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Abstract. The Stone–Weierstrass theorem obtains every continuous function on a compact
space as a uniform limit of functions built from a separating family by finitely many operations.
We extend the theorem to every separable metric space, and in particular to every Polish space:
every bounded uniformly continuous function is a uniform limit of functions built from countably
many bounded separating functions by rational linear combinations, maxima and minima, and
by countable suprema and infima whose admission is decided by weights computed from the
construction; the functions so built are exactly the bounded Lipschitz functions. The theorem
was discovered, and first proved, in infinitary real-valued logic, whose a priori bounds are the
weights, and the proof by logic shows that the theorem is equivalent to an approximate form
of Beth’s definability theorem, as Reggio proved the classical theorem equivalent to the Beth
definability property of an infinitary equational logic. For readers outside logic, we also give a
purely topological-analytic proof.
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Introduction

In this paper we extend the Stone–Weierstrass theorem from compact spaces to Polish spaces,
and more generally to separable metric spaces. The approximants are built from a countable
separating family by rational linear combinations, maxima, minima, and countable suprema and
infima, and a weight attached to each construction decides which countable suprema and infima
are admitted; this single rule does the work that compactness does in the classical theorem. The
theorem was discovered, and first proved, in infinitary real-valued logic, whose a priori bounds
are the weights and whose sentences define the approximants. The proof by logic shows moreover
that the theorem is equivalent to an approximate form of Beth’s definability theorem. The
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statement, however, belongs to analysis, and for readers who do not work in model theory we
give in the last section a purely topological-analytic proof, which requires no knowledge of logic.

Weierstrass proved in 1885 that every continuous function on a closed bounded interval is a
uniform limit of polynomials [Wei85], and half a century later Stone recognized that neither the
interval nor the polynomials were essential [Sto37, Sto48]. Stone’s theorem, in the lattice form,
asserts that on a compact Hausdorff space every continuous real-valued function is a uniform
limit of functions obtained from the rational constants and from an arbitrary separating family of
continuous functions by finitely many sums, rational multiples, maxima and minima. The theorem
has, moreover, a logical counterpart: after Marra and Reggio had axiomatized the algebras
of continuous functions on compact Hausdorff spaces by a single infinitary operation [MR17],
Reggio proved in 2021 that the Stone–Weierstrass theorem for these spaces is equivalent to
the Beth definability property of the resulting infinitary equational logic [Reg21]. Both results
rest on compactness, and it is compactness that lets finitely many operations suffice. Beyond
compact spaces finitely many operations do not suffice in general: on the countable discrete
space, presented by the indicator functions of the points, every function built by finitely many
operations is constant outside a finite set, and so stays at uniform distance at least 1 from
the function n 7→ (−1)n (Example 6.7). A Stone–Weierstrass theorem for Polish spaces must
therefore admit countable operations, and needs a principle that decides which of them to admit.

The extensions of the Stone–Weierstrass theorem beyond compact spaces have found such
principles in analysis, and each, owing to the setting in which the extension was formulated, has
given up part of the classical conclusion. Some retain uniform approximation only in a weaker
form. Applied on compact subsets, the classical theorem yields approximation that is uniform on
compact sets alone; applied to the one-point compactification of a locally compact space, the
theorem reaches only the functions that have a limit at infinity; and Buck’s theorem concerns his
strict topology, which is coarser than the topology of uniform convergence [Buc58], while Haydon
showed that for the finer superstrict topology the theorem can hold only when that topology
coincides with the strict one [Hay76]. Others retain uniform approximation at the price of a
stronger hypothesis on the family. Hewitt, and Garrido and Montalvo after him, require the
family to separate disjoint zero sets, or to satisfy conditions on the level sets of the function to
be approximated [Hew47, GM91, GM93], and the Samuel compactification, which transfers the
classical theorem to the bounded uniformly continuous functions on a metric space, requires the
family to separate points of the compactification that the space does not contain [Sam48, Woo95].
The remaining extensions enlarge the operations themselves, but the enlargement is governed
by an analytic property of the functions rather than by the way in which they are built. Hager
approximates every continuous function on a Lindelöf space by a lattice-ordered group that
separates points from closed sets, once the group is enlarged by local gluing, a condition that
a function must satisfy near each point [Hag69, Hag11]. Mokhova, answering in this spirit
a question of Császár [Csá69], obtains the bounded uniformly continuous functions on every
uniform space from a vector lattice by envelopes followed by uniform limits [Mok81, Rai64];
the envelopes, however, range over families of arbitrary cardinality, and a family is admitted
only after the members of the family have been shown to be equicontinuous. None of these
theorems obtains every bounded uniformly continuous function on a Polish space as a uniform
limit of functions built from countably many separating functions by countable operations whose
admission can be read off from the construction itself. Theorem A below achieves exactly this.

To state the theorem, let a positive real number R, a nonempty set X, and functions
ai : X → [−R,R], for i < ω, that separate the points of X be given. These functions induce the
coordinate metric

d(x, y) = sup
i<ω

|ai(x) − ai(y)|,
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whose uniformity is the one in which approximation is measured. The admissible functions on X
are built together with weights, by the following rules. The constant function 1 is admissible with
weight 1, and each function ai is admissible with weight R. If f and g are admissible with weights
w and w′, and s is a rational number, then sf , f +g, max(f, g) and min(f, g) are admissible with
weights |s|w, w+w′, max(w,w′) and max(w,w′), respectively. If fn is admissible with weight wn
for every n < ω, and supnwn < ∞, then supn fn and infn fn are admissible with weight supnwn.
The weight belongs to the construction rather than to the function, so the admission of each
countable supremum or infimum is read off from the construction itself.

Theorem A. Let R be a positive real number, let X be a nonempty set, and let (ai)i<ω be
functions from X to [−R,R] that separate the points of X, with coordinate metric d. If the
metric space (X, d) is separable, then:

(1) the admissible functions are exactly the bounded Lipschitz functions on (X, d) (Theo-
rems 2.4 and 6.2);

(2) the uniform closure of the set of admissible functions is the space BUC(X, d) of
bounded uniformly continuous functions on (X, d) (Theorems 4.1 and 6.3).

The operations are countable, and the only hypotheses on the family are the separation of
points and the separability of the metric that the family induces. Every separable metric space
(X, ρ) admits such a presentation, by the distances, truncated at 1, to the points of a dense
sequence, and the coordinate metric is then min(ρ, 1), which has the same bounded uniformly
continuous functions as ρ (Corollary 6.4). On every Polish space, therefore, every bounded
uniformly continuous function for a compatible metric is a uniform limit of admissible functions
built from the presenting functions; and when the space is compact, finite operations already
suffice, by the lattice form of Stone’s theorem (Remark 6.6).

We write Lω1ω(R) for infinitary real-valued logic, the Lω1ω extension of Keisler’s model theory
for real-valued structures [Kei23, ADI26], in which the admission rule is a rule of syntax. The
coordinate vocabulary has, for each i < ω, a nullary predicate symbol pi with a priori bound R,
interpreted at a point x of X by the value ai(x), so that every sentence φ for this vocabulary
defines a function x 7→ φx on X. The operations that build admissible functions are the
connectives of Lω1ω(R), and the weights are the a priori bounds that the formation rules attach
to formulas; the admissible functions are therefore exactly the functions defined by sentences
(Lemma 2.3).

The second theorem carries Reggio’s equivalence beyond compactness. Let q be a new nullary
predicate symbol, and let B be a theory that implicitly defines q over the coordinate vocabulary,
so that in every model of B the value of q is a function fB of the values of the coordinate
predicates. The coordinate vocabulary has the approximate Beth property when, for every such
theory whose set DB of points of [−R,R]N that expand to models of B is separable for the
supremum metric and whose function fB is uniformly continuous on DB, the value of q is a
uniform limit, in all models of B, of sentences for the coordinate vocabulary (Definition 4.2).

Theorem B. Let R be a positive real number. Then the coordinate vocabulary has the
approximate Beth property (Theorem 4.6), and this property is equivalent to part (2) of
Theorem A for the number R (Propositions 4.4 and 4.5).

Both theorems rest on one observation about the a priori bound, the number that the
formation rules attach to every formula and that bounds the values of the formula in every
structure. For the coordinate vocabulary, the a priori bound of a sentence, divided by the
common bound R of the coordinates, bounds the Lipschitz constant of the function that the
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sentence defines (Lemma 2.1). The rule of syntax therefore keeps every admitted supremum
among the Lipschitz functions, whereas a bound on values alone would admit the supremum of
the functions x 7→ max(−1,min(1, nx)) on [−1, 1], whose values are uniformly bounded although
their a priori bounds are not (Example 2.2). The rule also admits enough, since the Lipschitz
envelope of McShane [McS34], an infimum of countably many cones over a dense sequence, is
built from cones that share an a priori bound (Theorem 2.4). The sentences thus define the
bounded Lipschitz functions, no more and no fewer.

For Theorem B, the part played by Craig’s interpolation theorem in the classical derivation
of Beth’s theorem [Bet53, Cra57] is taken by an approximate interpolation theorem for nullary
vocabularies (Theorem 3.1). The proof of the interpolation theorem translates the numerical
entailment into infinitary propositional logic, through letters that record rational cuts with
margins that make the translation robust, and separates the translated entailment by a positive
formula obtained from a model existence game in the manner of Aubone and Iovino [AI26].
Threshold sentences, whose a priori bounds remain uniformly bounded so that every countable
operation is admitted, then translate the separator back. Where the classical proof of interpolation
invokes compactness, a position without a separator yields here, through a fair play of the game,
a truth assignment that refutes the entailment. Combined with a sentence that measures the
distance to a graph (Lemma 4.3), the interpolation theorem gives the approximate Beth property,
and thereby part (2) of Theorem A.

The expressive power of Lω1ω(R) reaches beyond the compactness theorem (Example 1.1),
and determines the form that Beth’s theorem takes here. An implicit definition by a Lipschitz
function is explicit, by a single sentence (Corollary 4.8); but since every sentence defines a
Lipschitz function, a predicate that is uniformly continuous without being Lipschitz, such as the
square root of the absolute value of a coordinate, is implicitly defined without being explicitly
definable (Example 4.7). The a priori bound that makes Theorem A exact is thus the same
bound that makes Beth’s theorem approximate; in the infinitary continuous logic of Ben Yaacov,
Doucha, Nies and Tsankov, by contrast, whose countable connectives share a modulus of uniform
continuity, numerical interpolation is exact [BDNT17, Corollary 6.4]. For arbitrary countable
vocabularies, finally, the spaces of Henkin types are Čech complete and Polish [ADI26], and the
Lusin–Souslin theorem gives the rational cuts of an implicitly defined predicate Borel descriptions
on the named Henkin models (Theorem 5.2).

Once the theorem is known, analysis gives a second proof, presented in Section 6. Part (1)
follows from McShane’s Lipschitz envelope, written as an infimum of countably many cones over
a dense sequence, and part (2) from the density of the Lipschitz functions among the bounded
uniformly continuous functions, due to Georganopoulos for compact spaces and to Garrido and
Jaramillo for metric spaces in general [Geo67, GJ08]. The section uses only the admissible
functions and their weights, and can be read immediately after this Introduction.

Organization of the paper. In Section 1 we recall the formulas and their a priori bounds.
Part (1) of Theorem A is proved in Section 2, the approximate interpolation theorem in Section 3,
and Theorem B, together with part (2) of Theorem A and the exact definitions that a Lipschitz
hypothesis provides, in Section 4. In Section 5 we pass to arbitrary countable vocabularies and
to the Borel descriptions of rational cuts. In Section 6 we give the topological-analytic proof of
Theorem A, the presentation of separable metric spaces, and the examples that compare the
theorem with the classical one.

1. A rule of syntax bounds every formula

In infinitary real-valued logic, the admissible functions of Theorem A are the functions defined
by sentences of the coordinate vocabulary (Lemma 2.3 below), and every estimate of the logical
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proof comes from the a priori bounds that the formation rules attach to formulas. In this section
we recall the syntax of the logic, the bounds and the conditions, following Aubone, Dueñez
and Iovino [ADI26], whose structures are Keisler’s general real-valued structures [Kei23]. These
structures interpret function symbols by arbitrary functions and predicate symbols by bounded
real-valued functions, and the language has no equality symbol. Every predicate symbol and
every formula carries an individual bound, so that the logic has no fixed interval of truth values;
the values 1 and −1 are read as true and false.

A vocabulary V = (M, F, P ) prescribes nonempty sorts, function symbols with specified sorts,
and predicate symbols p with individual a priori bounds rp. The nullary logical unity symbol 1
has value 1 and a priori bound 1. Every atomic formula p(τ̄) has a priori bound rp. The first-order
connectives are rational scalar multiplication, addition, binary maximum and supremum over a
variable. Their interpretations and a priori bounds are the following, for s ∈ Q:

formula interpretation a priori bound
s·φ sφ |s|rφ
φ+ ψ φ+ ψ rφ + rψ
φ∨ψ max(φ,ψ) max(rφ, rψ)
supx φ supx φ rφ

The left column denotes syntax, and the middle column the corresponding operation on in-
terpretations. The minimum is the derived connective −((−φ) ∨(−ψ)), with a priori bound
max(rφ, rψ).

The infinitary language LVω1ω permits the formula
∨
n φn precisely when the formulas φn have

a common finite tuple of free variables and
sup
n
rφn < ∞.

The interpretation of
∨
n φn is the pointwise supremum, and the a priori bound is supn rφn . The

countable infimum
∧
n φn is derived by negation and obeys the same bound rule. The bounds are

syntactic: they are fixed by the formation of the formula, not recalculated from interpretations
on a particular class of structures.

A condition is a strict rational inequality φ > r or φ < r on a sentence, and a theory is a set
of conditions. As in [ADI26], the closed condition φ ≥ r abbreviates the countable theory

{φ > r − 1/n : n ≥ 1},
and the analogous convention applies to φ ≤ r. The notation φ = 0 abbreviates the two closed
conditions at zero; this equality concerns numerical values and adds no equality symbol to the
vocabulary.

Real numerical constants can be represented while respecting the bounds. Let a positive
integer M and a real number c ∈ [−M,M ] be given, and choose a sequence of rational numbers
tn ∈ [−M,M ] with supremum c. Then

c (M) =
∨
n

(tn1)

is a sentence with value c and a priori bound at most M . The superscript records the chosen
common bound and is omitted when that bound has been specified; no real scalar connective is
added to the logic.

The expressive power of Lω1ω(R) reaches beyond the compactness theorem, the tool behind
the classical proof of Beth’s theorem, already for nullary predicates.
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Example 1.1 (Beyond the compactness theorem). Let (pn)n<ω be nullary predicate symbols
with a priori bound 1. The theory

{pn ≤ 0 : n < ω} ∪ {
∨
n

pn > 1/2}

has no model, since the conditions pn ≤ 0 force the value of
∨
n pn to be at most 0. Every finite

subset of the theory, with the closed conditions expanded into strict ones, has a model: assign the
value 1 to a predicate whose index occurs in none of the finitely many conditions on individual
predicates, and the value 0 to all other predicates.

The a priori bounds thus admit countable operations that carry the logic past the compactness
theorem, and in the next section we determine what these operations define.

2. Sentences define exactly the bounded Lipschitz functions

In this section we prove part (1) of Theorem A, the exact half of the Stone–Weierstrass
theorem of this paper, in the language of sentences, which by Lemma 2.3 below define exactly the
admissible functions. On a set presented by countably many coordinate functions with a common
bound, the a priori bound of a sentence, divided by the common bound, bounds the Lipschitz
constant of the function that the sentence defines (Lemma 2.1), and, conversely, every bounded
Lipschitz function is defined by a sentence when the coordinate metric is separable (Theorem 2.4).
The same estimate explains why the formation rule for countable suprema constrains a priori
bounds rather than values (Example 2.2).

Let a positive real number R be given. The coordinate vocabulary has one nonempty sort, no
function symbols, and only the nullary predicate symbols 1 and pi, where i < ω and rpi = R;
the sentences for this vocabulary are those of the infinitary language Lω1ω. For the purpose of
evaluating sentences, a structure for this vocabulary is determined by the point z = (zi)i<ω of
[−R,R]N whose coordinates are the values of the predicates pi. The sort does not affect the
value of any sentence, since every quantifier over a variable is vacuous. We write φ(z) for the
value of a sentence φ at the point z, and we equip the cube [−R,R]N with the supremum metric

d∞(z, z′) = sup
i

|zi − z′
i|.

Lemma 2.1. Every sentence φ for the coordinate vocabulary satisfies

|φ(z) − φ(z′)| ≤ rφ
R
d∞(z, z′) (z, z′ ∈ [−R,R]N).

Proof. The induction on formulas follows the arithmetic of the a priori bounds. An atomic
sentence pi has Lipschitz constant 1 = rpi/R, and the unity constant has Lipschitz constant 0.
Rational scalar multiplication multiplies a Lipschitz bound by the absolute value of the scalar,
addition adds Lipschitz bounds, and the maximum of two functions preserves the larger bound.
For a countable join, the elementary inequality

| sup
n
un − sup

n
vn| ≤ sup

n
|un − vn|

gives the Lipschitz bound R−1 supn rφn , which is finite by the formation rule. Quantifiers over
variables do not change the function. □

A bound on the values of the terms of a countable supremum does not suffice for continuity.
Example 2.2 (Bounded values do not suffice). Let R = 1, let X = [−1, 1], let a0(x) = x,
and let ai(x) = 0 for i ≥ 1; the coordinate metric is d(x, y) = |x− y|. For each positive integer n,
the sentence

χn = (−1) · 1 ∨
(
1 ∧n · p0

)
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defines the function x 7→ max(−1,min(1, nx)), with values in [−1, 1], and has a priori bound
n. The supremum of these functions is 1 for x > 0 and max(−1, x) for x ≤ 0, a function that
jumps from 0 to 1 at the origin. By Lemma 2.1, no sentence defines this function, and indeed the
formation rule excludes

∨
n χn, since the a priori bounds of the terms χn have no common bound.

We now interpret the coordinate predicates as a separating family on a set. Let X be a
nonempty set, and let ai : X → R, for i < ω, be functions that separate the points of X and satisfy
|ai(x)| ≤ R for every x ∈ X and every i < ω. At a point x ∈ X, the symbol pi is interpreted by
the value ai(x), and we write φx for the value of a sentence φ under this interpretation. The
coordinate metric on X is

d(x, y) = sup
i<ω

|ai(x) − ai(y)|.

Since the functions ai separate points, the function d is a metric, bounded by 2R. No topology
on X is presupposed beyond the topology of this metric.
Lemma 2.3. Every sentence φ for the coordinate vocabulary defines a function x 7→ φx that is
admissible with weight rφ, and every function that is admissible with weight w, in the sense of
the Introduction, is defined by a sentence with a priori bound w.

Proof. Once the symbol 1 is interpreted by the constant function 1 and each symbol pi by the
function ai, the formation rules of Section 1, with their a priori bounds, become the rules that build
the admissible functions with their weights; the minimum and the countable infimum correspond
to the derived connectives, which obey the same bound rules. The first assertion follows by
induction on sentences, since a supremum over a variable changes neither the function nor the a
priori bound, and the second by induction on the construction of admissible functions. □

Theorem 2.4 (Exact representation of bounded Lipschitz functions). Let R be a
positive real number, let X be a nonempty set, and let (ai)i<ω be functions from X to [−R,R]
that separate the points of X, with coordinate metric d. If the metric space (X, d) is separable,
then the functions x 7→ φx, for sentences φ for the coordinate vocabulary, are exactly the
bounded Lipschitz functions on (X, d).

Proof. By Lemma 2.1, applied at the points (ai(x))i<ω, every function defined by a sentence is
bounded and Lipschitz on (X, d). For the converse, we write a bounded Lipschitz function as
an infimum of cones based at a countable dense set. Let f : X → R be bounded and Lipschitz.
Choose a positive integer M > ∥f∥∞, a positive rational number L at least the Lipschitz constant
of f , and a dense sequence (xn)n<ω in (X, d).

Choose a positive integer M0 ≥ R, and represent every constant ai(xn) by a sentence with a
priori bound at most M0, as in Section 1. The derived formula |φ| = φ∨(−φ) has the same a
priori bound as φ. Hence

δn =
∨
i<ω

|pi − ai(xn)|

is a sentence with a priori bound at most R+M0, and the value of δn at x is d(x, xn). Here δn is
a name for a formula, not an additional connective. Represent the constants f(xn) by sentences
with a priori bound at most M . The formula

φf =
∧
n<ω

(
f(xn) + L · δn

)
is permitted, since the inner formulas have the common a priori bound M + L(R+M0).

For every x ∈ X and every n < ω, the Lipschitz inequality gives
f(x) ≤ f(xn) + Ld(x, xn).
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Conversely, for every positive number ϵ, density gives an index n with d(x, xn) < ϵ, and for that
index we have

f(xn) + Ld(x, xn) ≤ f(x) + 2Lϵ.
Taking the infimum over n and letting ϵ decrease to zero gives φxf = f(x). □

The analytic construction is the countable dense-set form of the classical Lipschitz envelope
of McShane [McS34]. What the logic adds is an exact correspondence between syntax and
analysis: the a priori bounds of the cones are uniformly bounded, so the infimum of the cones
is again a formula, and the sentences define the bounded Lipschitz functions and nothing else.
The approximation half of Theorem A lies deeper; the logical proof of part (2) passes through
interpolation and Beth’s theorem, to which we now turn.

3. A model existence game takes the place of compactness in interpolation

In this section we prove the logical engine of Theorem B, an approximate interpolation theorem
for vocabularies whose predicate symbols are nullary. Classically, Beth’s theorem is derived from
interpolation, and interpolation from the compactness theorem; in infinitary real-valued logic,
whose expressive power reaches beyond the compactness theorem (see Example 1.1), a model
existence game takes the place of the compactness theorem. The proof translates the numerical
problem into a problem about infinitary propositional formulas, separates the translated problem
by a model existence game, and translates the interpolant back into a sentence of the real-valued
logic.

A nullary vocabulary has one nonempty sort, no function symbols, and, besides the unity
symbol 1, only nullary predicate symbols, each with an a priori bound. In a structure for a
nullary vocabulary every quantifier over a variable is vacuous, so the value of a sentence depends
only on the values of the predicate symbols. We therefore identify a structure with a valuation,
an assignment v of a real number v(p) to every predicate symbol p with |v(p)| ≤ rp and v(1) = 1,
and we write φv for the value of a sentence φ at v. Nullary vocabularies are compatible if every
predicate symbol common to them has the same a priori bound in each. For compatible nullary
vocabularies V and W , a valuation for V ∪W restricts to valuations for V , for W and for V ∩W ,
and we evaluate a sentence for any of these vocabularies at a valuation for V ∪W through the
corresponding restriction.

Theorem 3.1 (Approximate interpolation). Let V and W be countable compatible
nullary vocabularies, let φ be a sentence for V , and let ψ be a sentence for W such that
φv ≤ ψv for every valuation v for V ∪ W . Then for every real number ϵ > 0 there is a
sentence θ for V ∩W such that

φv − ϵ ≤ θv ≤ ψv

for every valuation v for V ∪W .

The proof occupies the rest of the section and has three ingredients: a perturbation lemma, a
positive interpolation theorem for infinitary propositional logic, and a translation of sentences
into propositional formulas. A Boolean separation alone returns no real-valued sentence. Margins
in the translation make the entailment robust, so that the shared values on the two sides are
forced to be close, and the positivity of the separator makes the numerical evaluation of the
separator monotone, so that the threshold sentences substituted for the letters of the separator
return a sentence of the logic whose a priori bounds stay uniformly bounded. The first ingredient
is the induction of Lemma 2.1, stated for valuations.
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Lemma 3.2. Let V be a nullary vocabulary, let h ≥ 0 be a real number, and let v and w be
valuations for V such that |v(p) − w(p)| ≤ h rp for every predicate symbol p of V . Then every
sentence φ for V satisfies |φv − φw| ≤ h rφ.

Proof. The induction on formulas in the proof of Lemma 2.1 applies verbatim: the estimate
holds for atomic sentences by hypothesis, and the connectives transform the bound h rφ exactly
as they transform a priori bounds. □

The second ingredient is a positive interpolation theorem for infinitary propositional logic,
which we prove by a model existence game. A propositional formula over a countable set of letters
is built from the letters and the constants ⊤ and ⊥ by negation and by countable conjunctions
and disjunctions, and is evaluated at truth assignments to the letters in the usual way. A
propositional formula is positive in a set E of letters if, after negations have been pushed to the
letters, no letter of E occurs negated; a formula is positive if no letter at all occurs negated after
this transformation.
Proposition 3.3 (Positive interpolation). Let A and B be propositional formulas that are
positive in the set E of letters common to A and B, and suppose that every truth assignment
that satisfies A satisfies B. Then there is a positive propositional formula C whose letters belong
to E such that every truth assignment that satisfies A satisfies C, and every truth assignment
that satisfies C satisfies B.

Proof. We play a model existence game in the manner of Aubone and Iovino [AI26], between
Olivia, who challenges, and Josh, who answers. Push the negations to the letters in A and in
¬B, and write B− for the resulting form of ¬B; the letters of E occur in A only unnegated and
in B− only negated. A position is a pair (Γ,∆) of finite sets of formulas, the left and the right
commitments, where Γ consists of subformulas of A and ∆ of subformulas of B−. A separator
of the position is a positive propositional formula C whose letters belong to E such that every
truth assignment that satisfies all members of Γ satisfies C, and every truth assignment that
satisfies all members of ∆ falsifies C. A position without a separator is inseparable. A separator
of the position ({A}, {B−}) is the required formula, and it remains to be shown that the position
({A}, {B−}) is not inseparable.

At each round Olivia names a commitment. If the commitment is a conjunction
∧
n φn, she

also names an index n, and φn is added to the same side; if the commitment is a disjunction∨
n φn, Josh chooses an index n, and φn is added to the same side. Josh can keep the position

inseparable. Indeed, a separator of the position obtained by adding a conjunct separates the
old position, since the conjunct follows from the conjunction. If, for a disjunction

∨
n φn among

the left commitments, every choice of n gave a position with a separator Cn, then
∨
nCn would

separate the old position; for a disjunction among the right commitments,
∧
nCn would. Both

formulas are positive, and their letters belong to E. Moreover, an inseparable position contains
no obstruction: the constant ⊥ on either side, a letter ℓ and ¬ℓ on the same side, or a letter
ℓ ∈ E on the left together with ¬ℓ on the right. Indeed, these obstructions are separated by ⊥ or
⊤, according to the side, and by ℓ, respectively.

Suppose that the position ({A}, {B−}) is inseparable. There are countably many subformulas
and countably many indices, so Olivia can schedule her challenges so that every conjunction
that becomes a commitment is eventually named with every index, and every disjunction that
becomes a commitment is eventually named. Let Josh keep the position inseparable throughout,
and let Γω and ∆ω be the unions of the left and of the right commitments along the play. Let eω
be the truth assignment that makes a letter p true exactly when either p ∈ Γω, or p does not
occur in A and ¬p /∈ ∆ω. Every literal in Γω ∪ ∆ω is true at eω. For a literal on the left, the
letter occurs in A, and the claim follows from the absence of obstructions on the left. A literal
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on the right whose letter occurs in A has a letter of E, which occurs in B− only negated, and
the claim follows from the absence of the third kind of obstruction. For a literal on the right
whose letter does not occur in A, the claim follows from the definition of eω and the absence of
obstructions on the right. By induction on formulas, every member of Γω ∪ ∆ω is true at eω: the
constant ⊥ does not occur, every conjunct of a conjunction that occurs is added by the schedule,
and some disjunct of a disjunction that occurs is added. Hence eω satisfies A and B−, that is,
eω satisfies A and falsifies B, contrary to the hypothesis. □

The third ingredient translates sentences into propositional formulas. Let V be a countable
nullary vocabulary. For every predicate symbol p of V with rp > 0 and every rational number u
with −rp < u < rp, introduce a letter Ep,u, the cut letters of V . A truth assignment e to the cut
letters decodes to the valuation Val(e) given by

Val(e)(p) = sup
(
{−rp} ∪ {u : e makes Ep,u true}

)
for every predicate symbol p with rp > 0, by Val(e)(p) = 0 when rp = 0, and by Val(e)(1) = 1.
The supremum lies in [−rp, rp], so Val(e) is a valuation. Every valuation v arises in this way: the
assignment that makes Ep,u true exactly when v(p) > u decodes to v, by density of the rational
numbers.
Lemma 3.4. Let V be a countable nullary vocabulary. For every sentence φ for V and every
rational number t there are propositional formulas [φ > t] and [φ < t] over the cut letters of V
such that every truth assignment e satisfies [φ > t] exactly when φVal(e) > t, and satisfies [φ < t]
exactly when φVal(e) < t.

Proof. Let [φ < t] be the formula
∨
u∈Q, u<t ¬[φ > u], which has the required property once every

[φ > u] has. The formulas [φ > t] are defined by induction on φ. For a predicate symbol p with
rp > 0, the formula [p > t] is ⊤ if t < −rp, is ⊥ if t ≥ rp, and is otherwise the disjunction of the
letters Ep,u with u > t; the definition of Val gives the required property. For a symbol with a
priori bound 0 and for 1, the formula is ⊤ or ⊥ according to the constant value. For rational
scalars, [s · φ > t] is [φ > t/s] if s > 0, is [φ < t/s] if s < 0, and is ⊤ or ⊥ if s = 0. Finally,

[φ+ ψ > t] =
∨

a,b∈Q
a+b>t

(
[φ > a] ∧ [ψ > b]

)
,

[φ∨ψ > t] = [φ > t] ∨ [ψ > t], [
∨
n

φn > t] =
∨
n

[φn > t],

and a supremum over a variable leaves the formula unchanged. Each clause follows from the
corresponding property of real numbers. □

We now fix the data of Theorem 3.1, with U = V ∩W . For every predicate symbol p of U with
rp > 0, choose a rational number sp with 1 ≤ sprp ≤ 2. Choose an integer J > rφ, a rational
number η with 0 < η ≤ 1, and a finite set T of rational numbers in [−2, 2] that contains −2 and
2 and has gaps of length at most η, and let g = 3ηJ . Make two disjoint copies of the cut letters
of V ∪W , the left and the right letters, and introduce new threshold letters E+

p,t and E−
p,t, for the

predicate symbols p of U with rp > 0 and for t ∈ T . We write [ · ]L and [ · ]R for the formulas of
Lemma 3.4 written in the left and in the right letters, and, for a truth assignment e, we write
vL(e) and vR(e) for the valuations decoded from the left and from the right letters.
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For a rational number a, let b = a− g, and consider the propositional formulas

Aa = [φ > a]L ∧
∧
p,t

[(
¬[sp · p > t+ η]L ∨ E+

p,t
)

∧
(
¬[sp · p < t− η]L ∨ E−

p,t
)]
,

Ba =
∧
n≥1

[ψ > b− 1/n]R ∨
∨
p,t

[(
E+

p,t ∧ ¬[sp · p > t− η]R
)

∨
(
E−

p,t ∧ ¬[sp · p < t+ η]R
)]
,

where the formulas for φ use only left letters of symbols of V , the formulas for ψ use only right
letters of symbols of W , and p and t range over the threshold indices. Thus Aa says that φ > a
on the left and that every threshold relation covers the left values with margin η, and Ba says
that ψ ≥ b on the right or that some threshold relation is violated by the right values with
margin η. The letters common to Aa and Ba are the threshold letters, and both formulas are
positive in them.
Lemma 3.5. Let a be a rational number. Every truth assignment that satisfies Aa satisfies
Ba. Consequently, there is a positive propositional formula Ca in the threshold letters such that
every truth assignment that satisfies Aa satisfies Ca, and every truth assignment that satisfies Ca
satisfies Ba.

Proof. Let e satisfy Aa, and suppose that no violation in Ba occurs. Let p be a predicate symbol
of U with rp > 0, and write P = vL(e)(p) and Q = vR(e)(p). If spP −spQ > 3η, then the interval
[spQ+ η, spP − η) has length greater than η and lies in [−2, 2], so the interval contains a point t
of T ; coverage gives E+

p,t, and the inequality spQ ≤ t− η then gives a violation. Symmetrically,
if spQ − spP > 3η, a point t of T in (spP + η, spQ − η] gives E−

p,t and a violation. Hence
|P −Q| ≤ 3η/sp ≤ 3η rp.

Let w be the valuation for V ∪W that agrees with vR(e) on the symbols of W and with vL(e)
on the symbols of V outside U . On the symbols of V , the valuations w and vL(e) differ by at
most 3η rp at each symbol p, so Lemma 3.2 gives

ψvR(e) = ψw ≥ φw ≥ φvL(e) − 3η rφ > a− g = b.

Thus e satisfies every formula [ψ > b− 1/n]R, and hence Ba. The formula Ca is now given by
Proposition 3.3. □

The positive formula Ca is now converted into a sentence for U . For a predicate symbol p of
U with rp > 0 and for t ∈ T , the threshold sentences are

ξ+
p,t = (−1) · 1 ∨

(
1 ∧ η−1 ·

(
sp · p + (−t) · 1

))
, ξ−

p,t = (−1) · 1 ∨
(
1 ∧ η−1 ·

(
t · 1 + (−sp) · p

))
.

Their values lie in [−1, 1], and their a priori bounds are at most 4/η, since sprp ≤ 2 and |t| ≤ 2.
Let θa be the sentence obtained from Ca, written without negations, by replacing each letter E±

p,t
by ξ±

p,t, the constants ⊤ and ⊥ by 1 and (−1) · 1, and countable conjunctions and disjunctions by
countable infima and suprema. Each threshold sentence, and each sentence obtained at a node
of Ca after the substitution, has a priori bound at most max(1, 4/η), however deep the formula
Ca is, so every countable infimum and supremum formed in this construction is permitted by
the formation rules; the predicate symbols inside the threshold sentences keep their own a priori
bounds.

The value of θa is computed by evaluating Ca numerically: for a family x of numbers in [−1, 1]
indexed by the threshold letters, let Ca(x) be the number obtained by interpreting each letter by
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the corresponding member of x, the constants by 1 and −1, and conjunctions and disjunctions
by infima and suprema. Then θva = Ca(x), where x is the family of values (ξ±

p,t)v. Since Ca is
positive, Ca(x) ≤ Ca(y) whenever x ≤ y coordinatewise, and on families with values in {−1, 1}
the number Ca(x) is 1 or −1 according as Ca is true or false at the truth assignment that reads
1 as true.
Lemma 3.6. Let a be a rational number, and let v be a valuation for V ∪W . Then −1 ≤ θva ≤ 1;
moreover, θva = 1 if φv > a, and θva = −1 if ψv < a− g.

Proof. The bounds hold because every operation in the construction of θa preserves [−1, 1].
Suppose that φv > a. Let e make the left letters describe v, as after the definition of Val, and
make E+

p,t true exactly when spv(p) > t+ η and E−
p,t true exactly when spv(p) < t− η. Then e

satisfies Aa, hence Ca. Whenever e makes a threshold letter true, the corresponding threshold
sentence has value 1 at v; so the family of values of the threshold sentences dominates the
{−1, 1}-family of e, and monotonicity gives θva ≥ 1.

Suppose instead that ψv < a−g. Let e make the right letters describe v, and make a threshold
letter true exactly when the corresponding threshold sentence has value greater than −1 at v. If
E+

p,t is true, then spv(p) > t− η, and if E−
p,t is true, then spv(p) < t+ η; so no violation occurs,

and e falsifies Ba because ψv < b. Hence e falsifies Ca. The family of values of the threshold
sentences is dominated by the {−1, 1}-family of e, and monotonicity gives θva ≤ −1. □

Proof of Theorem 3.1. Let ϵ > 0 be given. Choose a positive integer M greater than rφ and
rψ, the integer J and the rational number η of the construction above, with η so small that
g = 3ηJ < ϵ/2, and a positive integer N such that δ = 2M/N satisfies δ ≤ ϵ/2. For 1 ≤ j ≤ N
let cj = −M + jδ, and let

θ = (−M − g) · 1 + (δ/2) ·
(
(θc1 + 1) + · · · + (θcN + 1)

)
,

a sentence for U . Fix a valuation v for V ∪ W , and let wj = (θvcj
+ 1)/2 ∈ [0, 1], so that

θv = −M − g + δ
∑
j wj . By Lemma 3.6, wj = 1 whenever cj < φv; there are at least

(φv +M)/δ − 1 such indices, so θv ≥ φv − δ − g ≥ φv − ϵ. By Lemma 3.6 again, wj = 0 unless
cj ≤ ψv + g; there are at most (ψv + g +M)/δ such indices, so θv ≤ ψv. □

Interpolation is the engine of Beth’s theorem, and in the next section the approximate
interpolation theorem yields the approximate Beth property and thereby part (2) of Theorem A.

4. Approximate Beth definability is equivalent to the new Stone–Weierstrass
theorem

In this section we prove part (2) of Theorem A by logic. Stated for sentences, as Theorem 4.1
below, part (2) is equivalent to an approximate form of Beth’s definability theorem for the
coordinate vocabulary, and we prove the approximate form from the interpolation theorem of
Section 3. The equivalence is the analogue, for spaces that need not be compact, of Reggio’s
equivalence between the Stone–Weierstrass theorem and the Beth definability property of an
infinitary equational logic [Reg21]. Beth’s theorem holds in the logic in exact form under a
Lipschitz hypothesis (Corollary 4.8), and in approximate form for uniformly continuous definitions
(Theorem 4.6), which need not admit exact ones (Example 4.7).

Under the hypotheses of Theorem 2.4, we write BUC(X, d) for the space of bounded uniformly
continuous real-valued functions on (X, d) and E(X) for the set of functions x 7→ φx defined by
sentences for the coordinate vocabulary, which by Lemma 2.3 is the set of admissible functions.
Uniform closures are taken in the space of all bounded real-valued functions on X. Part (2) of
Theorem A then reads as follows; the proof is given at the end of the section.
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Theorem 4.1 (Stone–Weierstrass theorem for separable metric spaces). Let R be
a positive real number, let X be a nonempty set, and let (ai)i<ω be functions from X to
[−R,R] that separate the points of X, with coordinate metric d. If the metric space (X, d) is
separable, then the uniform closure of E(X) is BUC(X, d).

To formulate the approximate form of Beth’s theorem, let a positive real number R be given,
and recall the coordinate vocabulary of Section 2. Let q be a nullary predicate symbol, not in
the coordinate vocabulary, with a priori bound rq > 0. A structure for the coordinate vocabulary
expanded by q is determined by a point z of [−R,R]N and a value t ∈ [−rq, rq] of q, and we write
(z, t) for the structure. For a theory B for the expanded vocabulary, let DB be the set of points
z such that (z, t) is a model of B for some t. The theory B implicitly defines q if t = t′ whenever
(z, t) and (z, t′) are models of B; in that case the implicitly defined function fB : DB → [−rq, rq]
assigns to each point z of DB the unique such value t. We equip DB with the supremum metric
d∞.
Definition 4.2. The coordinate vocabulary has the approximate Beth property if the following
holds for every nullary predicate symbol q as above and every theory B that implicitly defines q
such that the metric space (DB, d∞) is separable and the function fB is uniformly continuous on
that space: for every real number ϵ > 0 there is a sentence θ for the coordinate vocabulary such
that |t− θ(z)| ≤ ϵ for every model (z, t) of B.

The hypothesis of uniform continuity is necessary: if such sentences exist for every ϵ, then
fB is a uniform limit of the functions z 7→ θ(z), which are Lipschitz by Lemma 2.1, so fB is
uniformly continuous.

The passage from the approximate Beth property back to Theorem 4.1, and the proof of
that property from interpolation, use sentences that measure the distance to a graph. On
[−R,R]N × [−rq, rq] we use the metric ρ((z, t), (z′, u)) = max(d∞(z, z′), |t− u|).
Lemma 4.3. Let G be a nonempty separable subset of ([−R,R]N × [−rq, rq], ρ). Then there is a
sentence γG for the coordinate vocabulary expanded by q whose value at every structure (z, t) is
the distance ρ((z, t), G).

Proof. Choose a dense sequence ((yn, un))n<ω in G and a positive integer M0 ≥ max(R, rq), and
represent the constants yn,i and un by sentences with a priori bound at most M0, as in Section 1.
The sentence

γG =
∧
n<ω

( ∨
i<ω

|pi − yn,i| ∨ |q − un|
)

is permitted, since the inner formulas have the common a priori bound M0 + max(R, rq). The
value of γG at (z, t) is infn ρ((z, t), (yn, un)), which equals ρ((z, t), G) by density. □

Proposition 4.4. Let R be a positive real number. If the conclusion of Theorem 4.1 holds for R,
then the coordinate vocabulary for R has the approximate Beth property.

Proof. Let q and B be as in Definition 4.2, and let ϵ > 0 be given. If DB is empty, then B has
no model and every sentence will do. Otherwise, apply the conclusion of Theorem 4.1, which
holds for R by hypothesis, to the set DB and the coordinate functions z 7→ zi, which take values
in [−R,R], separate points and have coordinate metric d∞. The function fB is bounded by rq
and uniformly continuous, so there is a sentence θ with |fB(z) − θ(z)| ≤ ϵ for every z ∈ DB . For
every model (z, t) of B we have t = fB(z), which gives the conclusion. □

Proposition 4.5. Let R be a positive real number, and suppose that the coordinate vocabulary
for R has the approximate Beth property. Let X be a nonempty set, and let (ai)i<ω be functions
from X to [−R,R] that separate the points of X, with coordinate metric d such that (X, d) is
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separable. Then every function in BUC(X, d) is a uniform limit of functions x 7→ φx defined by
sentences φ for the coordinate vocabulary.

Proof. Let f ∈ BUC(X, d) and ϵ > 0 be given, and choose a positive integer rq > ∥f∥∞ as the a
priori bound of q. The map ι : X → [−R,R]N given by ι(x) = (ai(x))i<ω is an isometric embedding
of (X, d) into ([−R,R]N, d∞). The cube is complete for d∞, so the uniformly continuous function
f ◦ι−1 on ι(X) extends to a uniformly continuous function F on the closure K of ι(X), with values
in [− ∥f∥∞ , ∥f∥∞]. The graph G of F is closed and separable, and Lemma 4.3 gives the sentence
γG. Let B be the theory {γG ≤ 0}. The models of B are the structures (z, t) with (z, t) ∈ G, so
B implicitly defines q, with DB = K and fB = F . The space K is separable and F is uniformly
continuous, so the approximate Beth property gives a sentence θ with |F (z) − θ(z)| ≤ ϵ for every
z ∈ K. At z = ι(x) this inequality reads |f(x) − θx| ≤ ϵ. □

Together with Lemma 2.1, Proposition 4.5 yields Theorem 4.1. We now prove the approximate
Beth property without Theorem 4.1, from interpolation.

Theorem 4.6 (Approximate Beth definability). For every positive real number R, the
coordinate vocabulary has the approximate Beth property.

Proof. Let q and B be as in Definition 4.2, and let ϵ > 0 be given. If DB is empty, then B has
no model and every sentence will do. Otherwise, as in the proof of Proposition 4.5, the function
fB extends to a uniformly continuous function F on the closure K of DB, and the graph G of
F is nonempty and separable. Let q′ be a new nullary predicate symbol with a priori bound
rq, and let γ′

G be the sentence obtained from γG by replacing q with q′. Choose a real number
δ0 > 0 such that |F (y) − F (y′)| < ϵ/2 whenever y, y′ ∈ K and d∞(y, y′) < δ0, a positive integer
N ≥ 2rq/δ0, and a rational number λ with ϵ/2 ≤ λ ≤ 3ϵ/4. Consider the sentences

φ = q + (−N) · γG, ψ = q′ +N · γ′
G + λ · 1

for the compatible nullary vocabularies obtained by adding q and q′, respectively, to the coordinate
vocabulary.

We claim that φ ≤ ψ at every valuation, that is, at every point z of the cube and all
values t, t′ ∈ [−rq, rq] of q and q′. Let y, y′ ∈ K be given, and let α = ρ((z, t), (y, F (y))) and
α′ = ρ((z, t′), (y′, F (y′))), so that d∞(y, y′) ≤ α+ α′. If α+ α′ < δ0, then, since N ≥ 1,

t− t′ ≤ |t− F (y)| + |F (y) − F (y′)| + |F (y′) − t′| ≤ α+ α′ + ϵ/2 ≤ N(α+ α′) + λ.

If α+α′ ≥ δ0, then t−t′ ≤ 2rq ≤ Nδ0 ≤ N(α+α′). Hence t−Nα ≤ t′ +Nα′ +λ for all y, y′ ∈ K,
and taking the infimum of α over y and of α′ over y′ gives t−NγG(z, t) ≤ t′ +Nγ′

G(z, t′) + λ,
which is the claim.

Applied with ϵ/4, Theorem 3.1 gives a sentence θ for the coordinate vocabulary with φ− ϵ/4 ≤
θ ≤ ψ at every valuation. Let (z, t) be a model of B. Then z ∈ DB, t = F (z) and γG(z, t) = 0,
and evaluating at the valuation in which q′ also takes the value t gives

t− ϵ/4 ≤ θ(z) ≤ t+ λ ≤ t+ 3ϵ/4.
Hence |t− θ(z)| ≤ ϵ. □

The approximate Beth property now yields part (2) of Theorem A.

Proof of Theorem 4.1. By Lemma 2.1, every function in E(X) is Lipschitz, so every uniform
limit of functions in E(X) is bounded and uniformly continuous. Conversely, the coordinate
vocabulary for R has the approximate Beth property by Theorem 4.6, and Proposition 4.5 shows
that every function in BUC(X, d) is a uniform limit of functions in E(X). □
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An implicit definition by a uniformly continuous function, approximable by Theorem 4.6, need
not be explicit.
Example 4.7 (An implicit definition beyond Lipschitz functions). Let R = 1 and rq = 1,
let K be the set of points (x, 0, 0, . . . ) of the cube with x ∈ [−1, 1], and let F (x, 0, 0, . . . ) =

√
|x|.

The set K is separable, and the graph G of F is closed. The theory B = {γG ≤ 0} implicitly
defines q, with DB = K and fB = F , and F is uniformly continuous; so Theorem 4.6 applies.
No sentence θ for the coordinate vocabulary satisfies θ(z) = t for every model (z, t) of B: such a
sentence would satisfy θ(x, 0, 0, . . . ) =

√
|x|, which is not Lipschitz, contrary to Lemma 2.1.

Under a Lipschitz hypothesis, by contrast, Theorem 2.4 gives an exact definition by a single
sentence.
Corollary 4.8 (Lipschitz Beth definability). Let B be a theory for the coordinate vocabulary
expanded by q that implicitly defines q. If the metric space (DB, d∞) is separable and the function
fB is Lipschitz on that space, then there is a sentence φ for the coordinate vocabulary such that
every model of B satisfies q − φ = 0.

Proof. If DB is empty, the theory B has no model, and every sentence will do. Otherwise, apply
Theorem 2.4 to the set DB and the coordinate functions z 7→ zi. The resulting sentence takes
the value fB(z), and hence the value of q, in every model (z, t) of B. □

The conclusion belongs to the original real-valued syntax, with rational scalar connectives
and uniformly bounded a priori bounds at every countable join and infimum. Approximation
and definability are thus bound together for the coordinate vocabulary; for arbitrary countable
vocabularies, implicit definitions find in the next section a description of another kind.

5. Beyond the coordinate vocabulary, implicit definitions have Borel
descriptions

In this section we leave the coordinate vocabulary for arbitrary countable vocabularies, and the
question changes accordingly: implicit definability is no longer accompanied by the separability
and uniform continuity of Section 4, and the conclusion is a Borel description rather than an
approximation by sentences. Descriptive set theory takes the place of the compactness theorem:
by the Lusin–Souslin theorem, the rational cuts of an implicitly defined predicate have Borel
descriptions. We begin with the model existence theorem of Aubone, Dueñez and Iovino [ADI26].

Let V be a countable vocabulary, let C be a set of new constants containing countably many
constants of every sort, and let F ⊆ LVω1ω be a countable fragment. The fragment generated over
VC has a countable set SF

C of sentences. Formal types are points of the compact metrizable space∏
SF
C =

∏
φ∈SF

C

[−rφ, rφ],

and for a formal type m we write φm for the coordinate of m at φ. Henkin types are the formal
types that satisfy the recursive equations for the connectives and the witness equations

(sup
x
φ)m = sup

τ
φ(τ)m, (

∨
n

φn)m = sup
n
φm
n ,

where τ ranges over the closed terms of the required sort. The set of Henkin types is denoted by
HF
C , and for a theory B the set ⟨⟨B⟩⟩ consists of the formal types that satisfy every condition

of B.
Proposition 5.1 (Henkin model existence). Let V , C and F be as above. Every member
of HF

C is realized by a term structure whose elements in each sort are the closed terms of that
sort. The set HF

C is a Gδ subset of
∏
SF
C , and for every theory B on SF

C the set HF
C ∩ ⟨⟨B⟩⟩ is

Čech-complete and Polish.
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Proof. The first two assertions are the Henkin realization lemma and the topology theorem of
Aubone, Dueñez and Iovino [ADI26]. For realization, interpret the function symbols by term
formation and each predicate symbol on a tuple of closed terms by the prescribed atomic value.
Induction on formulas, with the Henkin witness equations at the two supremum steps, gives all
the prescribed values. No quotient is required, because the language has no equality symbol.

For the topological assertion, the Henkin equation for a countable supremum σ =
∨
n φn is the

conjunction of the closed inequalities φn ≤ σ and the requirement⋂
k≥1

⋃
n

{m : σm < φm
n + 1/k},

which is a Gδ condition. The equation for a supremum over a variable has the same form, indexed
by closed terms, and the other Henkin equations are closed. There are countably many equations,
so the set HF

C is Gδ. Each strict condition defines an open set, and there are only countably
many conditions on SF

C , so the set HF
C ∩ ⟨⟨B⟩⟩ is Gδ in the compact metrizable space

∏
SF
C , and

is therefore Čech-complete and Polish. □

To formulate uniqueness, let V ′ = V ∪ {Q}, where Q is a new predicate symbol with prescribed
sorts and finite a priori bound; the vocabulary V ′ has the same sorts and function symbols as
V . A V ′-theory B implicitly defines Q over V if any two models of B with the same V -reduct
have the same interpretation of Q, as a function on the shared sorts. A Borel cut description
is a well-founded expression formed from strict rational conditions on atomic VC-sentences by
countable unions, countable intersections and complements. The operations refer to sets of
models, and a Borel cut description is not asserted to be a formula of LVC

ω1ω. Fix a countable
fragment that contains the sentences of B. A named Henkin model of B is the term structure,
given by Proposition 5.1, of a Henkin type over V ′

C that satisfies B, and the reduct atomic type
of such a model is the family of the values of the atomic VC-sentences in the model.

Theorem 5.2 (Beth definability of rational cuts). Let V be a countable vocabulary, and
let B be a countable V ′-theory that implicitly defines Q over V . For every tuple τ̄ of closed
VC-terms of the required sorts and every rational number r, the condition Q(τ̄) > r has, on
the named Henkin models of B, a Borel cut description that uses only atomic VC-conditions.
The set of reduct atomic types of these models is Borel as well.

Proof. We use Henkin realization to prove that the reduct map is injective, and then apply
the Lusin–Souslin theorem. Form the Henkin space over V ′

C for the fixed fragment. Let P be
the Polish space of Henkin types that satisfy B, provided by Proposition 5.1. Let AV be the
countable set of atomic VC-sentences, and let Y =

∏
α∈AV

[−rα, rα]. The coordinate restriction
π : P −→ Y

is continuous.
Suppose that two members m and m′ of P have the same image under π. The term models

of m and m′ have the same closed-term universes and the same interpretations of the function
symbols. Agreement on the atomic VC-sentences gives the same reduct predicates, so the two
term models have the same V -reduct. Since B implicitly defines Q, the two term models interpret
Q in the same way. They therefore agree on every atomic V ′

C-sentence, and the recursive Henkin
equations give m = m′. Hence the map π is injective.

The Lusin–Souslin theorem states that the image of a Borel subset of a Polish space under an
injective continuous map into a Polish space is Borel [Kec95, Theorem 15.1]. Applied to P, the
theorem shows that the set π(P) is Borel in Y . Applied to the open subset

{m ∈ P : Q(τ̄)m > r}
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of P, the theorem shows that the image of this subset is Borel in Y . The topology of Y has a
countable subbasis of cylinders given by strict rational atomic inequalities, so every Borel subset
of Y has a description by countable Boolean operations on these cylinders. Pulling the resulting
description back along π proves the required equivalence on P. □

The descriptions of Theorem 5.2 concern every named closed-term instance of the predicate,
with the same constants used to code the reduct. No elimination of these naming constants,
and no definition by a single real-valued formula, is claimed. Henkin realizability supplies
actual models, the Lusin–Souslin theorem supplies Borel inversion, and neither step uses the
compactness theorem.

6. Theorem A has a topological-analytic proof

The logical proof of part (2) of Theorem A in Section 4 passes through interpolation and
the approximate Beth property. Once the theorem is known, analysis alone proves both parts:
part (1) follows from the Lipschitz envelope of McShane [McS34], taken over a dense sequence,
and part (2) from the density of the Lipschitz functions among the bounded uniformly continuous
functions [Geo67, GJ08]. The section uses only the admissible functions and their weights,
defined in the Introduction, and is independent of Sections 1 to 5.
Lemma 6.1. Let R be a positive real number, let X be a nonempty set, and let (ai)i<ω be
functions from X to [−R,R] that separate the points of X, with coordinate metric d. If f is
admissible with weight w, then |f(x)| ≤ w and |f(x) − f(y)| ≤ (w/R) d(x, y) for all x, y ∈ X.

Proof. By induction on the construction. The constant 1 has values bounded by 1 and Lipschitz
constant 0, and each ai has values bounded by R and satisfies |ai(x) − ai(y)| ≤ d(x, y). Rational
multiples, sums, maxima and minima transform the two bounds exactly as they transform weights.
For a countable supremum, the elementary inequality | supn un − supn vn| ≤ supn |un − vn| gives
both bounds with supnwn, which is finite by the admission rule, and countable infima are treated
in the same way. □

The weights make the admission rule correct. A bound on the values of the terms alone would
admit the supremum of the functions x 7→ max(−1,min(1, nx)), for positive integers n, on the
set X = [−1, 1] presented by a0(x) = x and ai = 0 for i ≥ 1; the supremum jumps from 0 to 1 at
the origin (compare Example 2.2). The function indexed by n is admissible with weight n, and
the weights have no common bound.

Theorem 6.2 (Part (1) of Theorem A). Let R be a positive real number, let X be a
nonempty set, and let (ai)i<ω be functions from X to [−R,R] that separate the points of X,
with coordinate metric d. If the metric space (X, d) is separable, then the admissible functions
are exactly the bounded Lipschitz functions on (X, d).

Proof. By Lemma 6.1, every admissible function is bounded and Lipschitz. Every real number c
in an interval [−M,M ], with M a positive integer, is the supremum of a sequence of rational
numbers tn ∈ [−M,M ], so the constant function c is admissible with weight at most M , as the
supremum of the functions tn · 1. For an admissible function g with weight w, the function
|g| = max(g,−g) is admissible with weight w.

Let f be bounded and Lipschitz, choose a positive integer M > ∥f∥∞, a positive rational
number L at least the Lipschitz constant of f , a positive integer M0 ≥ R, and a dense sequence
(xn)n<ω in (X, d). For each n, the function

d(·, xn) = sup
i<ω

|ai − ai(xn)|
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is admissible with weight at most R+M0, and the functions f(xn) + Ld(·, xn) are admissible
with the common bound M +L(R+M0) on their weights. Their infimum is therefore admissible,
and the infimum equals f : the Lipschitz inequality gives f(x) ≤ f(xn) + Ld(x, xn) for every n,
and for every ϵ > 0 an index n with d(x, xn) < ϵ gives f(xn) + Ld(x, xn) ≤ f(x) + 2Lϵ. □

Theorem 6.3 (Part (2) of Theorem A). Let R be a positive real number, let X be a
nonempty set, and let (ai)i<ω be functions from X to [−R,R] that separate the points of X,
with coordinate metric d. If the metric space (X, d) is separable, then the uniform closure of
the set of admissible functions is BUC(X, d).

Proof. By Lemma 6.1, every uniform limit of admissible functions is bounded and uniformly
continuous. For the reverse inclusion, let f ∈ BUC(X, d) be given, and choose a positive integer
M > ∥f∥∞. For each positive integer k, define

gk(x) = inf
y∈X

(
f(y) + kd(x, y)

)
.

The functions inside the infimum are k-Lipschitz in x, and the infimum satisfies −M ≤ gk ≤ f ≤
M . Hence the function gk is bounded and k-Lipschitz, and admissible by Theorem 6.2.

Let a positive number ϵ be given. Uniform continuity gives a number δ > 0 such that
|f(x) − f(y)| < ϵ whenever d(x, y) < δ. Choose k with kδ ≥ 2M . If d(x, y) < δ, then

f(y) + kd(x, y) ≥ f(x) − ϵ.

If d(x, y) ≥ δ, then
f(y) + kd(x, y) ≥ −M + kδ ≥ M > f(x).

Taking the infimum over y gives f − ϵ ≤ gk ≤ f on all of X, for every sufficiently large k. Thus
∥gk − f∥∞

k→∞−−−→ 0. □

Every separable metric space carries a presentation to which Theorem A applies.
Corollary 6.4 (Separable metric spaces). Let (X, ρ) be a nonempty separable metric space,
for instance a Polish space, let (xi)i<ω be a dense sequence in X, and let ai(x) = min(ρ(x, xi), 1)
for x ∈ X and i < ω. Then the functions ai take values in [−1, 1], separate the points of X, and
have coordinate metric min(ρ, 1). Consequently, with R = 1, the admissible functions are exactly
the bounded Lipschitz functions on (X, ρ), and the uniform closure of the set of these functions
is BUC(X, ρ).

Proof. Write d for the coordinate metric, and let x, y ∈ X be given. For every i, the numbers
ai(x) and ai(y) lie in [0, 1]. The two numbers differ by at most |ρ(x, xi) − ρ(y, xi)| ≤ ρ(x, y), so
d(x, y) ≤ min(ρ(x, y), 1). Conversely, let 0 < ϵ < 1 be given, and choose i with ρ(x, xi) < ϵ. Then
ai(x) < ϵ and ai(y) ≥ min(ρ(x, y) − ϵ, 1), so d(x, y) ≥ min(ρ(x, y), 1) − 2ϵ. Hence d = min(ρ, 1);
in particular the functions ai separate points, and (X, d) is separable. A bounded function f
with Lipschitz constant L for ρ has Lipschitz constant at most max(L, 2 ∥f∥∞) for min(ρ, 1), and
a function that is Lipschitz for min(ρ, 1) is Lipschitz for ρ; so the two metrics have the same
bounded Lipschitz functions. The two metrics agree on distances less than 1, so they have the
same bounded uniformly continuous functions. The conclusion now follows from Theorems 6.2
and 6.3. □

Example 6.5 (The rational numbers). Completeness plays no role in Theorem A: the map
x 7→ (ai(x))i<ω embeds (X, d) isometrically into the cube [−R,R]N with the supremum metric,
and the bounded Lipschitz and bounded uniformly continuous functions on X are the restrictions
of those on the completion of X, which is the closure of the image of X in the cube. For instance,
present Q as in Corollary 6.4, by an enumeration (qi)i<ω and ai(x) = min(|x − qi|, 1). The
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function x 7→ min(|x−
√

2|, 1), which measures the distance to a point missing from Q, is the
admissible function infi<ω(ci + ai), where ci = min(|qi −

√
2|, 1). The function that equals 1 to

the right of
√

2 and 0 to the left of
√

2 is continuous on Q but not uniformly continuous, and
therefore lies outside BUC(Q, d): the theorem concerns the uniformity of d, not the topology of
X.

On a compact space the countable operations are not needed, and the classical theorem already
gives the conclusion.
Remark 6.6. Suppose that the metric space (X, d) is compact, and let A0(X) be the set of
admissible functions built without countable suprema and infima. The set A0(X) is a vector
space over Q that contains the rational constants and is closed under maxima and minima,
and the members of A0(X) are continuous by Lemma 6.1. For distinct points x and y of X,
real numbers α and β, and ϵ > 0, choose i with ai(x) ̸= ai(y); rational numbers s and t with
|sai(x) + t − α| < ϵ and |sai(y) + t − β| < ϵ exist, and the function sai + t belongs to A0(X).
The lattice form of the Stone–Weierstrass theorem [Sto48], whose proof uses the two prescribed
values only up to ϵ, shows that A0(X) is uniformly dense in the space of continuous functions on
(X, d), which on a compact space is BUC(X, d).

On a particular space that is not compact the countable operations may still be superfluous, as
on the interval (0, 1) presented by the identity function, but in general they cannot be dispensed
with.
Example 6.7 (A discrete space). Let R = 1 and X = N, and let ai(n) be 1 if n = i and 0
otherwise. The coordinate metric is the discrete metric, with distance 1 between distinct points,
and the space (N, d) is separable. Every bounded function on N is Lipschitz for this metric and
is therefore admissible, by Theorem 6.2. An admissible function built without countable suprema
and infima, by contrast, uses only finitely many of the functions ai, and is therefore constant
outside a finite set. Such a function differs from n 7→ (−1)n by at least 1 at some point, and
the function n 7→ (−1)n is therefore not a uniform limit of admissible functions built by finitely
many operations.
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