.1).

6.1.1 Harrington’s lemma as limit exchange

Harrington’s lemma is the exchange of iterated ultrafilter limits of Section 1.2, read in
the language of types. We now make this precise, and in doing so obtain a second proof of
the lemma that does not build a ladder by hand.

The first step is to represent types over M by ultrafilters on tuples from M. Let x and y
be finite tuples of variables. Every type p € S,;(M) is finitely satisfiable in M: if ¢(x) € p,
then we have M = 3z ¢ (z), and since 9 is an L(M)-formula and M < M, some a € M|
satisfies ¥. Hence the sets Y(M) = {a € MI®l : M = ¢(a)}, for ¢ € p, have the finite
intersection property, and the type p is the trace of an ultrafilter U on M7l in the sense that

Y(z) ep <= Y(M)elU for every L(M)-formula ¢ (x).

Similarly, let ¢ € S, (M) be the trace of an ultrafilter V on M, and let ¢(z,y) € L(M) be
given. As in Section 1.2, we identify ¢ with the {0, 1}-valued function (a’,b’) — (a’,b") on
M=l MW For v € MW we have M |= d,p(V) if and only if ¢(z,V') € p, that is, if and
only if (M, V') € U, that is, if and only if limy 3 ¢(a’,b") = 1. Therefore we have

dyo(y) € ¢ == {V/ e MY M = dyo(V)} €V — lim lim ol b)) =1,
/7 CL/7
and in the same way we have
dgp(x) € p < lim limp(d’,b') = 1.
PTINY

Thus the two sides of Harrington’s lemma are the statements that the two iterated limits of
p along U and V equal 1, and the lemma says exactly that these iterated limits agree. Note
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that no heirs, saturation or realizations are involved: the computation takes place entirely in
M.

When T is stable, the limits do agree. Write p(z,y) = @o(x,y,m) with ¢y € L and
m € M. The formula ¢o(z;y, z) does not have the order property, so by Remark 1.2.2 it is
stable on M, and therefore so is its restriction ¢ to the parameters of the form (b, m), since
a ladder for ¢ or =y would be one for ¢y or —pg. By Proposition 1.2.4, the function ¢ is
then stable in the sense of Definition 1.2.5, and by Corollary 1.2.6, applied to the families
(a")genrizt and (B')ycppivi» the two iterated limits are equal. This proves Lemma 6.1.4 again.

The two proofs are the same argument at different levels of abstraction. The alternating
realizations (a;, b;) in the first proof consult one definition below the diagonal and the other
on and above it, exactly as the sequences of Proposition 1.2.3 display one iterated limit above
the diagonal and the other below it; and in both cases a disagreement is converted into a
ladder.

The computation also explains what the two orders of realization mean. For a small set
B, the coheir of U over M B is the type

qu|B = {¢(z,b) : ¢(z,y) € L(M), b a finite tuple from B, {a € MM E p(a,b)} € u}.

We first collect its basic properties, which are used again in Chapter 7, and then return to
the two orders of realization.

Lemma 6.1.5 (Coheirs). Let M be a model, let U be an ultrafilter on M*, and let B and
B’ be small sets.

(a) The set qu|B is a complete type over M B, and it is finitely satisfiable in M.

(b) Every type over M B that is finitely satisfiable in M equals qu/|B for some ultrafilter W
on M=l

(c) If BC B, then we have qu|B C qu|B’.
(d) The coheir is invariant over M: if o € Aut(M/M), then we have o(qu|B) = qu|o(B).

Proof. For an L(M B)-formula ¢(z,b), write o(M,b) = {a € M*| : M = ¢(a,b)}. These
sets satisfy (—p)(M,b) = M1\ (M, b) and (o A)(M,b) = (M, b) N4(M,b).

(a) Since U is an ultrafilter, exactly one of ¢(M,b) and its complement belongs to U,
so exactly one of ¢(x,b) and —p(x,b) belongs to qu|B. If ¢1(z,b1),...,vn(x,b,) belong to
qu|B, the intersection of the sets ¢;(M, b;) belongs to U and so is non-empty, and any of its
elements is a tuple from M satisfying all n formulas. Hence the set ¢y| B is finitely satisfiable
in M, in particular consistent, and complete.

(b) Let p be a type over M B finitely satisfiable in M. The sets ¢(M,b), for p(x,b) € p,
have the finite intersection property, so they are contained in an ultrafilter U on M*!. Then
we have p C quv| B, and both are complete, so they are equal.

(c¢) This is immediate from the definition.

(d) Let a be a tuple from M. Since o fixes a and the parameters of ¢ from M, we have
M E ¢(a,b) if and only if M = ¢(a,0(b)). Hence we have ¢(M,b) = ¢(M,o(b)), and it
follows that ¢(z,b) € qu|B if and only if ¢(x,0(b)) € qu|o(B). ©

We return to the two orders of realization. If b realizes gy|0) and a realizes ¢(|{b}, then
unwinding the definitions gives

M = p(a,b) <= lim limp(a’,d) =1,
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and realizing the two coheirs in the other order replaces this iterated limit by the one in the
other order. Thus the two orders of realizing coheirs give the same type exactly when the
iterated limits commute. In a stable theory, moreover, the coheir ¢y |B is the heir of g |0,
because both are nonforking extensions and nonforking extensions of types over models are
unique (see Remark 6.3.2 and [Pil96, TZ12]). Read in this way, the symmetry of indepen-
dence proved in Section 6.2 is the commutation of ultrafilter limits: the logical counterpart
of exchanging the order of two limits in analysis.

6.2 INDEPENDENCE RELATIONS

The axioms of Definition 5.4.7 record how the heir relation behaves. When T is stable
the heir relation satisfies all of them, and conversely a relation satisfying just two of them,
uniqueness and local character, forces T' to be stable (see Theorem 6.2.2). In Chapter 5 we
met relations satisfying all the axioms except uniqueness (see Theorems 5.4.9 and 5.5.9); the
theorem below explains why uniqueness is exactly what they lack.

In terms of types, the axioms (EX) and (UN) say that a type p € S;(M) has exactly
one independent extension to M B, namely the type over M B of any A = p with A LM B.
All the other axioms are statements about which extensions of p count as independent. In a
stable theory the natural candidate for this extension is the heir of Section 6.1, and we take
it as the definition.

Definition 6.2.1. Assume that T is stable. For small A, B and a model M we define

A" B <= tp(A/MB)=tp(A/M)|B.

In words, the type tp(A/MB) is the heir of tp(A/M), the extension defined by the same
definition scheme. We call J/h heir independence.

For finite tuples the definition becomes a test, formula by formula, which is the form used
in the proofs below. If a,b are finite tuples and p = tp(a/M), then every L(Mb)-formula in
x has the form ¢(x,b) with ¢(z,y) € L(M). Hence we have

(6.1) a \L]L b <= forall p(z,y) € L(M): Mk p(a,b) < dpp(b).

Theorem 6.2.2. For a complete theory T, the following are equivalent:
(1) The theory T is stable.

(2) There is an independence relation satisfying all the axioms of Definition 5.4.7.

(3) There is a relation A |, B satisfying (UN) and (LOC).
Moreover, if T is stable, the relation of Definition 6.2.1 satisfies all the axioms. This
relation also satisfies

AR) Anti-reflexivity. If a J/ﬁ/[ a for a finite tuple a, then we have a C M.

6.2.1 Proof of (1) = (2)

Assume that T is stable, and let J/h be the relation of Definition 6.2.1. Throughout, we
write p = tp(A/M). Most of the axioms follow by unwinding the definitions with the help of
Lemma 6.1.3; symmetry is the one place where Harrington’s lemma is needed.
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(INV). Let 0 € Aut(M) be given. Applying o to the parameters of the definition scheme of

p gives a definition scheme for o(p) = tp(c A/oM). Hence we have o(p)|o(B) = o(p|B). If

tp(A/M B) = p|B, then we have tp(c A/oM ocB) = o(p|B) = o(p)|oB.

(MON). The definition scheme of tp(A’/M) is the part of that of p that involves only variables

for A’. Hence the heir tp(A’/M)|B’ is the restriction of p|B to these variables and to M B’

(see Lemma 6.1.3(b)), which is tp(A’/M B’).

(FC). The condition tp(A/M B) = p|B says that for every L(M)-formula ¢(2’,y) and every

b € B we have M | ¢(d’,b) <> dpep(b), where @’ is the finite subtuple of A corresponding

to z/. Each instance involves only finite ' C A and b C B, and is exactly an instance of
h

a" Ly,

(BMON). Let N be a model with M C N C B, and suppose that tp(A/MB) = p|B. Then

we have tp(A/N) = p|N by Lemma 6.1.3(b). By Lemma 6.1.3(c), we have tp(4/N)|B =

(pIN)|B = p|NB = p|B = tp(A/NB), which means that A | " B.

(TR). Let N be a model with M C N, and suppose that tp(4/N) = p|N and tp(A/NB) =

tp(A/N)|B. By Lemma 6.1.3(c), we have tp(A/NB) = (p|N)|B = p|N B, which means that
h

ALY NB.

(syM). By (FC) we need only treat finite tuples a,b. Put p = tp(a/M) and ¢ = tp(b/M),

and assume that a J/?/I b. For p(z,y) € L(M), using (6.1) and Lemma 6.1.4, we have

M = ¢(a,b) <= MEdp(b) <= dyp(y) € ¢ <= dyp(z) € p <= M = dyp(a).

By (6.1) with the roles of a and b exchanged, this says b \Llj/[ a.

(EX). By Lemma 6.1.3(a) and saturation, the type p|B has a realization A’. Then we have
A'=p A and A J/}]b B.

(UN). If A =); A, then both have type p over M. If both are independent from B over M,
then we have tp(A/M B) = p|B = tp(A’/M B).

(Loc). Let a be finite, let N be a model, and put p = tp(a/N). For each L-formula ¢(zx,y)
fix a definition dyp(y) € L(IN), and let D C N be the set of all parameters used, so that
we have |D| < k. By downward Léwenheim—Skolem there is a model M < N with D C M
and |M| < k. Put ¢ = tp(a/M). Each d,¢ is an L(M)-formula, and on M it agrees with
the definition of p, so the formula dpp defines g for ¢. These formulas therefore form a
definition scheme for ¢ (for L(M)-formulas ¢g(x,y, m) use dppo(y, m)), and so the heir ¢| N
is defined by the same formulas as p. Since ¢|N and p are both complete types over N, we
have ¢|N = p = tp(a/N), which means that a \LIJQ N.

(AR). Suppose that a L}]& a with p = tp(a/M), and suppose that some coordinate ay of a
is not in M. Let ¢(z,y) be the formula zp = yo, where z¢ and yy are the corresponding
coordinates of  and y. For ¢ € M we have p(z,c) ¢ p, because ag # ¢yo. Hence we have
M = —3ydye(y), and the same holds in M. By (6.1), we have M = ¢(a,a) < dyp(a).
However, the formula ¢(a,a) holds and the formula d,¢(a) fails, a contradiction.

6.2.2 Proof of (2) = (3) = (1)

The implication (2) = (3) is immediate, because a relation satisfying all the axioms
satisfies (UN) and (LOC) in particular. For (3) = (1), the idea is that the axiom (LOC) lets
us describe each type over a model N by a type over a small submodel, and the axiom (UN)
guarantees that this description loses no information; counting the descriptions then bounds
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the number of types. Let | satisfy (UN) and (LOC), and put A = 2%, so that \* = A. By
Lemma 5.1.2, it suffices to show that the theory T is A-stable.

Let A be a set with |A] < A, and let = be a finite tuple of variables. By downward
Lowenheim—Skolem there is a model N O A with |N| < A, and restriction maps S, (N) onto
Sz(A). Thus we need only show that |S, (V)| < A.

For each p € S;(N) choose a realization ap. By (LOC) choose a model M, C N with
|M,| < k and a, J/Mp N. Consider the map

p— (M, tp(ay/My)).
This map is injective. Indeed, suppose that M, = M,, =: M and a, =y a,. Since a, \LM N
and a, J/M N, the axiom (UN) gives a, =n a,/, which means that p = p'.
The number of subsets of N of size <k is at most A\* = AX. For each such M we have
| Sz (M)| < 2% = A. Hence we have |S,(N)| < A- A=A ©

6.3 LOCAL CHARACTER, UNIQUENESS, AND FORKING

Remark 6.3.1. The bound |M| < k in (LOC) plays no special role in the proof of (3) = (1):
it may be weakened to |M| < kg for any fixed cardinal kg, by taking A = 2%0t%_ Thus
stability is equivalent to the existence of a relation for which types over models have unique
independent extensions and every type is independent over a submodel of bounded size; all
the other axioms then hold automatically, by (1) = (2).

Remark 6.3.2. The relation \Lh has a counterpart over arbitrary base sets, Shelah’s non-
forking independence, which Chapter 7 develops. A type over B D C forks over C'if it implies
a finite disjunction of formulas each of which divides over C' (see Definition 5.2.3); a type
that divides over C forks over C, and Theorem 7.3.3 shows that over models the two notions
agree in simple theories. In a stable theory the relation J/h of Definition 6.2.1 is nonforking
independence restricted to models as bases. For M C B, the following are equivalent: the
type tp(a/B) does not fork over M; this type is the heir of tp(a/M); this type is definable
over M; see Pillay [Pil96] or Tent—Ziegler [TZ12]. Nonforking makes sense over arbitrary
base sets C'. Over such sets, nonforking satisfies all the axioms above except uniqueness,
which holds only over algebraically closed sets in 7°? (Harnik—Harrington [HH84]). Exam-
ple 3.2.6 shows the failure over (). In that theory there is only one 1-type over (), and it has at
least two nonforking extensions to IV: the type of a new element of C'y and the type of a new
element of Cy. Their ¢-parts are defined by the conjugate formulas E(y, c) with ¢ € C; and
with ¢ € Cy, so both types are definable almost over ), and neither is definable over (. Kim
and Pillay [KP97] proved that in a stable (indeed in a simple; see Chapters 5 and 7) theory,
nonforking is the only relation on arbitrary small sets satisfying invariance, monotonicity,
transitivity, finite character, symmetry, extension, local character and the independence the-
orem. Developing forking over arbitrary sets requires considerably more machinery; for this
reason we have taken models as base sets in this chapter.

6.4 EXERCISES

The exercises follow the sections of the chapter. Throughout, M is a model, and we
write Tg for the theory of an equivalence relation E with infinitely many classes, all of them
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infinite. We use that Tx admits elimination of quantifiers (see Exercise 10 of Section 5.7),
the description of its types in Exercise 1 there, the fact that the theory of (Q, <) admits
elimination of quantifiers (see Fact 5.5.2(b) and Example 5.5.3(2)), and the fact that it is not
stable (see Exercise 1 there). The mark (x) indicates the exercises that ask for more than a
direct application of the text.

1. (Section 6.1.) Assume that T is stable, let « be a finite tuple of variables, let p € S, (M)
be given, let B be a small set, and let r € S, (M B) be a type extending p.

(a)

Show that r = p|B if and only if r has the following property: for every L(M )-formula
@(x,y) and every tuple b from B with ¢(z,b) € r, there is a tuple ¢ from M with
¢o(x,c) € p. (Hint: for one direction, note that 3y d,p(y) is an L(M)-sentence. For
the other, apply the property to the formula ¢(x,y) A —dpo(y).) This property is the
definition of an heir given by Lascar and Poizat.

Let a be a finite tuple with a \Lﬁ/l B, and suppose that some formula ¢(z) € tp(a/M B)
has only finitely many realizations in Ml. Show that a is a tuple from M. (Hint: write
P(z) as Yo(x,b) with ¢9 € L(M) and b from B, and apply (a) to the conjunction
of Yo(z,y) with a formula saying that 1o(z’,y) has at most k solutions z’. A finite
set defined by a formula with parameters from M is contained in M.) Deduce from
(MON) that a J/l& B implies a N B C M, and obtain (AR) again.

2. (Section 6.1.) Let Ty, be the theory of an infinite set in the empty language, and assume
that T, admits elimination of quantifiers.

(a)

Let A be a small set. Show that the type over A of an n-tuple is determined by which
of its coordinates are equal to each other, and by which of its coordinates are equal
to an element of A, and to which one. Deduce that |S,(A)| < |A| + Vg for finite z,
and that T is stable (see Lemma 5.1.2).

Let ¢ € M be given, let p. be the type of ¢ over M, and let po, € S1(M) be the type
of an element outside M; by (a), this type does not depend on the element. Show
that, for the formula z = y, the formula y = ¢ is a definition of p. and the formula
y # y is a definition of ps. Let B be a small set. Deduce that the heir p|B is the
type over M B of an element outside M B, and that the heir p.|B is the type of ¢ over
MB.

Let a be a finite tuple and B a small set. Show that a \LR/I B if and only if anB C M.
(Hint: use Exercise 1(b) for one direction; for the other, compare a realization of
tp(a/M)|B with a by means of (a).) Deduce by (FC) that, in T, heir independence
is trivial independence (see Definition 5.4.8) with models as bases.

3. (Section 6.1.) Work in Tg. Let m € M be given, let a be an element outside M with
aEm, and let a’ be an element that is E-equivalent to no element of M. Put p = tp(a/M)
and p’ = tp(a’/M), and let B be a small set.

(a)

(b)

Show that, for the formula x = y, the formula y # y is a definition of p and of p'.
Show that, for the formula zFEy, the formula yEm is a definition of p and the formula
y # y is a definition of p’.

Deduce that the heir p|B is the type over M B of an element outside M B that is
E-equivalent to m, and that the heir p/| B is the type over M B of an element that is
E-equivalent to no element of M B. (Hint: by elimination of quantifiers, a complete
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type over M B in one variable x is determined by the formulas x = d and xEd, with
d € M B, that it contains.) Thus the heir of the type of a new element of an old class
lies in that class, and the heir of the type of an element of a new class lies in a class
that is new over M B.

(c) Let e be an element. Show that e J/}J:/[ B holds if and only if e ¢ B\ M and, whenever
e is E-equivalent to an element of B, the element e is F-equivalent to an element of
M. Compare with Exercise 4(c) of Section 5.7, and conclude that e \L}]t/[ B holds if
and only if tp(e/M B) does not divide over M.

. (%) (Section 6.1.) Let K be a finite field, and let T be the theory of infinite vector spaces

over K, in the language of Exercise 2 of Section 1.3. Assume that T" admits elimination
of quantifiers. For a set D, write (D) for the subspace of M spanned by D.
(a) Let A be a small set and a = (ay,...,a,) a tuple. Show that tp(a/A) is determined
by the set of pairs (A, w) with A € K", w € (A) and >, \ja; = w. Deduce that
|Sz(A)] <|A| + g for finite x, and that T' is stable.

(b) Show that all elements outside M have the same type pg over M, the generic type.
Let ¢(z,y1,...,yr) be the formula x = py1 +- - - + pryr +m, with k > 1, p; € K and
m € M. Show that the formula y; # y; is a definition of py for ¢. Let B be a small
set. Deduce that the heir py|B is the type over M B of an element outside (M B).

(c) Let a be a finite tuple and B a small set. Show that a J/}]t/[ B if and only if (Ma) N
(MB) = M. (Hint: for one direction, apply Exercise 1(a) to a formula ), \jx; =
>_j 1jbj +my for the other, use (a).)

(d) Let a and b be elements. Show that a J/}]t/[ b holds if and only if a € M, or b € M, or
a and b are linearly independent over M. Observe that the conditions in (c) and (d)
are visibly symmetric, and derive (AR) from (c).

5. (Subsection 6.1.1.) Work in Tg, and let p(z,y) be the formula xFy. By Exercise 1 of

Section 5.7, the types in S1(M) are the following: for each ¢ € M, the type r. of ¢ over
M; for each E-class C of M, the type s¢ of an element outside M that is E-equivalent
to the elements of C; and the type t of an element that is E-equivalent to no element of
M. Say that r. determines the class of ¢, that s¢ determines C, and that ¢ determines
no class.
(a) For each type in S1(M), find a definition for ¢. Since ¢ is symmetric, the same
formulas, with = in place of y, are definitions for ¢ regarded as a formula in the
variable y.

(b) Let p,q € S1(M) be given. Verify Harrington’s lemma (see Lemma 6.1.4) for p, ¢ and
¢ directly: show that dp¢(y) € ¢ holds if and only if some E-class of M is determined
both by p and by ¢, and that the same holds for dy¢(z) € p.

(c) Let U and 'V be ultrafilters on M with traces p and ¢. Show that an E-class C' of
M Dbelongs to U if and only if p determines C. Show that lim, q limy y p(a’,b") = 1
holds if and only if some FE-class of M belongs to both U and V, and that the same
holds for the other iterated limit. Thus here both iterated limits depend only on the
traces p and q; compare Exercise 7.
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6. (Subsection 6.1.1.) Work in the theory of (Q, <), let ¢(x,y) be the formula z < y, and
let p € S1(M) be the type of an element greater than every element of M; by elimination
of quantifiers, this type does not depend on the element.

(a) For every L(M)-formula x(z,y), let dyx(y) be the formula 32Vt (2 < t — x(t,y)).
Show that, for every tuple b from M, we have x(x,b) € p if and only if M = d,x(b).
(Hint: by elimination of quantifiers, the truth value of x(¢,b) is the same for all ¢
greater than the finitely many parameters of x(z,b).) Thus the type p has a definition
scheme, although the theory is not stable. Show that the proof of Lemma 6.1.3(a)
uses stability only through the existence of a definition scheme, so that, for every
small set B, the set p|B given by the formula of Definition 6.1.2 is a complete type
over M B extending p.

(b) Let b be an element greater than every element of M. Show that p|{b} contains the
formula b < x, and that every type over Mb that extends p and is finitely satisfiable
in M contains the formula x < b. Let U be an ultrafilter on M that contains the set
{c € M : m < ¢} for every m € M. Show that qu|0 = p and that q|{b} # p|{b}.
Thus the heir and the coheir of p differ; compare Exercise 8.

(c) Let ¢ € S1(M) be the type p written in the variable y, and let dyp(z) be the definition
of ¢ given by (a) for ¢ regarded as a formula in the variable y. Show that the formula
dpp(y) is equivalent to y # y and that the formula dyp(z) is equivalent to z = z.
Conclude that dpp(y) ¢ ¢ and dqp(x) € p, so that the conclusion of Harrington’s
lemma fails, and compute the two iterated limits of ¢ along U in both variables.

(d) Let b realize ¢ and let a realize p|{b}; let a’ realize p and let b realize g|{a’}. Show
that b < a and ¢’ < V. Thus the two orders of realization give pairs with dif-
ferent types over M, although in both pairs each coordinate realizes p. Deduce
that tp(a/Mb) = tp(a/M)|{b} but tp(b/Ma) # tp(b/M)|{a}, so that the relation
“tp(a/Mb) = tp(a/M)|{b}”, for elements whose types over M have definition schemes,
is not symmetric here.

7. (Subsection 6.1.1.) Work in the theory of (Q, <), regard (Q, <) as a model, and let
¢(z,y) be the formula < y. Let r be an irrational real number, and let p, € S1(Q) be
the type that contains ¢ < x for every rational ¢ < r and x < ¢ for every rational ¢ > r.

(a) Show that there are ultrafilters U and V on Q such that U contains the set {c € Q :
s < ¢ < r} for every rational s < r, and V contains the set {c € Q : r < ¢ < s} for
every rational s > r. Show that ¢y |0 = qy|0 = p,.

(b) Show that lim 3 1imb/7u cp(a', b/) = 1and hmb/’u lima/7u go(a’, b/) = 0, while lima/7u hmb/y go(a', b,) =
limy y limg g @(a’, b") = 1. Thus whether the iterated limits agree depends on the ul-
trafilters, and not only on their traces; compare Exercise 5(c).

(c) Let b realize p, and let a realize gy |{b}; let o’ realize p, and let ¥/ realize qy(|{a’}. Show
that a < b and b’ < d, so that the two orders of realization give pairs with different
types over Q. Show also that qu|{b} # qv|{b}, so that p, has two different extensions
to QU {b} that are finitely satisfiable in Q; compare Exercise 8(b).

8. (%) (Subsection 6.1.1.) Assume that T is stable, let x be a finite tuple of variables, let
p € Sz(M) be given, and let B be a small set.
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(a) Let U be an ultrafilter on M*l with gy|@ = p. Show that q|B = p|B. (Hint: let
o(x,y) € L(M) and a tuple b from B be given, and put ¢ = tp(b/M). Show that
{a € Ml . M |= ¢(a,b)} is the set of tuples of M that satisfy d,p(z), and apply
Lemma 6.1.4.)

(b) Deduce that p|B is the only type over M B that extends p and is finitely satisfiable in
M. (Hint: Lemma 6.1.5(b).)

(c¢) Let a and b be finite tuples. Deduce that a \L}& B holds if and only if tp(a/M B) is
finitely satisfiable in M, and that tp(a/Mb) is finitely satisfiable in M if and only if
tp(b/Ma) is. Thus, in a stable theory, coheir independence is symmetric; compare
Exercise 2 of Section 7.7, and Exercises 6 and 7.

9. (Section 6.2.) Work in Tg.

(a) Let A and B be small sets. Show that A J/Izt/[ B holds if and only if the following two
conditions hold: the intersection A N B is contained in M, and every element of A
that is F-equivalent to an element of B is E-equivalent to an element of M. (Hint: by
(FC), it suffices to treat finite tuples a and b. For one direction, apply Exercise 1(a) to
the formulas x; = y; and x; Ey;. For the other, let o realize tp(a/M)|b, and compare
the data of Exercise 1 of Section 5.7 for a and a’ over Mb.)

(b) Using only the description in (a), verify the axioms (sym), (BMON) and (TR) and
anti-reflexivity (AR) for | ™ in Tg.

(c) Verify (UN) directly: let a =) @’ with a J/?/[ B and o J/?/l B be given, and show by
Exercise 1 of Section 5.7 that a =y d'.

(d) Let a be an n-tuple and N a model. Show that a \L}]L[ N holds for every model M C N
that contains the coordinates of a lying in IV and, for every coordinate of a that is E-
equivalent to an element of N, some element of N that is E-equivalent to it. Deduce
(LOoC), and show that there is a set F' C N with at most n elements such that every

countable model M with F C M C N satisfies a J/}]:/I N.

10. (Section 6.2.) Work in the theory of (Q, <), and consider trivial independence | * (see
Definition 5.4.8) with models as bases.

(a) Show that | " satisfies (LOC).

(b) Let p be as in Exercise 6, let b be an element greater than every element of M, and let
a and a’ be elements with M < a < b < a’. Show that a =j; d/, a J/Ew b and o ng b,
but a #ap /. Thus | does not satisfy (UN); by Exercise 6, the type tp(a/Mb) is
the coheir of p, and the type tp(a’/Mb) is the set p|{b}.

(c) Let N be a model, let M C N be a countable model with M # N, and let n € N\ M
be given. Find elements a and a’ outside N with a < n < a’ and a =j; /. Show that
a \LE\/[ N and o \LE\/[ N, but a £y a’. Thus, if the proof of (3) = (1) in Theorem 6.2.2
is run with | *, the map p — (M,, tp(a,/M,)) need not be injective.

(d) Deduce from Theorem 6.2.2 that no relation satisfies both (UN) and (LOC) in this
theory.
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11. (Section 6.2.) Work in Tg with heir independence, and let N be a model. Fix a countable
model My C N and, for every n € N, a countable model M,, with MyU{n} C M,, C N.

(a) Let p € Si1(N) be given, and let a, realize p. Show that a, J/}J:/[N holds for some
M e {Mp}U{M, :n € N}. (Hint: Exercise 9(d).)

(b) Run the proof of (3) = (1) in Theorem 6.2.2 with this choice of the models M,. Show
that the map p — (M,,tp(ap/M,)) is injective and that its image has at most | V|
elements, so that |S1(N)| < |N|. (Hint: each M, is countable, so |S1(M,)| < Rg by
Exercise 1 of Section 5.7.)

(c) Show directly that |S1(N)| = |N|. Compare with the bound |S;(N)| < 2% that the
proof gives, with A = 2% for models N with |[N| < 2%o.

12. (Section 6.5.)

(a) Let ko be an infinite cardinal, and let | be a relation satisfying (UN) and the weak-
ening of (LOC) in which the condition |M| < k is replaced by |M| < ko (see Re-
mark 6.3.1). Put A = 250%%_ Show that A\"0 = ), that a set of size at most A has at
most A subsets of size less than ko, and that [S;(M)| < A for every finite  and every
model M with |M| < k9. Complete the proof that T is stable, following the proof of
(3) = (1) in Theorem 6.2.2.

(b) Let A | ,, B mean that A C M or B C M. Show that this relation satisfies (UN)
in every complete theory, and that it does not satisfy (LOC) in the theory of (Q, <).
(Hint: consider a model N with |N| > Ny and an element outside N.) Together with
Exercise 10, conclude that neither (UN) nor (LOC) alone implies stability, so that both
are needed in condition (3) of Theorem 6.2.2.

13. (*) (Section 6.3.) Let T be the theory of an equivalence relation E with exactly two
classes, both infinite (see Example 3.2.6), and assume that 75 admits elimination of
quantifiers. Let N be a countable model with classes C7 and Cs, and, for i = 1,2, let
pi € S1(N) be the type of an element outside N that is E-equivalent to the elements of
C;.

(a) Show that T is stable, that S1(()) has exactly one element, and that S;(NN) consists
of the types realized in N together with p; and ps.

(b) Show that every type realized in N divides over () (see Exercise 2 of Section 5.7), and
that p; and pe do not divide over () (see Definition 5.2.3). (Hint: let (dg)k<, be a
sequence of tuples indiscernible over ). Since there are only two classes, corresponding
coordinates of the tuples dj, are E-equivalent.) Thus the unique type over () has exactly
two extensions to IV that do not divide over (); compare Remark 6.3.2.

(c) Let M C N be a model. Show that M meets both classes, that the restrictions of p;
and po to M are different, and that p; is the heir of its restriction to M. Thus over a
model the two extensions are already distinguished by their restrictions.

(d) Let | be a relation between small sets over arbitrary small base sets C' that satisfies
invariance, in the sense that A | , B implies o(A) J/U( o) o(B) for every o € Aut(M),

and existence over (), in the sense that for all A and B there is A’ =y A with A" | , B.
Show that uniqueness over {) fails: there are elements o’ and a” with a’ =p a”, a” | j N
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and a” | N, but a’ Zy a”. (Hint: an automorphism of N that exchanges C and
(s extends, by strong homogeneity, to an automorphism o of M with o(N) = N.)

6.5 HISTORICAL REMARKS

Abstract independence. The axiomatic study of independence is older than model the-
ory. Steinitz, in his foundational paper on the algebraic theory of fields [Ste10], introduced
transcendence bases and showed that any two transcendence bases have the same cardinality.
The argument is an exchange argument of the kind now called the Steinitz exchange lemma,
the same one that gives the dimension of a vector space. Van der Waerden, in Moderne
Algebra [vdW 30], observed that linear dependence and algebraic dependence obey the same
few rules, and derived the existence of bases and the invariance of their cardinality from
an abstract notion of dependence whose central axiom is exchange. Whitney [Whi35] in-
troduced matroids, structures that isolate the abstract properties of linear dependence, and
axiomatized them in several equivalent ways: by independent sets, bases, circuits and rank.
Nakasawa developed the same theory independently in the mid-1930s, and Birkhoff [Bir35]
and Mac Lane [Mac36] related matroid theory to lattices and to projective geometry.

After a period in which matroids were studied mainly by Rado and Tutte, Rota made them
central to combinatorics. In his monograph with Crapo [CR70] they become combinatorial
geometries, and a closure operator with the exchange property is called a pregeometry, the
term still used in model theory. Rota’s view was that dependence is a geometric notion with
invariants of its own, such as the Mobius function and the characteristic polynomial of the
associated lattice.

Model theory met these ideas in the study of uncountably categorical theories. Baldwin
and Lachlan [BL71] showed that in a strongly minimal set algebraic closure has the exchange
property, so algebraic closure is a pregeometry and every model has a well-defined dimension.
They used this to give a new proof of Morley’s categoricity theorem [Mor65]. Shelah’s
forking [She90] carries independence beyond pregeometries. Nonforking independence is
not given by a closure operator; yet in a stable theory it has the symmetry, existence and
uniqueness on which arguments about dimension depend. The work of Zilber and Hrushovski
on the geometry of forking made of it a subject of its own, geometric stability theory [Pil96].
The point of view of this chapter, which characterizes independence by axioms, as van der
Waerden and Whitney did for linear dependence, is that of Harnik and Harrington, discussed
below.

Section 6.1. Heirs and coheirs (héritiers and cohéritiers) were introduced by Lascar and
Poizat [LP79]. They gave an alternative presentation of Shelah’s forking in stable theories,
based only on definability of types and finite satisfiability. Lemma 6.1.4, which says that the
definitions of two types over a model commute, is due to Harrington; it appears in Harnik—
Harrington [HHB84]. It is the key step in the proof that independence in stable theories is
symmetric.

Section 6.2. Nonforking independence was introduced by Shelah [She90], and its reformu-
lation through heirs is the one of Lascar and Poizat recalled above. The characterization of
stability through abstract independence notions is due to Harnik and Harrington [HH&4].
Kim and Pillay [KP97] extended it to simple theories, with the independence theorem in
place of uniqueness (see Chapter 7). Theorem 6.2.2 is the stable case over models, with
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uniqueness (stationarity over models) as the key axiom. The anchor symbol | for indepen-
dence was introduced by Makkai in a lecture in Jerusalem, during the Model Theory Year at
the Institute for Advanced Studies (1980-81), and was adopted at once. The symbol appears
in print in Makkai’s survey [Mak8&4].






Chapter 7

Simplicity and notions of independence

This chapter is in preparation: Sections 7.1-7.6, the exercises and the historical remarks
are written; the roadmap below indicates what remains.

Chapter 6 characterized the stable theories as those carrying a relation of independence
over models with all the properties of Definition 5.4.7, uniqueness included. In Chapter 5 the
random graph, and every Fraissé limit with disjoint 3-amalgamation, carried a relation with
all these properties except uniqueness, and with the independence theorem in its place. The
purpose of this chapter is to show that this is no accident of the examples. By a theorem
of Kim and Pillay [KP97], a theory is simple exactly when it carries such a relation, and
nondividing independence is then the weakest such relation (Kim and Pillay show that it
is the only one). As Chapter 6 turned on Harrington’s lemma, this chapter turns on three
results of Kim [Kim98] and of Kim and Pillay: dividing is witnessed by any Morley sequence,
independence is symmetric, and independent extensions over independent sets amalgamate.

Chapter 6 found, in a stable theory, exactly one way of learning nothing new. In a
simple theory there are many, and the problem of this chapter is to find what order
there is among them. The route is the one Kim found, and it passes through three
questions, each answered with the help of the one before. The first is whether dividing
is witnessed by a single sequence or must be tested along every indiscernible sequence:
Section 7.1 sets up nondividing independence and Morley sequences in an arbitrary the-
ory, and Section 7.2 shows that in a simple theory a single Morley sequence suffices (see
Theorem 7.2.2). The second is whether independence is symmetric: Section 7.3 shows
that it is, after showing that forking equals dividing over models, and proves transi-
tivity as well. The third is whether independent extensions amalgamate: Section 7.4
shows that they do; this is the independence theorem (see Theorem 7.4.7), proved after
Casanovas [Cas11].

The next two sections draw the consequences. Section 7.5 shows that uniqueness, added
to simplicity, is exactly stability, because two different independent extensions of one
type produce the independence property. Section 7.6 shows that simplicity is exactly
the existence of a relation with the remaining axioms and the independence theorem,
that every such relation implies nondividing independence, and, on the way, that local
character of dividing alone characterizes simplicity. A final section, still to be written,
will return to the Rado graph and the Fraissé limits of Chapter 5, with pictures of Morley
sequences, of the reversal argument, and of the amalgamation in the independence
theorem. The moral of the chapter is the counterpart of the moral of the last: where
there are many ways of learning nothing new, simplicity is the condition under which
they can always be reconciled.

113
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7.1 DIVIDING OVER MODELS

A type over M U B that does not divide over M says nothing about B that M could not
have foreseen: whatever sequence of copies of B the indiscernibility of M allows, the type can
be realized simultaneously against all of them. This section turns that sentence into a lemma,
and draws three consequences that hold in every theory: types finitely satisfiable in M do
not divide over M, so nondividing extensions always exist; such types generate indiscernible
sequences of a special kind, the Morley sequences; and nondividing is transitive on the left.
Simplicity enters only in the next section.

Definition 7.1.1. For small sets A, B,C, write A de B if for every finite tuple a from A

the type tp(a/CB) does not divide over C. We call | ¢ nondividing independence.
A formula of tp(a/CB) mentions only finitely many elements of B, and a formula that
divides over C' belongs to the type of a over C' together with those elements. Hence A \LCCI, B

holds if and only if a L‘é b for all finite tuples a from A and b from B; this is finite character,
built into the definition. For a finite tuple b, the notation tp(a/Cb) is short for tp(a/C Ub).

Parameters from C cause no difficulty. Let ¢(x,y) € L(C) be given, and write ¢(x,y) =
Yo(x,y,c) with ¢9 € L and ¢ a tuple from C; the formula ¢ (z,b) divides over C' when
Yo(x, b, ) does, in the sense of Definition 5.2.3. A sequence indiscernible over C' that begins
with (b, ¢) has the form ((b;,c))i<w, because each of its terms has the type of (b,¢) over C,
and conversely ((b;, ¢))i<, is indiscernible over C' whenever (b;);<,, is. Hence ¢ (x,b) divides
over C if and only if {¢(z, b;) : i < w} is inconsistent for some sequence (b;);<,, indiscernible
over C, with by = b.

7.1.1 Nondividing and indiscernible sequences

The definition of dividing quantifies over indiscernible sequences, one formula at a time.
The first lemma quantifies over sequences once and for all: a type does not divide exactly
when it can be moved, without changing it, to a position from which a given indiscernible
sequence still looks indiscernible (see Figure 7.1).
Lemma 7.1.2. Let C be a small set, let a be a small tuple, and let b be a finite tuple. The
following are equivalent:

(1) the type tp(a/Cb) does not divide over C;

(2) for every sequence (b;)i<w, indiscernible over C, with by = b, there is o' with a’ =¢y, a such
that (b;)i<w 18 indiscernible over C'Ua'.

Proof. Write p(z,b) = tp(a/Cb), where p(z,y) is the set of L(C)-formulas ¥ (z,y) with
M = #(a, b), and write p(z, b;) for the set of formulas ¢ (x,b;) with ¢ € p.

(2) = (1). Let ¢(x,b) be a formula of tp(a/Cbh), with ¢ (x,y) € L(C), and let (b;)i<w
be indiscernible over C' with by = b. By (2) there is a’ =¢p a such that the sequence
is indiscernible over C' U a’. Since M = (d’,by), indiscernibility over C' U da’ gives M =
¥(d',b;) for every i. Hence {¢(x,b;) : i < w} is consistent. By the observation following
Definition 7.1.1, the formula v (z,b) does not divide over C.

(1) = (2). Let (b;)i<y be indiscernible over C' with by = b. The proof has two steps: first
realize all the copies p(z, b;) at once, then make the sequence indiscernible over the realization
by extracting a new sequence and moving it back.
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© Step 1. The set X(z) = U, p(z,b;) is consistent. Otherwise, by compactness, some
finite subset is inconsistent. It involves finitely many formulas 1, ..., of p and finitely
many indices i1, ...,i,. Let ¢ be the conjunction of 1, ...,1,; then ¥(z,b) € p(x,b), and
{(x,b;) : 1 <1 < n} is inconsistent. Hence the set {¢)(z,b;) : i < w} is inconsistent, so
¥ (x,b) divides over C, contradicting (1). Let a” realize X.

© Step 2. Apply Lemma 5.2.2 over C' U a” to the sequence (b;)i<,. Its Ehrenfeucht—
Mostowski type over C'U a” contains, for every n, the type of (bo,...,b,—1) over C, because
the sequence is indiscernible over C; it also contains every formula (a”,y1) with ¢ € p,
because a” realizes every p(z, b;). The lemma therefore gives a sequence (b);<,,, indiscernible
over C U d”, such that (by,...,0,_1) =c (bo,...,bp—1) for every n and M |= ¢(a”, b)) for
every ¢ € p. The first property gives (0))i<w, =c (bi)i<w, and the second gives a”bj, =c ab.
By strong homogeneity there is o € Aut(M/C) with o (b)) = b; for every i. Put o’ = o(a”).
Then a'b = o(a"b) =c ab, that is, a’ =¢y a, and the sequence (b;) = (o(b})) is indiscernible
over o(CUd")=CUd. )

every a’b; has the type of ab over C,

and (b;) is still indiscernible over C' U a’

® ® O coc indiscernible over C'
bo b1 bo b3 by

FIGURE 7.1. Lemma 7.1.2. A type tp(a/Cb) that does not divide over C' can
be moved, over C'U b, to a tuple a’ that stands in the same relation to every
term of a given indiscernible sequence starting with b, so that the sequence
does not notice a’.

7.1.2 Coheirs do not divide

Dividing is a statement about many copies of a parameter, and a type that is finitely
satisfiable in M is witnessed by single elements of M, which every copy over M must treat
alike. That is the whole proof of the next lemma.

Lemma 7.1.3. Let M be a model, let B be a small set, and let a be a small tuple such that
tp(a/M B) is finitely satisfiable in M. Then a J/?w B.

Proof. Let ¢(z,b) be a formula of tp(a/M B), with ¢ (x,y) € L(M) and b a finite tuple from
B, and let (b;)i<w be indiscernible over M with by = b. By finite satisfiability there is a
tuple m from M with M | ¢(m,by). The tuple m and the parameters of ¢ lie in M, so
indiscernibility over M gives M |= ¢ (m, b;) for every i. Hence {9 (x,b;) : i < w} is consistent,
and ¥ (x,b) does not divide over M. ©)

Every type over a model is finitely satisfiable in it (see Subsection 6.1.1), and such a
type extends to a type over any larger set M B that is still finitely satisfiable in M. The
following proposition, together with Lemma 7.1.3, gives the existence axiom (£x) for | ¢ in
every theory.

Proposition 7.1.4. Let M be a model, and let A and B be small sets. Then thereis A’ =) A
such that tp(A’/M B) is finitely satisfiable in M. In particular, we have A’ \LL B.
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Proof. Let m = tp(A/M), in variables X, and let F' be the set of L(M B)-formulas y(X)
that are satisfied by no tuple from M. We claim that mU{—x : x € F'} is consistent. A finite
subset is contained in {6, —x1,...,Xxn} for some 6 € 7 and x1,...,xn € F. Since 0 is an
L(M)-formula realized in M and M < M, some tuple m from M satisfies 6, and m satisfies
each —x; because x; € F. By saturation, the set is realized by some A’. Then A" =), A,
and every formula x of tp(A’/M B) is satisfied by a tuple from M, since otherwise xy € F
and —x € tp(A’/M B). Hence tp(A’/M B) is finitely satisfiable in M, and Lemma 7.1.3 gives
A ]S, B )

For a finite tuple a, the types produced in this way are exactly the coheirs ¢ |B of
Lemma 6.1.5: a type over M B that is finitely satisfiable in M has the form ¢ |B for some
ultrafilter W on M9l with |0 = tp(a/M).

7.1.3 Morley sequences

Realizing a coheir over and over, each time over everything realized so far, produces
an indiscernible sequence in which every term is independent from the earlier ones. Such
sequences are the test sequences of simplicity theory.
Definition 7.1.5. Let M be a model. A Morley sequence over M is a sequence (b;)i<w,
indiscernible over M, such that b; \L%{bj :j < i} for every i.

Lemma 7.1.6. Let M be a model, let b be a finite tuple, and let U be an ultrafilter on Ml
with qu|0 = tp(b/M). Put by =b, and for i > 1 let b; realize qu|{b; : 7 < i}. Then (b;)icy is
a Morley sequence over M with by = b.

The ultrafilter exists by Lemma 6.1.5(b), since tp(b/M) is finitely satisfiable in M, and
the tuples b; exist by saturation. We write b<; for (b;);<;.

Proof. For i > 1 and i1 < --- < i, < i, Lemma 6.1.5(c) gives qu|{bi,---,bi,} C qulb<i =
tp(b;/Mb.;); since the smaller set is a complete type over MU{b;,, ..., b; } by Lemma 6.1.5(a),
it equals the type of b; over that set. In particular, every b; realizes gy |0 = tp(b/M), for i = 0
by hypothesis.

We show by induction on n that all increasing n-tuples of the sequence have the same type
over M. For n =1 this was just observed. Let i1 < --- < 1i,41 and j; < -+ < jn41 be given.
By the induction hypothesis and strong homogeneity there is o € Aut(M/M) with o(b;,) = b;,
for | <n. By Lemma 6.1.5(d), the automorphism o carries qu|{b;,,- .-, bi, }, the type of b
over M U{b;,,...,b;. }, to qul/{bj,,...,bj,}, the type of b;
0 (biy i) =mby, b, b
is indiscernible over M.

For every i, the type tp(b;/Mb.;) is a coheir. By Lemma 6.1.5(a), this type is finitely
satisfiable in M, and by Lemma 7.1.3 we have b; J/‘;/[ be. ©)

in+1
wsr over M U{bj,,...,b; }. Hence
and therefore (b;,,...,bi,,,) =um (bj,,-..,bj,,,). Thus the sequence

7.1.4  Transitivity on the left

Nondividing independence can be built up one coordinate block at a time on the left: if
A is independent from B over C, and D is independent from B over C'U A, then AU D is
independent from B over C. The proof uses the implication (1) = (2) of Lemma 7.1.2 twice,
first for A and then for D, concludes with the implication (2) = (1), and uses no hypothesis
on 7.
d d d
Lemma 7.1.7. Let A, B,C, D be small sets. If A | B and D | ,, B, then AD | B.
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Proof. Regard A as a tuple, and let finite tuples e from D and b from B be given. By
finite character it suffices to show that tp(Ae/Cb) does not divide over C; the types of the
finite tuples from A U e are restrictions of this type. Every formula of tp(A/Cb) mentions a
finite tuple from A, so the hypothesis A \L‘é B says that tp(A/Cb) does not divide over C;

likewise D J/(é 4 B says that tp(e/C'Ab) does not divide over C'U A. We verify condition (2)
of Lemma, 7.1.2 for the tuple Ae.

Let (b;)i<w be indiscernible over C' with by = b. By Lemma 7.1.2; applied to A, there is
A" =¢yp A such that (b;) is indiscernible over CUA’. Choose o € Aut(M/Cb) with o(A’) = A.
Then the sequence (0(b;))i<w is indiscernible over C' U A and begins with o(by) = b. By
Lemma 7.1.2, applied to e over the base C'U A, there is ¢ =¢4p e such that (o(b;)) is
indiscernible over C'U Ae’. Applying o~!, which fixes C'U b, we see that (b;) is indiscernible
over C U A'oc~1(e), and

Ao €)= o7 (Ae) =cp Ae’ =¢y Ae.
By Lemma 7.1.2, the type tp(Ae/Cb) does not divide over C. ©

7.1.5 The azxioms that hold in every theory

We collect what this section has shown, measured against Definition 5.4.7.
Proposition 7.1.8. In every complete theory, the relation Ld, with models as bases, satisfies
(INV), (MON), (BMON), (FC) and (EX). If T is simple, it also satisfies (LOC).

Proof. Invariance: an automorphism o of M carries sequences indiscernible over C' to se-
quences indiscernible over o(C) and preserves consistency, so ¢(z,b) divides over C if and
only if ¢(z, (b)) divides over o(C). Monotonicity is immediate from the definition, and finite
character was observed after Definition 7.1.1. Base monotonicity: let M C N C B, and let a
be a finite tuple from A. Since NB = B = M B, a formula of tp(a/N B) that divided over N
would divide over M by Remark 5.2.5. Ezistence is Proposition 7.1.4. Local character: let a
be a finite tuple and N a model. If T is simple, Theorem 5.3.6 gives Ag C N with |Ag| < k
such that tp(a/N) does not divide over Ay. By the downward Lowenheim—Skolem theorem
there is a model M < N with Ag C M and |M| < k, and tp(a/N) does not divide over M,
by Remark 5.2.5 once more. Thus a J/;lw N. ©

Symmetry, transitivity and the independence theorem remain. They can fail outside
simple theories; indeed Kim [Kim01] showed that symmetry of forking independence char-
acterizes the simple theories. We shall prove all three from simplicity, through Kim’s lemma,
which is the subject of the next section.

7.2 KIM’S LEMMA

A formula divides when some indiscernible sequence of copies of its parameter makes it
inconsistent. The definition asks for one such sequence, and gives no hint where to look for
it. In a simple theory there is no need to look: any Morley sequence will do, and so will
any sequence of realizations of the type of the parameter in which each term is independent
from the earlier ones. This is Kim’s lemma [Kim98], and the rest of the chapter rests on it.
With the preparations of Section 7.1 the proof is short. A Morley sequence, read backwards,
becomes a chain of formulas each of which divides over the earlier ones, and Lemma 5.3.5(1)
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turns such a chain into a tree. A simple theory has no such trees, and so the instances of the
formula along the sequence cannot be consistent. Throughout the section, M is a model.

7.2.1 Enlarging the base

The proof of Kim’s lemma needs a formula that divides over M to divide also over
M together with later terms of the sequence. Enlarging the base can only make dividing
harder (see Remark 5.2.5); the next lemma shows that it does not make it harder when the
new parameters are independent from the parameter of the formula. Since dividing will be
counted with a fixed k, we note first that the parameter convention following Definition 7.1.1
applies to k-dividing as well, with the same proof: for ¥(x,y) € L(C), the formula ¢ (x,b)
k-divides over C' if and only if {¢(x,b;) : ¢ < w} is k-inconsistent for some sequence (b;)i<y,
indiscernible over C, with by = b.
Lemma 7.2.1. Let C' be a small set, let b be a finite tuple, and let e be a small tuple such
that tp(e/Cb) does not divide over C. Let ¢(z,y) € L(C), and let k > 2 be given. If p(z,b)
k-divides over C, then p(z,b) k-divides over C' U e.

Proof. Let (b;)i< be indiscernible over C, with by = b and {¢(x,b;) : i < w} k-inconsistent.
By Lemma 7.1.2 there is ¢/ =¢;, e such that (b;) is indiscernible over C U e’. Choose o €
Aut(M/Cb) with o(e’) = e. The sequence (o(b;))i<. is indiscernible over o(C Ue') = C Ue,
and it begins with o(b) = b. Since o fixes the parameters of ¢, which lie in C, the set
{p(z,0(b;)) : i <w} is the image under o of a k-inconsistent set, and so it is k-inconsistent.
Hence ¢(z,b) k-divides over C' U e. ©)

7.2.2 The lemma

We write be; for (bj);<i, as in Section 7.1.

Theorem 7.2.2 (Kim’s lemma). Assume that T is simple. Let M be a model, let b be
a finite tuple, and let p(z,y) € L(M).
(a) Suppose that (x,b) divides over M, and let (b;)i<w be a sequence such that b; =p; b
and b; L(IL bi for everyi. Then {p(x,b;) i < w} is inconsistent.

(b) The following are equivalent:
(1) the formula ¢(z,b) divides over M ;

(2) for every Morley sequence (b;)i<, over M with by = b, the set {p(x,b;) : i < w} is
mconsistent;

(3) for some Morley sequence (b;)i<,, over M with by = b, the set {p(xz,b;) : i < w} is
inconsistent.

Part (a) does not require the sequence to be indiscernible: it asks only that every term
have the type of b over M and be independent from the earlier terms. This generality
will be used in the proof of symmetry in the next section. The proof of (a) reads the
sequence backwards, because the Morley condition points the wrong way: it makes each
term independent from the earlier terms, while the tree construction of Lemma 5.3.5 needs
each formula to divide over the parameters of the earlier formulas of the chain. Reversing a
finite piece of the sequence makes the earlier terms of the chain the later terms of the sequence;
transitivity on the left (see Lemma 7.1.7) shows that these later terms, taken together, are
independent from the term at hand, and Lemma 7.2.1 then moves the dividing over to them.
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An infinite sequence cannot be reversed into an w-sequence, which is why the finite form of
Lemma 5.3.5 is needed (see Figure 7.2).

Proof. (a) Suppose, for a contradiction, that {¢(x,b;) : i < w} is consistent. By Lemma 5.2.4,
applied as in the parameter convention, there is k > 2 such that ¢(z,b) k-divides over M.
Write p(x,y) = @o(z,y,m) with g € L and m a finite tuple from M, and regard ¢ as a
formula ¢o(x;y, z) with parameter variables y, z. We show that (g has the k-tree property,
which contradicts the simplicity of 7. By Lemma 5.3.5(2), it suffices to find, for every n > 1,
tuples ag, ..., a,—1 as in Lemma 5.3.5(1) for the formula ¢g. Let n > 1 be given.

®Step 1. For i <l < n, we have bj1...b \L?Vl b;. We argue by induction on [. For
[ =i+ 1, the hypothesis b; 1 \LL beit1 gives b1 \LL b; by monotonicity. Suppose that the
assertion holds for some [ with ¢ <! <n —1, and put A = {b;11,...,b}. The hypothesis on
b1 says that tp(by1/Mb<41) does not divide over M. Its restriction to M U A U b; does
not divide over M either, and so, by Remark 5.2.5 applied to M C M UA C M UAUDb;, it
does not divide over M U A. Thus b1 \LLA b;. Together with A \L?M b;, Lemma 7.1.7 gives

Abpyq \LE\Z b;, which is the assertion for [ + 1.

© Step 2. For i < n, the formula ¢(x,b;) k-divides over M U{b;11,...,bp—1}. Since b; =ps b,
there is 0 € Aut(M/M) with o(b) = b;; it fixes the parameters of ¢, and it carries a sequence
witnessing that ¢(z,b) k-divides over M to one witnessing that ¢(x,b;) k-divides over M.
For ¢ = n — 1 there is nothing more to show. For ¢ < n — 1, Step 1 with [ = n — 1 says that
tp(bit1 - .- bp—1/Mb;) does not divide over M, and Lemma 7.2.1, with e = b1 ...b,—1, gives
the assertion.

© Step 3. We reverse the order. For j < n, put a; = (bp—1—j,m). Then {po(z,q;) : j <
n} = {e(x,b;) : i < n}, which is consistent. Let j < n be given, and let A; = {a; : | < j},
the set of coordinates of m and of b,—j,...,bp,—1 (for j = 0, the empty set). By Step 2,
with i =n — 1 — j, the formula ¢(z,b,—1—;) k-divides over C; = M U {by—j,...,bn—1}; that
is, wo(x,a;) k-divides over Cj. Since A; C Cj, Remark 5.2.5 shows that ¢o(z,a;) k-divides
over A;. Thus ag,...,a,—1 satisfy the hypotheses of Lemma 5.3.5(1) for the formula ¢y, as
required.

(b) (1) = (2). A Morley sequence over M with by = b is indiscernible over M, so b; =ps b
for every i, and it satisfies b; J/%/[ b; by definition. Part (a) applies.

(2) = (3). There is a Morley sequence over M beginning with b, by Lemma 7.1.6.

(3) = (1). A Morley sequence over M is indiscernible over M, so this is the definition of
dividing, with the parameter convention. ©

7.2.83  Without simplicity

In a theory that is not simple, dividing may be visible along one Morley sequence and in-
visible along another. The theory of (Q, <) shows how. It is not simple, by Proposition 5.3.2,
since the formula x < y has the strict order property. We use quantifier elimination as in
Example 5.2.6, now with parameters: applied to a tuple together with finite tuples from a
set D, it shows that the type of the tuple over D is determined by the order between its
coordinates and the elements of D. For an element ¢, write M < c if ¢ is greater than every
element of M.
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Morley: b; \L(i[ bei
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bo b1 b2 b3 b4
— babzby Ljiw b1

so ¢(x,b1) k-divides over Mbabsby

a4 as a2 ay ag

the chain of Lemma 5.3.5(1) runs right to left

FIGURE 7.2. The proof of Kim’s lemma, for n = 5. The Morley condition
makes each term independent from the terms on its left (arrows above). Tran-
sitivity on the left makes the terms on the right of b1, taken together, inde-
pendent from b; (shaded), and Lemma 7.2.1 then makes ¢(x,b;) divide over
M together with them. Read from right to left, the sequence is a chain in
which every formula divides over the earlier ones, and Lemma 5.3.5(1) builds
a tree of height 5 from it.

Example 7.2.3. Let T be the theory of (Q, <), let M be a model, and let p(x;y1,y2)
be the formula y; < x < yo. Let b = (dy,dz2) with M < dy < da.

The formula ¢(x,b) divides over M. Choose pairs b’ = (b%,b}) with 8° = b, with
M < b < b, and with by < b for every i. Every increasing tuple of the sequence (b?)
is ordered in the same way, and all its coordinates are greater than every element of M.
By quantifier elimination, the sequence is indiscernible over M. The intervals (b%,b5)
are pairwise disjoint, so the formulas ¢(z, b?) are 2-inconsistent.

A Morley sequence along which the formula is consistent. Choose pairs b; = (b;1,b;2)
with by = b, and with

M <biy11<biyp and b2 <biy1p

for every 4, so that the intervals (b; 1, b; 2) are nested and grow outward (see Figure 7.3).
As before, the sequence (b;) is indiscernible over M; and every element of the interval
(d1, dg) satisfies all the formulas ¢(x, b;), so these are consistent. It remains to show that
b; J/j\i/[ b for i > 1 (for i = 0 there is nothing to prove), and we verify condition (2) of
Lemma, 7.1.2 for the finite tuple ¢ = b.;.

Let (¢j)j<w be indiscernible over M with ¢y = ¢. Every coordinate of ¢ is greater than
every element of M, and each c; has the type of ¢ over M, so the same holds for every
coordinate of every ¢;. By saturation there are af,a) with M < a}, with @} smaller
than every coordinate of every c¢;, and with a5 greater than all these coordinates. Put
a' = (a},d}y). For j; < --- < j,, the order between the coordinates of a’, the coordinates
of ¢j,...,cj., and the elements of M is determined by the order between the coordinates
of ¢j,...,cj, and the elements of M, which does not depend on j; < --- < j,.. By
quantifier elimination, (c¢;) is indiscernible over M U a’. Finally, b;; lies above M and
below every coordinate of ¢, and b; o lies above every coordinate of ¢, exactly as a) and
a do; so a’ =pr¢ b. By Lemma 7.1.2, we have b; \Lj/[ b<i, and (b;) is a Morley sequence
over M.
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The coheir sequence sees the dividing. Let U be an ultrafilter on M? with g =
tp(b/M), and let (b;);<., be the Morley sequence of Lemma 7.1.6, with bf, = b and b} =
(bi1,b} o). Let j < i be given. Since b; = b, we have M < b’ , so every pair (m1,ms)
from M satisfies mg < ¥’ |, and the formula y» < b, belongs to qu|b’; = tp(b;/Mb._,).
Hence b;z < b;',13 each interval lies entirely below the earlier ones, and the formulas

o(x, b)) are 2-inconsistent, as Kim’s lemma would require.

M

bl by bo coheir sequence: disjoint, inconsistent

bo

nested: a Morley sequence along which the formulas are consistent

FIGURE 7.3. Example 7.2.3, in the theory of (Q, <). The model M is shaded,
and every interval lies above it. Both sequences of intervals are Morley se-
quences over M beginning with the same interval by = b. Along the coheir
sequence (top) the intervals move down toward M and are pairwise disjoint;
along the nested sequence (bottom) they grow outward and all contain by.
Kim’s lemma says that in a simple theory this cannot happen.

Kim’s lemma is the form in which simplicity enters the rest of the chapter. In the next
section we use it to show that a formula forks over a model exactly when it divides, so
that nondividing types have nondividing extensions to any larger set, and that nondividing
independence is symmetric and transitive.

7.3 FORKING, SYMMETRY AND TRANSITIVITY

Dividing is easy to test and hard to extend; forking is easy to extend and hard to test.
A formula divides when one sequence of its conjugates is inconsistent, which can be checked;
but a type that does not divide over C need not have an extension to a larger set that does
not divide over C, because a disjunction of formulas that divide need not divide. Forking
closes dividing under disjunctions and implications, and so makes extension automatic, at
the price of an extra quantifier. In a simple theory, over a model, the two notions coincide,
and one has the advantages of both. From this and Kim’s lemma, symmetry follows in a few
lines, and transitivity follows from symmetry and Lemma 7.1.7. Throughout the section, M
and N are models.

7.3.1 Forking
Definition 7.3.1. Let C be a small set, and let p(x,y) € L(C).
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(a) The formula p(x,b) forks over C' if there are r > 1 and formulas ¢1(z,c1), ..., 9% (2, ¢ ),
with ¢;(z, z;) € L(C), each of which divides over C (in the sense of the parameter conven-
tion following Definition 7.1.1), such that

M Ve (p(a.8) > \/ il
=1

(b) Let B 2 C be small. A type p over B forks over C if p+ \/|_; ¥i(x, ¢;) for some formulas
Yi(z,¢) as in (a).

This agrees with Remark 6.3.2. A formula that divides over C forks over C' (take r =1

and ¥ = ¢), and so does every formula that implies a formula forking over C, and every finite
disjunction of formulas forking over C'. By compactness, a type that is closed under finite
conjunctions, in particular a complete type, forks over C' if and only if one of its formulas
forks over C'. Hence a complete type over B that forks over C divides over C' if forking and
dividing agree for formulas.
Remark 7.3.2. Forking and dividing differ in general. The standard example is the theory
of the dense circular order, with a ternary relation R(z,y, z), read “going around the circle
in the positive direction from x, one meets y before z” (see [TZ12, Chapter 7]). Choose
three distinct elements ci, co, c3 in this order around the circle. Every element is equal to
some ¢; or lies on one of the three open arcs between them, so the formula z = z implies
the disjunction of the six formulas z = ¢; and R(cj, x,¢41) (indices modulo 3). Each of
the six divides over (). Indeed, by quantifier elimination for this theory, all pairs of distinct
points have the same type over ), and a sequence of points eq, e1, ... in positive order around
the circle, or of pairs (e;, f;) with eq, fo,e1, f1,... in positive order, is indiscernible over ().
An automorphism moves e to ¢, or (ep, fo) to (¢, ¢41), and the formulas x = e;, like the
formulas R(e;,x, f;) of the pairwise disjoint arcs, are 2-inconsistent. Hence z = x forks over
(. It does not divide over (), since it has no parameters and is consistent. Over models of a
simple theory this cannot happen, as we now show.

7.3.2 Forking equals dividing

Theorem 7.3.3. Assume that T is simple. Let b be a finite tuple, and let p(x,y) € L(M).
Then @(x,b) forks over M if and only if ¢(x,b) divides over M. Consequently, for a small
tuple a and a small set B, the type tp(a/MB) forks over M if and only if it divides over M.

Proof. A formula that divides over M forks over M. For the converse, suppose that ¢(x,b)
does not divide over M, and let formulas ¢1(x,c1),...,¥(z, ¢ ) be given, with i;(x, z;) €
L(M), such that ¢(z,b) implies their disjunction. We show that some ;(x,¢;) does not
divide over M.

Let ¢ = (b,c1,...,¢.), and let (c');<,, be a Morley sequence over M with ¢ = ¢, which
exists by Lemma 7.1.6. Write ¢! = (b%, ¢, ..., c.), with the blocks of the lengths of b, c1, . . . , ;..
The sequence (b*);,, is indiscernible over M, and b* LL b<? for every i, by monotonicity on
both sides; so it is a Morley sequence over M with ° = b. The formula ¢(z,b) does not
divide over M, so the set {¢(z,b%) : i < w} is consistent; let a realize it.

The L(M)-formula Vz(p(x,y) — \/,¢i(x, 2)) is satisfied by ¢, and ¢’ = ¢; so ¢(z, b?)
implies \/, ¢y(z, ¢}) for every i. Hence for every i there is | with M = v(a,c}), and by the
pigeonhole principle there are a single [ and an infinite set I C w such that M = ¢;(a, cf) for
every i € I. Let ig < i1 < --- enumerate I, and put dy = c}’“. As before, (di)g<. is a Morley
sequence over M, and a realizes {¢;(z,dy) : k < w}. By Kim’s lemma (see Theorem 7.2.2(b)),
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the formula ;(z,dy) does not divide over M. Since dyp =ps ¢, an automorphism of M over
M carries dy to ¢, and so ¢y(z, ¢;) does not divide over M either.
The statement about types follows from the observation after Definition 7.3.1. €}

The first use of forking is the one it was invented for.
Corollary 7.3.4 (Extension). Assume that T is simple. Let a be a small tuple, and let

B C B’ be small sets such that a J/;iw B. Then there is a’ =pp a with o \L(j/[ B'.

Proof. Let ¥(z) be the union of tp(a/MB) and the set of formulas —t(x,c) such that
Y(x,z) € L(M), the tuple ¢ is from B’, and ¢ (z,c) divides over M. If ¥ were inconsistent,
then by compactness, and since tp(a/M B) is closed under conjunctions, some formula ¢(x, b)
of tp(a/M B) would imply a finite disjunction of formulas dividing over M; so ¢(z,b) would
fork over M, and by Theorem 7.3.3 it would divide over M, contradicting a JJ‘;V[ B. By
saturation, the set ¥ is realized by some a’. Then ¢’ =)/ a, and no formula of tp(a’/M B’)
divides over M, since the negation of each formula of this kind over M B’ belongs to . Hence

a |, B ®

7.3.3 Symmetry
Symmetry says that if a tells us nothing new about b, then b tells us nothing new about a.
The proof turns a failure of symmetry into a sequence of copies of a, each independent from
the earlier ones and all in the same relation to b, and Kim’s lemma forbids such a sequence
(see Figure 7.4).
Theorem 7.3.5 (Symmetry). Assume that T is simple, and let A and B be small sets. If
d d
A L5, B, then B ||, A.

Proof. By finite character, we may assume that A and B are finite tuples a¢ and b. Suppose,
for a contradiction, that a J/%/[ b and that tp(b/Ma) divides over M. Let ¢ (y, a) be a formula
of tp(b/Ma), with ¢ (y, z) € L(M), that divides over M.

We choose q; for i < w such that a; = a and a; \L‘;/[ ba<;. Put ag = a, which satisfies
both conditions because a \LL b. Given a-; with ¢ > 1, apply Corollary 7.3.4 to a, with {b}
and {b} Ua; in place of B and B’; it gives a; =z a with a; Lj/l ba;.

Every a; has the type of a over M, and a; \L?w a<; by monotonicity. Since ¥ (y, a) divides
over M, Kim’s lemma (see Theorem 7.2.2(a)) says that {¢(y, a;) : ¢ < w} is inconsistent. On

the other hand, the tuple b satisfies ¥(y,a), and a; =y a, so b satisfies ¥(y, a;) for every i
and realizes the set. This is a contradiction. ©

7.3.4  Transitivity, and the axioms that hold in simple theories

With symmetry in hand, transitivity reduces to transitivity on the left (see Lemma 7.1.7):
one turns the relations around, applies that lemma, and turns the result around again. The
theorem below collects the axioms that nondividing independence satisfies in a simple theory.
Theorem 7.3.6. Assume that T is simple. Then the relation \Ld, with models as bases,
satisfies (INV), (MON), (BMON), (TR), (FC), (SYM), (EX) and (LOC).

Proof. All but transitivity and symmetry are in Proposition 7.1.8, and symmetry is Theo-
rem 7.3.5. Transitivity: let M C N, and suppose that A L% N and A J/?V B. By symmetry,

we have N LL Aand B \L?V A; since M UN = N, the second relation says that B \J/(;JN A.
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E= (b, a;) for every i

ao\_/(ll\_/[lz\_/[lS\_/Il4

a; =pp @ and a; L‘i[ ac;

FIGURE 7.4. The proof of symmetry (see Theorem 7.3.5). If a \L‘j/[b but a
formula ¥(y,a) of tp(b/Ma) divides over M, then extension produces copies
a; of a over M Ub, each independent from the earlier ones. The tuple b realizes
every ¥(y, a;), while Kim’s lemma says that no tuple realizes all of them.

Lemma 7.1.7, with M, N, A and B in the roles of C, A, B and D, gives NB J/j\lj A, and
symmetry gives A Lj/[ NB. ©)

By Theorem 7.3.3, over models, nondividing independence is nonforking independence;
we keep the notation J/d. Of the properties of Definition 5.4.7, only uniqueness is missing,
and it must fail in general: uniqueness together with local character implies stability (see
Theorem 6.2.2), while the random graph is simple and unstable (see Theorem 5.4.6). In its
place, simple theories have the independence theorem, which the next section proves.

7.4 THE INDEPENDENCE THEOREM

Uniqueness fails in an unstable theory: a type over a model may have many independent
extensions to a larger set, and nothing singles one of them out. What survives is a weaker
and, as it turns out, more characteristic property. Two independent extensions of the same
type, one to M Ua and one to M Ub, can always be realized together, independently, provided
only that a and b are themselves independent over M. This is the independence theorem of
Kim and Pillay [KP97]; in the random graph it is the amalgamation of Theorem 5.4.9(c).
In a stable theory it is a consequence of uniqueness; in a simple theory it has to be earned.

The proof moves a parameter step by step. Suppose that a formula ¢(x,a) A ¥(z, V)
does not divide over M, where b’ has the type of b over M; we want the same of ¢(x,a) A
P(x,b). If b’ and b begin an indiscernible sequence, the parameter can be moved from ' to
b (see Proposition 7.4.5); in general a third tuple, a coheir over everything in sight, serves
as a stepping stone between them. The step itself rests on a fact about conjunctions along
indiscernible sequences (see Proposition 7.4.4), and here a second idea enters: an arbitrary
indiscernible sequence over M can be replaced by a Morley sequence over a larger model,
obtained as a coheir of a reversed copy of the sequence, and to Morley sequences Kim’s lemma
applies. Throughout the section, T' is simple and M is a model.
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7.4.1 Two tools

The first tool extends the corollary on extension (see Corollary 7.3.4) from complete types
to partial ones. A set of formulas is closed under conjunctions if it contains the conjunction
of any two of its members.

Lemma 7.4.1. Let B C B’ be small sets, and let w(x) be a set of L(M B)-formulas such that

no finite conjunction of members of w divides over M. Then some a realizes ™ with a LE\Z B'.

Proof. Arguing as in the proof of Corollary 7.3.4, let ¥(x) be the union of 7 and the set of
formulas —x(z, ¢) with x(z, z) € L(M), the tuple ¢ from B’ and x(z, ¢) dividing over M. If ¥
were inconsistent, some finite conjunction of members of m would imply a finite disjunction of
formulas dividing over M (or be inconsistent, and then divide over M); so it would fork over
M, and by Theorem 7.3.3 it would divide over M. Hence X is consistent, and any realization
a of ¥ satisfies a \L;lw B’ ©

We shall also use a consequence of Theorem 7.3.3 that does not depend on the lemma:
a formula implied by a formula that does not divide over M does not divide over M either,
since forking is closed under implication (see the remarks after Definition 7.3.1) and forking
equals dividing over models (see Theorem 7.3.3). The same holds over any model in place of
M.

The second tool turns indiscernible sequences around and attaches companions to their
terms. We say that tuples dg,dy begin an indiscernible sequence over M if there are d; for
2 < i < w such that (d;);< is indiscernible over M.

Lemma 7.4.2. If dy, dy begin an indiscernible sequence over M, then so do dy,dy.

Proof. Let (d;)i<, be indiscernible over M. By compactness and saturation there is a
sequence (d;)iez such that (d; ,...,d; ) =n (do,...,dp—1) for every n and all i3 < --- < i,
in Z: a finite part of the required type mentions finitely many indices, and an increasing
map from them into w realizes it. Put e¢; = d]_, for i < w. An increasing tuple of (¢;) is a
decreasing tuple of (d}), and every decreasing n-tuple of (d;) has the type of (dp—1,...,do)
over M; hence (e;)i<, is indiscernible over M, and (eg,e1) = (di,dp). An automorphism
of M over M carrying (eg, e1) to (dy,dy) carries (e;) to the required sequence. ©)

Lemma 7.4.3. Suppose that finite tuples by, b1 begin an indiscernible sequence over M, and
let a be a tuple with a \l’(]ino bi. Then there is a* such that the pairs (by,a) and (b1, a*) begin
an indiscernible sequence over M.

Proof. Let (b;)i<, be indiscernible over M. The sequence (b;)1<i<, is indiscernible over
C = M Ubg and begins with by, and tp(a/Cb1) does not divide over C. By Lemma 7.1.2
there is @’ =cp, a such that (b;);>1 is indiscernible over C'U a’. Applying an automorphism
of M over C' U by that carries a’ to a, and replacing b; by its image for ¢ > 2, we may assume
that (b;);>1 is indiscernible over M U by U a; the whole sequence remains indiscernible over
M.

For n < w the sequences (b;)i<, and (by4;)i<w have the same type over M, so there is
on € Aut(M/M) with 0,(b;) = by for every i. Put a, = o,(a). For n < m we have

(bn7 G, bm) = O'n(b07 a, bm—n) =M (b07 a, bm—n) =M (b07 a, bl)a

the last step because (b;);>1 is indiscernible over M U by U a. Apply Lemma 5.2.2 over M
to the sequence of pairs ((bn,an))n<w- Its Ehrenfeucht—Mostowski type over M contains
tp(bo, a,b1 /M), read as a type of the first coordinate of one pair, the second coordinate of
that pair, and the first coordinate of a later pair. The lemma gives an indiscernible sequence
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n»-'n
carries (by, ayy, by) to (bo,a,by) carries aj to the required a*. ©

(0%, ak))n<w over M with (bf,af, b7) =a (bo,a,b1). An automorphism of M over M that

7.4.2 Conjunctions along indiscernible sequences

If ¢(x,b) does not divide over M and (b;) is an indiscernible sequence over M beginning
with b, the formulas ¢ (x, b;) are consistent, by the definition of dividing. The next proposition
says more: finitely many of them together still do not divide. For a Morley sequence this
is an application of Kim’s lemma to blocks of the sequence (see Step 3 of the proof below).
For an arbitrary indiscernible sequence we first replace it by a Morley sequence over a larger
model, with the same type over M.

Proposition 7.4.4. Let ¢(x,y) € L(M), let b be a finite tuple such that ¥ (x,b) does not
divide over M, and let (b;)i<w be indiscernible over M with by = b. Then for everyn > 1 the
formula \,_, ¥(x,b;) does not divide over M.

Proof. © Step 1: a reversed copy. By compactness and saturation, as in the proof of
Lemma 7.4.2, there is a sequence (h;);<. such that (hj,,...,hj,_,) =m (bo,...,bn—1) for
every n and all jo > ji > -+ > jp—1: the decreasing tuples of (h;) have the types of the
increasing tuples of (b;). Let N be a small model containing M U {h; : j < w}.

© Step 2: a Morley sequence over N. Let D be a nonprincipal ultrafilter on w, and let
V be the ultrafilter on N1¥| consisting of the sets X with {j : hj € X} € D. Let ty realize
qv|0, the type over N determined by V, and for k > 1 let t; realize qy|{t; : | < k}. By
Lemma 7.1.6, applied over the model N, the sequence (t)r<, is a Morley sequence over N.

We claim that (to,...,tn—1) =m (bo,...,bn—1) for every n. By induction on n, the
definition of the coheir gives, for every 0(yo,...,yn—1) € L(N),

M | O(tg, ..., th—1) =

{jn_lz{jn_g:---{jo:M)ZQ(hjo,...,hjnfl)} 6@---}6@} e D.

Indeed, t,—1 satisfies O(t, ..., tn—2,y) exactly when the set of j with M |= 0(t, ..., tn—2, h;)
belongs to D, and for each j the formula 6(yo,...,yn—2,h;) has parameters in N. Let
0 € L(M) be given, and suppose that M | 0(bg,...,b,—1); then 6 holds at every tuple
(hjos -+ hj,_y) with jo > j1 > --+ > j,—1. The set {j : j > j'} belongs to D for every
7', because D is nonprincipal. Hence, by induction from the innermost set outward, for all
Jr41 > -+ > jn—1 the set of j, at the level of nesting r contains {j, : j» > jr4+1}, and so
belongs to D; at the outermost level we obtain M = 0(tg,...,t,—1). Applying this to —6
gives the converse. This proves the claim. In particular ¥ (x,ty) does not divide over M.

©®Step 3: over N. By Lemma 7.4.1 there is a9 with M [ (ag,%o) and ag J/?VIN U
{to}. Let p(z,y) be the set of L(N)-formulas (z,y) with M = 0(ag, t9), so that p(z,ty) =
tp(ap/Ntp), and write p(z,ty) for the set of formulas 6(z,t;) with 6 € p. By Remark 5.2.5,
the type p(x,to) does not divide over N. Let 6(x,tg) € p be given. Since 6(z,ty) does not
divide over N and (t;) is indiscernible over N with first term t¢, the set {0(z,t;) : k <
w} is consistent. The blocks e, = (tmns-- - tmnin—1), for m < w, form an indiscernible
sequence over N, and e, \L?\fe<m5 indeed, for r < n — 1, if (tmn,-- -, tmntr) L?\,t@m,

then tmnirs1 by monotonicity and Remark 5.2.5, and Lemma 7.1.7

d
J'/Nu{tmny'~~ztmn+r} t<mn
gives (tmn, - s tmntrs1) \L?Vt<mn3 so (en) is a Morley sequence over N. The formulas

Nbcn 02, k), for m < w, are consistent together. Hence Kim’s lemma, in the form of
Theorem 7.2.2(b) applied over N, shows that A, _, 6(x,t;) does not divide over N.
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Therefore no finite conjunction of members of |J,_,, p(z,t) divides over N: each such
conjunction is implied by a formula A, _, 0(x,t;) with 6 € p, because p is closed under

conjunctions. By Lemma 7.4.1, applied over N, some a realizes this union with a L?V{tk :
k < n}.

© Step 4: back to M. The type p(x,tg) contains tp(ag/N), so a =x ag, and hence
aj/j/[ N. Transitivity (see Theorem 7.3.6) gives aL%N U{trx : £ < n}. The tuple a
satisfies ¥(x,1;) for every k < n, because ¥ (z,tg) € p; so \,_, ¥(z,t;) belongs to a type
that does not divide over M, and does not divide over M. By the claim of Step 2, the same
holds for A, ., ¥ (x,bs). ©

7.4.3 Moving a parameter

The tools are now in place for the step announced at the start of the section: a parameter
is moved from the first term of an indiscernible sequence to the second, by giving the second
term a companion (see Lemma 7.4.3) and applying Proposition 7.4.4 to the resulting sequence
of pairs.

Proposition 7.4.5. Let p(z,2),¢(x,y) € L(M), and let a,by,by be finite tuples such that
by, b1 begin an indiscernible sequence over M and a J/(]Lbo bi. If p(x,a) A (x,by) does not

divide over M, then ¢(z,a) A (z,b1) does not divide over M.

Proof. By Lemma 7.4.3 there is a* such that (bg,a) and (b1,a*) begin an indiscernible
sequence over M. Apply Proposition 7.4.4 to the formula x(z;y,2) = ¥(x,y) A ¢(z, z) and
this sequence of pairs: the formula x(x; by, a) A x(z; b1, a*) does not divide over M. It implies
o(z,a) N(x,br), which therefore does not divide over M. ©)

Two tuples with the same type over a model need not begin an indiscernible sequence; a
coheir over both of them joins them (see Figure 7.5).
Proposition 7.4.6. Let o(z,2),¥(x,y) € L(M), and let a,b,b" be finite tuples with b =p; b/
and a \LE\Z b . If p(x,a) A p(z,b') does not divide over M, then p(z,a) A (x,b) does not
divide over M.

Proof. Let U be an ultrafilter on Ml with qy(|0 = tp(b/M) = tp(¥ /M) (see Lemma 6.1.5(b)),
and let e realize qu|{a, b, b'}. Then e realizes qy|{b'} and q|{b}, so by Lemma 7.1.6 each of the
pairs b, e and b, e begins an indiscernible sequence over M, and by Lemma 7.4.2 so does the
pair e, b. The type tp(e/Mabb’) is finitely satisfiable in M, so e J/;lw abb/ by Lemma 7.1.3. By

symmetry we have b’ \Lj/[ a,and e J/(jjm)b, a by monotonicity and Remark 5.2.5; Lemma 7.1.7

and symmetry give a J/;iv[ bb'e. Consequently a J/?Wb’ e and a \L(;Je b.
Proposition 7.4.5, applied to the pair V', e, shows that ¢(z,a) A ¥(z,e) does not divide

over M; applied to the pair e, b, it shows that ¢(x,a) A ¥(z,b) does not divide over M. @

7.4.4 The theorem

Proposition 7.4.6 carries the weight of the theorem. What remains is to find, for given
formulas over A and over B, a copy of the parameter from B for which the conjunction is
known not to divide, and such that the parameter from A is independent over M from the
original and the copy together, as the proposition requires.
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a L(i[ bt'e p(z,a) ANp(x,-) does not divide

e
4 .\/.\/. b
/  coheir s b...: d cohei
b 3 €yl coheir sequence €,0,.... reversed coheir sequence

FIGURE 7.5. Proposition 7.4.6. A coheir e over M U {a,b,b'} joins b’ to b:
the pair b, e begins an indiscernible sequence, and so, after reversal, does the
pair e, b. Along each of the two steps Proposition 7.4.5 carries non-dividing
of p(x,a) A(z,-) from one end to the other.

Theorem 7.4.7 (Independence theorem). Assume that T is simple. Let M be a
model, let A and B be small sets with A \L?w B, and let c1,co be tuples with c1 =pr ca,

c1 \L;\i/[A and co J/?M B. Then there is ¢ with ¢ =pp4 €1, ¢ =B €2 and CL(;MAB.

Proof. Let ¥(x) be the closure under conjunctions of the union of the types tp(ci/MA)
and tp(ce/MB). By Lemma 7.4.1 it suffices to show that no formula of ¥ divides over
M. Such a formula is implied by a formula ¢(z,a) A (x,b) with ¢(z,a) € tp(ci/Ma),
Y(x,b) € tp(ca/Mb), ¢,vb € L(M), and a and b finite tuples from A and B. Fix such
formulas and tuples; by monotonicity, a LL b, c1 \L?w a and co J/j/[ b.

Let 0 € Aut(M/M) carry ¢y to c1, and put bg = o(b). Then c¢1by =ps c2b, and by LL c1
because b L% ¢2 by symmetry. By Corollary 7.3.4 there is b/ =y, by with V/ \L?M crab. Thus
c1b' =1 cob, and in particular V' =, b.

We have a L(JL c1 by symmetry, and b \Li\lm c1 by monotonicity and Remark 5.2.5, so
Lemma 7.1.7 and symmetry give c¢; \J/?\/[ ab’. Hence the formula ¢(x,a) A 1(z,b), which
belongs to tp(c1/Mab’) because c1b’ =ps cob, does not divide over M. Similarly, b \Lj/[ a and
b L?W) a give b J/j/[ a, that is, a \L?w bb'. By Proposition 7.4.6, the formula ¢(z, a) A (x,b)
does not divide over M. ©)

In the Rado graph, Theorem 5.4.9(c) is the analogue for trivial independence, over ar-
bitrary small sets, and Theorem 5.5.9 proves the corresponding statement for Fraissé limits
with disjoint 3-amalgamation. With Theorem 7.4.7, nondividing independence over models
has every property of Definition 5.4.7 except uniqueness, together with the independence the-
orem. In Section 7.5 we show that uniqueness, added to these properties, gives exactly the
stable theories, and in Section 7.6 that these properties, suitably strengthened, characterize
the simple theories.

7.5 STABILITY THROUGH FORKING

A simple theory has, over a model, a notion of independence with every property of Def-
inition 5.4.7 except uniqueness. The question is what uniqueness would add, and the answer
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is: exactly stability. One direction is the theorem of Chapter 6, for uniqueness together with
local character already forces stability. The other direction is a short argument with the
independence theorem. If a type over a model had two different nondividing extensions, the
independence theorem would let us realize them in any pattern we like along an independent
sequence, and a formula that distinguishes the two extensions would then shatter the se-
quence. Uniqueness fails, in other words, only in the presence of the independence property.
Throughout the section, M is a model.

Lemma 7.5.1. Assume that T is simple. Let a,a’ be tuples with a =p; o', and let B be a
small set with a \L?w B and o \L?w B. Ifa #yp d, then some formula has the independence

property.

Proof. Choose ¢(x,y) € L(M), with x a finite tuple of variables, and a finite tuple b from
B with M E ¢(a,b) A =¢(d’,b). By monotonicity, a Lj/[ b and a J/L b. Let (b;)i<w be a
Morley sequence over M with by = b (see Lemma 7.1.6); then b; = b and b; \L?w be; for
every i.

Let n > 1and S C{0,...,n — 1} be given. We show, by induction on k < n, that there
is ¢, with ¢, = a, ¢, J/;iv[ bek, and M = p(ck, b;) if and only if ¢ € S, for every i < k. For
k = 0 take ¢y = a. Suppose that ¢, has been found, with & < n. Let o € Aut(M/M) carry b
to by, and put d =o(a) if k € Sand d=o0(a’) if k ¢ S. Then d = a =) ¢, and d\Lj/lbk
by invariance; moreover, ¢(d, b;) holds if and only if k£ € S. By symmetry, by L‘JL bg. The
independence theorem (see Theorem 7.4.7), applied to A = b.y, B = by, ¢c1 = ¢ and ¢3 = d,
gives cpy1 with cxy1 =ne_, ks Cr1 =mp, d and ¢y J/%/[ b<k11, as required.

The tuple ¢, satisfies p(z,b;) exactly for i € S. Write ¢(x,y) = po(x,y,m) with ¢g € L
and m a finite tuple from M. For every n, the tuples (bg,m), ..., (bn—1,m) are shattered by
vo(z;y, z), so the formula ¢ has the independence property. ©

Theorem 7.5.2 (Stability through forking). For a complete theory T, the following
are equivalent:

(1) The theory T is stable.
(2) The theory T is simple, and the relation J/d, with models as bases, satisfies (UN).

(3) The relation | @, with models as bases, satisfies (UN) and (LOC).

Moreover, if T is stable, then J/d coincides, over models, with the heir independence J/h
of Definition 6.2.1.

Proof. (1) = (2). By Proposition 5.3.1, the theory T is simple. If (UN) failed for | 9,
Lemma 7.5.1 would give a formula with the independence property, and by Proposition 4.1.2
that formula would be unstable.

(2) = (3). In a simple theory, | ¢ satisfies (LOC) (see Proposition 7.1.8).

(3) = (1). This is the implication (3) = (1) of Theorem 6.2.2.

For the last statement, assume that T is stable, and let A and B be small sets. Heirs
do not divide: if ¢(z,b) belongs to the heir tp(A/M)|B, with ¢(z,y) € L(M) and = a
finite subtuple of the variables of A, and (b;)i<. is indiscernible over M with by = b, then
M = dpep(b;) for every i, where p = tp(A/M), because dy,p has parameters in M; hence every
©(z, b;) belongs to the heir p|{b; : i < w}, which is consistent by Lemma 6.1.3. Thus A J/}]t/[ B
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implies A L(]L B. Conversely, suppose that A L(JL B, and let A’ realize p|B. Then A’ =), A
and A’ | " B, so A’ | B;by (UN) for |, which holds by (2), we have A’ =y/p A, and
so A \Lﬁ/l B. ©)

The theorem also gives a second proof of the harder half of Theorem 5.3.4, one that does
not pass through Shelah’s dichotomy (see Fact 5.3.3). If T is simple and every formula is
NIP, then Lemma 7.5.1 shows that | ¢ satisfies (UN), and the theory T is stable by the
implication (2) = (1). The two proofs divide the work differently. Shelah’s dichotomy finds,
in an unstable theory, either an independent configuration or an infinite order; here the strict
order is excluded by simplicity at the outset, through the independence theorem, and the
independent configuration is built by hand from two incompatible extensions of one type. In
the random graph the construction is visible directly: two new vertices with the same type
over M, one joined to a vertex b ¢ M and one not, are both independent from b, and the
independence theorem along a sequence of vertices produces the shattering of Example 4.1.4.

7.6 THE KIM—PILLAY THEOREM

Chapter 6 characterized the stable theories by the existence of an independence relation
with uniqueness. Kim and Pillay [KP97] did the same for the simple theories, with the
independence theorem in place of uniqueness. Their theorem says that simplicity is not
one property among several that a good notion of independence might have: it is what the
existence of such a notion amounts to. Existence must be taken in the stronger form of
extension, since uniqueness, which made the weak form sufficient in Definition 5.4.7, is no
longer available; and the independence theorem takes the place of uniqueness.

Definition 7.6.1. Let | be a relation A | | B between small sets A, B and models M.

(EXT) Eaxtension. If A |, B and B C B', then there is A'=yp A with A" || B’

(1T) Independence theorem. If A \LMB, c1 =m C2, C1 \LMA and ¢ \LMB, then there is ¢
with ¢ =p74 ¢1, ¢ =y p 2 and CLMAB.

A Kim~Pillay relation is a relation satisfying (INV), (MON), (BMON), (TR), (FC), (SYM),
(EX) and (LocC) of Definition 5.4.7, together with (EXT) and (IT).

In a simple theory, nondividing independence is a Kim—Pillay relation: Theorem 7.3.6
gives the axioms of Definition 5.4.7 other than uniqueness, Corollary 7.3.4 gives (EXT), and
Theorem 7.4.7 gives (IT). The converse needs two tools. The first, Proposition 7.6.2, pro-
duces from an indiscernible sequence an independent one with the same type; the second,
Proposition 7.6.3, turns the tree property into a type that divides over every small submodel
of a model.

7.6.1 Independent copies of indiscernible sequences

Local character, applied along a long sequence, yields independence over a model; Fodor’s
lemma on regressive functions supplies the model. To keep the type of the sequence, we build
it, as in the proof of Proposition 7.4.4, as a coheir of a reversed copy.

Proposition 7.6.2. Let | be a relation over models satisfying (MON), (BMON) and (LOC).
Let M be a model, and let (b;)i<w be a sequence of finite tuples, indiscernible over M ; let y be
a tuple of variables of the length of by. Then there are a model N 2 M and a sequence (€;)i<w,
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indiscernible over N, such that (eg,...,en—1) =ap (boy...,bn—1) for every n and e; \LN6<Z‘
for every 1.

Proof. ® Step 1: a long coheir sequence. As in Steps 1 and 2 of the proof of Propo-

sition 7.4.4, let (hj)j<. be a sequence whose decreasing tuples have the types over M of
the increasing tuples of (b;), let Nop be a small model containing M U {h; : j < w}, let D

be a nonprincipal ultrafilter on w, and let V be the ultrafilter on N(|)y| induced by j — h;.
Let A = (|[No| + ™), a regular cardinal, and choose by recursion on a < A small mod-
els N, and tuples t,: the models form an increasing chain, continuous at limits, with
No D NoU{ty : v < a} and |No| < |No| + |a| + £, and ¢, realizes gy|Ng.

For g < A all B <oy < -+ < ay_1 and every 6 € L(Ng), the computation of Step 2 of
the proof of Proposition 7.4.4 gives

M = O(tag, ... ta, ) <= {jn_l:.--{jo:M):e(hjo,...,hjn,l)} eD---} e D,

since t,, realizes the coheir of V over a model containing Ng and tq,,...,tq,_,. The right
side does not depend on ag < - -+ < a,—1. Hence (ta)s<a<) is indiscernible over N3, and, as
there, (tag,---»tan,_1) =m (bo, ..., bp—1) for all ap < -+ < ap_1.

® Step 2: local character and Fodor’s lemma. For each av < A, (LOC) gives a model
M, C N, with |[M,| < k and t, \LMQ N,. Let E be the set of @ < )\ of cofinality T, a
stationary subset of A. For a € E' we have Ny = (J, ., Ny, and [Ma| < cfa, so Mo C Ny(q)
for some f(a) < a. By Fodor’s lemma, the function f is constant, say with value 3, on a
stationary set S C E. For o € S we have M, C Ng C N, so (BMON) gives t, J/Nﬂ N,, and

(MON) gives t, J/Nﬁ{t7 v €S, y<a}l.

©Step 3. Let ap < a1 < --- be the first w elements of S above 3, and put N = Ng and
e; = tq;. By Step 1 the sequence (e;) is indiscernible over N and has the required type over
M, and by Step 2 we have e; \LN €cin ©

7.6.2 Trees give dividing over every small submodel

The second tool is the converse of the local character of dividing (see Theorem 5.3.6). It
grows a branch of length k™ through the tree property, one step at a time, keeping above the
branch a whole tree with which the branch is consistent, and makes each new formula divide
over everything chosen before it.

Proposition 7.6.3. Suppose that some formula ¢(x,y) has the k-tree property. Then there
are a model N and a finite tuple a such that tp(a/N) divides over every model M C N with
M| < k.

Proof. By recursion on a < k1 we choose models N, with |[N,| < k™, forming an increasing
chain continuous at limits, and tuples b, € N, for v < «, such that, with £, = {¢(z, by) :
v < a}:

(i) for v < «, the formula ¢(x,b,) k-divides over N;

(ii) there are tuples ¢, for o € w<¥ with o # (), satisfying condition (b) of Definition 5.2.7,
such that for every n € w* the set X, U {¢(z,cy)n) : m > 1} is consistent.
Condition (ii) implies that ¥, is consistent. For a = 0, let Ny be any model of size k;
condition (ii) is the k-tree property.
Successor step. Let (c;) witness (ii) for a. For i < w let s; be the tuple (ciy~7)rew<w,
listing the subtree above the node (i), with ciiy as its first entry. Apply Lemma 5.2.2 over
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N, to the sequence (s;)i<w; it gives a sequence (s})i<w, indiscernible over N, realizing the
Ehrenfeucht—Mostowski type of (s;) over N,. That type contains the following formulas,
because they hold of all the tuples, or all the increasing k-tuples, of (s;):

o ~Jz A\, ©(z, ), where 2 is the first entry of the I-th tuple;

e for each finite 3y C X, each n and each path p of length n in the subtree, the
formula saying that g, ¢(z, z) and the formulas at the nodes of p are consistent,
where 2z is the first entry;

e the formulas saying that siblings within one subtree are k-inconsistent.

Let b, be the first entry of s{, and let No41 be a model of size |N,| containing N, U b,. The
first entries of the s, form a sequence indiscernible over Ny, beginning with b, along which
¢ is k-inconsistent, so p(x,bs) k-divides over N,. The remaining entries of s, indexed by
T # (), satisfy condition (b) of Definition 5.2.7, and by compactness every branch through
them is consistent with ¥, U {¢(z,bs)}. This is (ii) for a + 1.

Limit step. Let & < kT be a limit, and put N5 = (J,.5 Na. Condition (ii) for § is
expressed by a set of formulas in variables z,, with parameters among the b,; a finite part
of it mentions only X, for some o < ¢, and is satisfied by the tree given by (ii) for a. By
compactness and saturation, (ii) holds for ¢, and (i) holds by the induction hypothesis.

Put N = N+, and let a realize ¥,.+. Let M C N be a model with |[M| < k. Since k™
is regular, we have M C N, for some a < k*. The formula p(zx,b,) belongs to tp(a/N) and
k-divides over Ny, hence over M (see Remark 5.2.5).

Proposition 7.6.3 gives the converse of Theorem 5.3.6 promised in Remark 5.3.7, in the
form with models.
Corollary 7.6.4. A complete theory T is simple if and only if for every finite tuple a and
every model N there is a model M C N with |M| < k such that tp(a/N) does not divide over
M.

Proof. If T is simple, this is (LOC) in Proposition 7.1.8. If T" is not simple, some formula

has the k-tree property for some k, and Proposition 7.6.3 gives a and N for which no such
M exists. ©)

7.6.3 The theorem

Theorem 7.6.5 (Kim—Pillay). A complete theory T is simple if and only if it carries a
Kim—Pillay relation. Moreover, nondividing independence is then a Kim—Pillay relation,
and every Kim-Pillay relation | satisfies: if A |, B, then A J/;iw B.

Proof. If T is simple, nondividing independence is a Kim—Pillay relation, as observed after
Definition 7.6.1. Conversely, let | be a Kim-Pillay relation.

© Step 1: the relation | implies nondividing. Let a \LMb with a and b finite, let
p(z,y) be the set of L(M)-formulas ¢ (x,y) with M = ¢ (a, b), and let (b;);<, be indiscernible
over M with by = b. We show that [ J;_,, p(, b;) is consistent; then no formula of tp(a/Mb)
divides over M, and by (FC) this proves the claim for arbitrary A and B. By compactness it
suffices to realize | J;_,, p(z,b;) for each n.

Let N and (e;) be as in Proposition 7.6.2. Since eg =jps b, there is o € Aut(M/M) with
o(b) = eo, and o(a) |, eo by (INV). By (EXT) there is a* =pre, o(a) with a* |, N U e,
and (BMON) and (MON) give a* |, eo. Let g(x,e9) = tp(a*/Neg); it contains p(z,ep). The
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sequence (e;) is indiscernible over N, so for each ¢ an automorphism of M over N carries e
to e; and a* to some d; with d; =x a*, d; \LN ei, and d; realizing q(z, e;).

We show by induction on m < n that some c,, realizes |J;_,, ¢(z,e;) with ¢, =x a* and
Cm LN e<m. For m = 0 take ¢y = a*. Given c¢,,, we have e, LN em by (sYm), and (IT),
applied over N to A = ey, B = ey, ¢1 = ¢y and o = djy,, gives ¢p11 as required. Thus
Uicn P(, €;) is realized, and since (e, ..., en—1) =pm (bo, ..., bn-1), so is U;,, p(z, b;).
® Step 2: the theory 7' is simple. Let a be a finite tuple and N a model. By (LOC)
there is a model M C N with [M| < and a | ,, N, and by Step 1 the type tp(a/N) does
not divide over M. By Corollary 7.6.4, the theory T is simple. ©)

The theorem identifies nondividing independence as the weakest Kim—Pillay relation. It is
in fact the only one: Kim and Pillay [KP97] show, for the analogous relations over arbitrary
base sets, that such a relation coincides with nonforking independence. In a stable theory
this follows at once from what we have proved. If | is a Kim-Pillay relation and A J/L B,

let A" =) A satisfy A" |, B, by (EX). Then A’ L(]L B by Theorem 7.6.5, and uniqueness
for | ¢ (see Theorem 7.5.2) gives A’ =y A, so that A L, B by (InV).

7.7 HEXERCISES

The exercises follow the sections of the chapter. Throughout, M is a model, and we write
Trg for the theory of the random graph (see Example 5.4.1). The mark (x) indicates the
exercises that ask for more than a direct application of the text.

1. (Section 7.1.) Let b be an element with b ¢ M. Show that the formula x = b divides over
M. Deduce that, in every complete theory, the relation \Ld satisfies anti-reflexivity: if

a LL a for a finite tuple a, then a C M. Deduce also that a J/‘;/[ B implies an B C M.
(Hint: a model is algebraically closed, so tp(b/M) has infinitely many realizations; use
Lemma 5.2.2.)

2. (Section 7.1.) Work in Trg. Let a and b be vertices outside M such that a is adjacent to
every vertex of M and to b, while b is adjacent to no vertex of M. Show that such vertices
exist, that tp(b/Ma) is finitely satisfiable in M, and that tp(a/Mb) is not. Conclude
that coheir independence, the relation “tp(A/M B) is finitely satisfiable in M”, is not
symmetric, even in a simple theory, and that tp(a/Mb) is a type that does not divide
over M (see Theorem 5.4.5) but is not finitely satisfiable in M. Thus the converse of
Lemma 7.1.3 fails.

3. (Section 7.2.) Assume that T is simple, let b be a finite tuple, and let p(z,y), ¢ (z,y) €
L(M) be given. Show that ¢(z,b) V ¢(z,b) divides over M if and only if both ¢(z,b)
and ¥ (z,b) divide over M. (Hint: for the nontrivial direction, fix one Morley sequence
(b;)i<w over M with by = b. By Kim’s lemma (see Theorem 7.2.2), the instances of ¢ and
of 1 along it are inconsistent, hence k-inconsistent and [-inconsistent for some k and [
(see Lemma 5.2.4); show that the instances of the disjunction are (k+[—1)-inconsistent.)
Where does the argument use simplicity?

4. (Section 7.2.) In Example 7.2.3, the formula ¢(z,b) divides over M along some Morley
sequence over M and not along another. Show that the formula = = dy, with d; as in
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that example, divides along every indiscernible sequence over M that begins with d; and
is not constant. Show that no Morley sequence over M beginning with d; is constant
(see Exercise 1), so that, in contrast with ¢(z,b), the formula = d; divides along every
Morley sequence over M beginning with d;.

. (Section 7.3.) Let ¢(x,b) be a formula over M U b that is satisfied by some tuple from

M. Show that ¢(x,b) does not fork over M, in every complete theory. Deduce that in
the dense circular order of Remark 7.3.2 the formula x = z forks over () but over no
model.

. (Section 7.3.) Symmetry does not follow from invariance, monotonicity, finite character

and existence alone. Using Exercise 2, show that the relation of coheir independence
over models satisfies (INV), (MON), (FC) and (EX) in every complete theory (see Propo-
sition 7.1.4) and fails (Sym) in Tgrg.

(Section 7.4.) Work in the theory of (Q, <). Let a < b be elements greater than every
element of M, and let ¢; and ¢y be elements with M < ¢; < a and b < ¢y. Show
that a \L(]L b, c1 =y ¢2, C1 J/?\/[ a and cy J/;iv[ b, and that no ¢ satisfies both ¢ =7, 1
and ¢ = co. Thus the independence theorem fails for id in this theory. Compare
Theorem 7.6.5: since the theory is not simple, the relation J/d is not a Kim—Pillay
relation, but the theorem does not say which axiom fails; local character fails as well (see
Exercise 13). (Hint: a finite conjunction of formulas from tp(a/Mb) remains consistent
when b is replaced by finitely many terms of an indiscernible sequence over M.)

. (Section 7.4.) Assume that T is stable. Show that the independence theorem holds for

\Ld over models without the hypothesis A \L% B:if ci =p 00, 1 J/?w A and cy LL B,
thereis cwithc =pr4 ¢, c =pp c2 and ¢ J/?w AB. (Hint: realize a nondividing extension
of tp(c1/M) to M U AU B, and use (MON) and (UN); see Theorem 7.5.2.) Show by an
example in Trg that the hypothesis A \L?W B cannot be dropped in a simple theory.

. (%) (Section 7.5.) Assume that T is stable, and let C' be a small set. Show that every

sequence (b;);<, indiscernible over C' is an indiscernible set over C: for all n, all distinct
i1,...,1y, and all distinct ji,...,Jn, the tuples (b;,...,b;,) and (b;,,...,b;,) have the
same type over C. (Hint: by compactness, index the sequence by Q. If a transposition
of two adjacent positions changes the truth value of a formula, fix the other terms and
obtain a formula that orders an infinite subsequence; see Definition 1.1.4.) Deduce that
every Morley sequence over a model M of a stable theory is an indiscernible set over M.

(Section 7.5.) Work in Trg. Find vertices a,a’ and b, not in M, with a =); d/, a J/(]jw b,

a’ \L(}wb and a #p; a/. Follow the proof of Lemma 7.5.1 for the formula zFy, and
compare the tuples ¢, that it produces with those given directly by the extension axioms.

(*) (Section 7.6.) Work in Trg, with trivial independence |  (see Definition 5.4.8) and
models as bases. Show that | " satisfies (EXT), and that Theorem 5.4.9(c), together with
compactness, gives (IT) for small sets. Conclude from Theorem 7.6.5 a second proof that
Trg is simple (see Theorem 5.4.6), and a second proof of one direction of Theorem 5.4.5
over models.



7.8. HISTORICAL REMARKS 135

12. (Section 7.6.) Show that every Kim-Pillay relation | satisfies anti-reflexivity: if
a \LM a for a finite tuple a, then a« C M. (Hint: Theorem 7.6.5 and Exercise 1.)

13. (%) (Section 7.6.) Work in the theory of (Q, <), so that x = |T| = Yy in Corollary 7.6.4.
Let N be a model, and let a realize a cut (L, R) of N such that no subset of L of size at
most x is cofinal in L and no subset of R of size at most « is coinitial in R. Show that
such N and a exist, and that tp(a/N) divides over every model M C N with |M| < k.
(Hint: find [ € L and r € R with no element of M between them, and argue as in
Example 7.2.3.) Conclude from Corollary 7.6.4 that the theory is not simple.

7.8 HISTORICAL REMARKS

Section 7.1. Dividing and forking were introduced by Shelah in the first edition of Clas-
sification Theory [She90], where they serve stable theories. Dividing is the combinatorial
notion; forking is its closure under finite disjunctions, designed so that nonforking extensions
always exist. Indiscernible sequences go back to Ehrenfeucht and Mostowski [EM56], who
extracted them with Ramsey’s theorem, as in Lemma 5.2.2. Morley [Mor65] made them
a central tool of the subject, and sequences whose terms are independent from the earlier
ones bear his name. That finitely satisfiable types do not divide, and the use of coheirs to
produce such sequences, come from the work of Lascar and Poizat [LP79] on forking in stable
theories. The characterization of nondividing by indiscernible sequences (see Lemma 7.1.2)
is standard; we follow the presentation of Grossberg, Iovino and Lessmann [GIL02].
Section 7.2. Simple theories were introduced by Shelah [She80], who showed that local
character holds in them. Kim [Kim98] proved that in a simple theory a formula divides
exactly when it divides along some, equivalently every, Morley sequence, and deduced that
forking and dividing agree and that independence is symmetric and transitive. In a later
paper [KimO1] he showed that each of symmetry and transitivity of forking characterizes
the simple theories.

Section 7.3. Forking and dividing differ in general, and the dense circular order is the usual
example (see [TZ12, Chapter 7]). The derivation of symmetry from Kim’s lemma, by a
sequence of copies of a that a single tuple b cannot follow, goes back to Kim [Kim98].
Section 7.4. The independence theorem is due to Kim and Pillay [KP97], who abstracted it
from Hrushovski’s work on pseudofinite fields [Hru02]. They proved it for Lascar strong types
over arbitrary sets; over a model these are types. In that form it appears in the monographs
of Wagner [Wag00] and Casanovas [Cas11], in Casanovas’s notes [Cas07], and in the primer
of Grossberg, Iovino and Lessmann [GILO02]. Our proof follows the route of Casanovas: a
parameter is moved along indiscernible sequences (see Propositions 7.4.5 and 7.4.6), and the
moving rests on the fact that conjunctions along an indiscernible sequence do not divide (see
Proposition 7.4.4). Casanovas proves that fact over a set that is not a model, using symmetry
and transitivity of forking over arbitrary sets. To stay with models, we have replaced that
step by an argument specific to these notes: the indiscernible sequence is traded for a Morley
sequence over a larger model, obtained as a coheir of a reversed copy of the sequence, to
which Kim’s lemma applies directly.

Section 7.5. That a theory is stable exactly when nonforking extensions of types over models
are unique goes back to Shelah [She90]. The derivation of the independence property from
two distinct nonforking extensions by means of the independence theorem, and the resulting
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proof that simple NIP theories are stable, belong to the folklore of simple theories (see, for
instance, Casanovas [Cas11]).

Section 7.6. The characterization of simple theories by an abstract independence relation
is due to Kim and Pillay [KP97], who also proved that such a relation must be nonforking
independence. Corollary 7.6.4, the converse of local character, is Shelah’s [She80]; the
construction of a long chain of dividing formulas from the tree property, keeping a tree above
the chain, is the classical one. Our proof of Step 1 of Theorem 7.6.5 uses the reversed copy
of Section 7.4 together with Fodor’s lemma, so as to stay with models as bases.

Casanovas
°
Grossberg; Iovino; Lessmann
°
Kim
°
Shelah Wagner
° °
Lascar; Poizat Kim
° °
Ehrenfeucht; Mostowski Shelah Kim; Pillay
° ° °
1950 1960 1970 1980 1990 2000 2010

1956 ¢ Ehrenfeucht; Mostowski. Ehrenfeucht and Mostowski [EM56] use Ram-
sey’s theorem to build models generated by indiscernible sequences.

1978) o Shelah. The first edition of Classification Theory [She90] introduces fork-
ing and dividing.

1979) o Lascar; Poizat. Lascar and Poizat [LP79] present forking in stable theo-
ries through heirs and coheirs.

1980 o Shelah. Shelah [She80] introduces the simple theories and proves local
character.

1997) o Kim; Pillay. Kim and Pillay [KP97] prove the independence theorem over
models and characterize the simple theories by their independence relation.

1998 ¢ Kim. Kim [Kim98] proves that forking equals dividing and that forking is
symmetric and transitive in simple theories.

2000 ¢ Wagner. Wagner’s monograph [Wag00] develops the theory of simple the-
ories in full.

2001] ¢ Kim. Kim [Kim01] shows that symmetry of forking, and also transitivity,
characterizes the simple theories.

o Grossberg; Iovino; Lessmann. Grossberg, Iovino and Lessmann [GIL02]
give a self-contained introduction to simple theories.

2007] e Casanovas. Casanovas [Cas07] streamlines the basic theory, including the
independence theorem for Lascar strong types.



Appendix A

Grothendieck’s double limit criterion

Grothendieck’s double limit criterion is used at several points in these notes: in Subsec-
tion 1.2.4 and in Remarks 1.2.14 and 4.2.6. This appendix states the criterion in the form we
need and explains how the criterion relates to the stability of functions (see Definition 1.2.5).
Throughout, we fix a compact Hausdorff space K, and C'(K) denotes the Banach space of
continuous real-valued functions on K with the supremum norm. The weak topology on C(K)
is the coarsest topology making every bounded linear functional continuous, and the point-
wise topology is the one induced by the product topology of RX. Point evaluations f ~ f(z)
are bounded linear functionals, so the weak topology is finer than the pointwise topology.

Grothendieck’s criterion is the bridge by which the exchange of limits, a condition on
numbers, becomes compactness, a condition on sets of functions. The appendix crosses
the bridge once, in the direction these notes require. Section A.1 states the double limit
condition, which is precisely the stability of the evaluation function, and shows that the
ultrafilter form used in these notes agrees with Grothendieck’s form with ordinary limits
(see Lemma A.1.2). It then proves the criterion: a bounded set of continuous functions
on a compact space is relatively weakly compact exactly when it satisfies the double
limit condition (see Theorem A.1.3). With the theorem of Eberlein and Smulian, the
criterion yields convergent subsequences (see Corollary A.1.6), and, for a stable function,
it shows that the spaces of types are Eberlein compacta, so that every type is the limit
of a sequence of realized types (see Corollary A.1.8). The last statement deserves to be
read twice. It says that, when a function is stable, every ideal element is the limit of a
sequence of actual ones.

A.1 'THE CRITERION
Definition A.1.1. A bounded set H C C(K) satisfies the double limit condition if for all
sequences (z,,) in K and (f,) in H and all ultrafilters U,V on N, we have

lim lim f,(2,,) = lim lim f,(2.,).
R ) =y g )

In the language of Definition 1.2.5, the double limit condition says that the evaluation
function K x H — R, (x,f) — f(x), is stable. Grothendieck stated the condition with
ordinary limits; the next lemma shows that the two formulations are equivalent.

Lemma A.1.2. A bounded set H C C(K) satisfies the double limit condition if and only if

limlim f,, (zp,) = lim lim f, (2,,)
m n n m
for all sequences (x,,) in K and (f,) in H for which both iterated limits exist.
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Proof. If both ordinary iterated limits exist, these limits are equal to the iterated limits along
any nonprincipal ultrafilters, so the double limit condition implies the second condition.
Conversely, suppose the double limit condition fails for (x,,), (f,), U and V, with iterated
limits o # (. After an affine change of scale we may assume that all values lie in [0, 1].
Proposition 1.2.3, applied to the function (z, f) — f(z), gives subsequences, which we still
denote (z,,) and (f,), with |fo(zm) — o < 2™ for m < n and |fu(z,) — 8] < 2177 for
n < m. By a diagonal argument we may pass to further subsequences along which lim,, f,,(z,)
exists for every m and lim,, f,,(z,) exists for every n; the inequalities are preserved, with the
indices renumbered. Then lim,, f,(x,,) is within 2!=™ of «, so lim,, lim, f,(z,) = «, and
symmetrically lim,, lim,, f,,(z,,) = 8. Hence the second condition fails.

Theorem A.1.3 (Grothendieck). Let H C C(K) be bounded. The following are equivalent:
(1) The set H is relatively weakly compact in C(K).

(2) Every function in the pointwise closure of H in R¥ is continuous.

(3) The set H satisfies the double limit condition.

The equivalence of (2) and (3) is an exchange of ultrafilter limits, together with Propo-
sition 1.2.3; the measure-theoretic input and the angelicity of pointwise compact sets enter
only in (2) = (1).

Proof. (2) = (3). Let (xm), (fn), U, V be given, and put z = lim,, y 2, € K and f =
lim, v fn € R%. By (2), the function f is continuous. Using the continuity of f and of each
fn, we obtain

(3) = (2). Suppose that f is in the pointwise closure of H but is not continuous at some
x € K. Then f = lim;y f; for a family (f;)ier in H and an ultrafilter U on I, and there are a
family (2;);cs in K and an ultrafilter V on J with lim;y x; = x and lim;y f(z;) = 8 # f(x).
(Fix € > 0 such that every neighborhood O of = contains a point zp with |f(zo) — f(z)| > €,
and let V be an ultrafilter on the set of neighborhoods of x containing, for each O, the set of
neighborhoods contained in O.) By continuity of each f;, we have
limlim fi(v;) = lim fyw) = f(@),  limlim fix;) =lim f(z;) = 8.

2

) ) )

After an affine change of scale, Proposition 1.2.3 and the proof of Corollary 1.2.6 turn these
families into sequences whose iterated limits along a nonprincipal ultrafilter are 5 and f(z).
This contradicts (3).

(1) = (2). Let W be the weak closure of H, which is weakly compact by (1). The
identity map from C(K) with the weak topology to C(K) with the pointwise topology is
continuous, so W is pointwise compact, hence closed in R¥. Hence the pointwise closure of
H is contained in W C C(K).

(2) = (1). Let H be the pointwise closure of H. This set is compact in R¥ because
H is bounded, and is contained in C(K) by (2). We need only show that the weak and
pointwise topologies agree on H, since then H is weakly compact. By the Riesz representation
theorem, the weak topology is generated by the maps h + [ hdu with 1 a Radon measure
on K. On the uniformly bounded set H each such map is sequentially continuous for the
pointwise topology, by Lebesgue’s dominated convergence theorem. Grothendieck proved
that a pointwise compact subset of C'(K) is angelic: every point in the closure of a subset
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is the limit of a sequence from that subset [Gro52]; see also Pryce [Pry71]. On an angelic
space sequentially continuous functions are continuous, which completes the proof. ©

The simplest family of continuous functions with a discontinuous pointwise limit already
shows the two iterated limits parting company.

Example A.1.4. Let K =[0,1] and H = {f, : n > 1} with f,(x) = 2". The pointwise
limit of (f,) is 0 on [0,1) and 1 at 1, which is not continuous, so (2) of Theorem A.1.3
fails. Condition (3) fails along z,, = 1 — 1/m: for each m we have lim,, f,(zn) = 0,
while for each n we have lim,, f,(zm») = 1, so the two iterated limits are 0 and 1 (see
Figure A.1). Hence H is not relatively weakly compact in C0, 1].

e lim, f,(1) =1

f1

O .
T LN B B B | x

0 T2 Tm — 1 1

FIGURE A.1. Example A.1.4: the functions f,(xz) = 2™ (purple, darker for
larger n) converge pointwise to a function (pink) that is 0 on [0, 1) and jumps
to 1 at x = 1. Along the points x,, = 1 — 1/m, letting n — oo first gives 0,
and letting m — oo first gives 1.

Weak compactness becomes a statement about sequences through a classical theorem of
Eberlein and Smulian, and the criterion then yields convergent subsequences.
Fact A.1.5 (Eberlein—Smulian). In a Banach space, every sequence in a relatively weakly
compact set has a weakly convergent subsequence [Smu40, Ebe47].
Corollary A.1.6. If a bounded set H C C(K) satisfies the double limit condition, then every
sequence in H has a subsequence that converges pointwise on K, to a continuous function.

Proof. By Theorem A.1.3, the set H is relatively weakly compact. By Fact A.1.5, every
sequence in H has a subsequence converging weakly to some f € C(K). Point evaluations
are bounded linear functionals, so the subsequence converges pointwise to f. ©

The criterion meets stability through the spaces of types of Section 1.2. For p: Ax B —
[0, 1], recall the evaluation maps ej: LS(¢) — [0, 1], given by e,(p) = p(b), and e, : RS(p) —
[0, 1], given by eq(q) = q(a), of Subsection 1.2.4.
Proposition A.1.7. Let ¢: A x B — [0,1] be stable. Then {ep, : b € B} is relatively
weakly compact in C(LS(p)), and {e, : a € A} is relatively weakly compact in C(RS(p)).
More precisely, the pointwise closure of {ey : b € B} consists of the functions ¢(-,q) with
q € RS(p), where ¢ is the function of Proposition 1.2.8.



pd

140 A. GROTHENDIECK’S DOUBLE LIMIT CRITERION

Proof. By (1.2) with a constant family, we have e, = @(-,1tp,(b)). If ¢ = lim;yrtp,(b;),
then by continuity of p(p,-) we get lim;y ey, (p) = ¢(p, ) for every p. Thus every pointwise
limit of functions e is of the form ¢(-, ¢q), and conversely every such function is a pointwise
limit of this kind. These functions are continuous on LS(p) by separate continuity. Hence
condition (2) of Theorem A.1.3 holds, and {e; : b € B} is relatively weakly compact. The
statement for {e, : a € A} is proved symmetrically. ©

Proposition A.1.7 places the type spaces of a stable function among the most rigid com-
pact spaces of topology. Recall that a compact space is an Eberlein compactum if the space
is homeomorphic to a weakly compact subset of a Banach space with the weak topology.
Corollary A.1.8. Let ¢: A x B — [0,1] be stable. Then RS(p) and LS(p) are Eberlein
compacta. In particular, every right o-type is the limit of a sequence of realized right types,
and likewise for left types.

Proof. Let H be the pointwise closure of {e;, : b € B} in RLS(#) By Proposition A.1.7,
the weak closure W of {e;, : b € B} in C(LS(p)) is weakly compact. The identity map
from W with the weak topology to W with the coarser pointwise topology is a continuous
bijection from a compact space to a Hausdorff space, so the two topologies agree on W. In
particular, the set W is pointwise compact, hence pointwise closed, so H C W;and W C H
because the weak topology is finer than the pointwise topology. Thus H = W, and on
H the weak and pointwise topologies agree. The map ¢ — (-, q) from RS(¢) onto H is
continuous for the pointwise topology, by the separate continuity of ¢, and injective, because
$(ltp,(a),q) = g(a) for every a € A. A continuous bijection from a compact space to a
Hausdorff space is a homeomorphism, so RS(¢) is homeomorphic to the weakly compact set
H. The same argument, with the roles of A and B exchanged, applies to LS(¢). Finally, the
set H is a pointwise compact subset of C(LS(¢)), hence angelic (see the discussion before
Fact A.1.5), so each point of H is the limit of a sequence from {e, : b € B}; through the
homeomorphism, each ¢ € RS(y) is the limit of a sequence of realized types rtp,,(by). ©

Sequences are a genuine restriction. In the unstable structure (w1, <) with ¢(x,y) the
formula = < y, the left type p given by p(8) = 0 for every 5 < w; (an element above every
countable ordinal) is a limit of realized types along an ultrafilter, but not along any sequence:
if a, < wy for every n, then o = sup,, o, < wy, and the realized types ltpcp(an) all take the
value 1 at o + 1, so no subsequence of them converges to p.

A.2 HISTORICAL REMARKS

Section A.1. Grothendieck proved the criterion of Theorem A.1.3 in a paper of 1952 [Gro52],
announced two years earlier [Gro50]; the same paper proves that pointwise compact subsets
of C(K) are angelic. The Eberlein-Smulian theorem is due to Smulian [Smu40] and Eber-
lein [Ebe47]. Later proofs and extensions of the criterion, by Namioka, Ptdk, Young, Simons,
Pryce and Konig, are listed in the timeline in the historical remarks on Subsection 1.2.1. The
reading of the criterion as a statement about stable functions, which is the point of view of
Definition A.1.1 and Proposition A.1.7, is due to Ben Yaacov [Ben14] and Pillay [Pil17] for
formulas, following Iovino [Iov99] and Krivine-Maurey [KIM81].
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