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When two quantum systems are prepared independently and each is driven
to an idealized limit, the expectation of a bipartite observable may depend on
which system is idealized �rst. We call an observable stable when it does not.
We show that an observable is stable if and only if every idealized preparation
of one system can be simulated to arbitrary accuracy, uniformly over all probes,
by �nite mixtures of actual preparations, provided that the probing system is
idealized �rst, and that, on stable observables, two idealized preparations have
a unique, symmetric independent product. We also show that, under a uniform
form of stability, the number of preparations that n adaptive probes can tell
apart at a �xed margin is bounded by a polynomial in n, and that responses
can be learned with a bounded number of mistakes; otherwise, at some mar-
gin, protocols with n probes tell apart 2n preparations. Finally, we show that
the swap test, Hong�Ou�Mandel coincidences and discrete equality tests are
uniformly stable, with bounds independent of the dimension, while order com-
parisons of discrete spectra unbounded above are unstable. The proofs rest on
the classical fact that a single double limit condition appears, under di�erent
names, in topology (Grothendieck), functional analysis (Krivine�Maurey), al-
gebra (Arens), probability (Simons) and combinatorics (Pták), and in model
theory as Shelah's stability; the independent product corresponds to Harring-
ton's lemma. Model theory supplies a common language for these conditions;
we use it as a Rosetta stone, pairing each physical question with its mathemat-
ical formulation.
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1 Introduction: one property, many languages
Idealized limits, such as in�nite energy, vanishing bandwidth or the thermodynamic limit,
are routine, and when two are taken at once their order can matter, as in spontaneous
symmetry breaking. We study the order of idealization for two quantum systems prepared
independently and idealized separately, and determine when the expectation of a bipartite
observable is independent of which system is idealized �rst. This condition controls three
operational tasks: simulating idealized preparations by �nite mixtures, combining them
independently, and telling them apart and learning them with adaptive probes.

Let H1 and H2 be complex separable Hilbert spaces describing two quantum systems,
which we call Alice's and Bob's. We write D(Hi) for the set of density operators on Hi.
When the two systems are prepared independently in states ρ and σ, the joint system is
described by ρ⊗ σ, and a bounded observable C on H1 ⊗H2 has expectation

φC(ρ, σ) = Tr
(
(ρ⊗ σ)C

)
.

When the observable is a projection P , the number φP (ρ, σ) is the probability of the
outcome P . Only self-adjoint operators are measured, but we call every bounded C an
observable; this costs nothing, since φC∗ is the complex conjugate of φC .

Two orders of idealization. Asymptotic regimes are described by sequences of prepa-
rations (ρk) and (σl): states of increasing energy, outputs of circuits of increasing depth,
photons of increasingly narrow bandwidth. Such sequences need not converge to a density
operator: the energy eigenstates of an oscillator, for instance, have no normalizable limit.
Their limit points are idealized states, much as plane waves and position eigenstates are
idealized states in textbook quantum mechanics (see Section 2, where we make this pre-
cise). Idealizing both systems requires two limits, which can be taken in either order. We
call C stable if for all sequences (ρk) in D(H1) and (σl) in D(H2) we have

lim
l→∞

lim
k→∞

φC(ρk, σl) = lim
k→∞

lim
l→∞

φC(ρk, σl) (1)

whenever both iterated limits exist. The term comes from model theory and Banach
space theory, where the same condition is called stability [She71, KM81]; it is unrelated
to dynamical stability or to stability of matter. Let us notice that the simplest instability
is classical: let (ek) and (fl) be orthonormal sequences, for instance energy eigenstates of
two identical oscillators, and let P project onto the span of the vectors ek ⊗ fl with k < l.
The value φP (ek, fl), with ek short for |ek⟩⟨ek|, is 1 above the diagonal and 0 on and below
it, so the two iterated limits are 0 and 1: the event �Bob's system has the higher energy�
has no well-de�ned probability once both energies are idealized to in�nity.

Three operational questions. A preparation σ of Bob's system acts as a probe of
Alice's system: it assigns to each preparation ρ the response φC(ρ, σ). The order of
idealization matters because idealized preparations are used in three ways:

(i) Simulation. An idealized preparation is not available in the laboratory, but �nite
mixtures of actual preparations are. The question is whether a mixture can reproduce
the response of the idealized preparation to arbitrary accuracy, with a single mixture
serving for every probe, including idealized probes.
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(ii) Independent combination. Given idealized preparations of the two systems, the ques-
tion is whether there is a well-de�ned expectation for the joint system that extends
φC and is symmetric in the two systems.

(iii) Discrimination and learning. Bob learns about an unknown preparation of Alice's
system online, probe by probe: each probe is chosen according to the previous an-
swers and answers whether the response lies above or below a threshold. A protocol
with n probes has 2n possible answer sequences, so in principle n probes can tell
apart exponentially many preparations. The question is whether the number they
tell apart grows exponentially or only polynomially in n, and whether Bob can learn
the response of an unknown preparation online with a bounded number of mistakes.

In Theorems 6.1 and 8.2 we show that positive answers to (i) and (ii) are each equivalent
to stability. For (i), idealized preparations can be simulated by �nite mixtures, with the
probing system idealized �rst, exactly when the observable is stable. For (ii), the two
orders of idealization assign the same expectation to every pair of idealized preparations
exactly when the observable is stable, and the common value is then the unique, symmetric
independent combination. For (iii), in Theorem 9.9 we show that the growth is exponential
in general, and that a uniform form of stability is exactly what makes it polynomial.
In Theorem 9.6 we show that, for a self-adjoint observable, uniform stability, which we
de�ne in Section 9.2, is equivalent to the stability of the expectation on ultrapowers,
where it becomes ΦU

C(x, y) = limk,U φC(xk, yk) for families of experiments x = (xk) and
y = (yk) indexed by k. Fix a margin δ > 0, and count only answers whose response
lies at least δ/2 away from the threshold. In Theorem 9.9 and Proposition 9.13 we show
that if the observable C is uniformly stable, then protocols with n probes tell apart at
most

(n
0
)

+
(n

1
)

+ · · · +
(n

d

)
preparations, a polynomial in n whose degree d depends on

δ, and that the response of an unknown preparation can be learned online with at most
d mistakes, and that otherwise, at some margin, protocols with n probes tell apart 2n

preparations for every n, and no bound on the mistakes exists. Counted over in�nite sets,
polynomial growth is linear: in Rowbottom's original de�nition, a stable theory has at
most λ types over λ parameters, the least possible, whereas a priori there can be 2λ (see
Remark 9.10). In Section 9 we show that binary decision trees connect uniform stability
with these counts: uniform stability bounds their height at each margin by d, a counting
argument of Sauer�Shelah type turns this bound into the polynomial, and the failure of
uniform stability yields trees of every height, that is, protocols with n probes that realize
all 2n answers.

Experiments. In Section 4 we show that stability holds for several basic observables of
quantum optics and quantum information:

� Local and product measurements A⊗B and A⊗ I + I ⊗B, operator-norm limits of
�nite sums of such products (the minimal tensor product), all compact (for instance,
�nite-rank) observables, such as Bell-state projections, and all observables when one
of the systems is �nite-dimensional (see Theorem 4.1 and Corollary 4.2).

� The swap test, whose acceptance probability 1
2(1 + Tr ρσ) estimates the overlap of

two unknown states [BCWdW01], together with the projections onto the symmetric
and antisymmetric subspaces (see Section 4.3).

� Hong�Ou�Mandel coincidences [HOM87]: two photons with internal states ρ and σ
meeting at a balanced beam splitter give a coincidence with probability 1

2(1 − Tr ρσ)
(see Section 4.3).
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� Discrete equality tests, such as �equal photon numbers� or �equal energies� of two
particles con�ned in identical boxes (see Proposition 4.6).

We also show that, for in�nite-dimensional systems, the last three observables are not
norm limits of �nite sums of products (see Proposition 4.3), and that their stability has a
simple reason, which we establish in Proposition 4.4: the expectation is an inner product,
φC(ρ, σ) = ⟨u(ρ), v(σ)⟩ for bounded maps u and v into one Hilbert space (for the swap
test, the overlap Tr ρσ is the Hilbert�Schmidt inner product of the two density operators).
In Theorems 6.5 and 9.11 we show that this inner-product form also yields quantitative
bounds independent of the dimension. With Hilbert space replaced by a re�exive Banach
space, this form characterizes stability: an observable is stable exactly when its expectation
is the pairing of a re�exive Banach space with its dual (see Theorem A, the operator form
of a theorem of Iovino [Iov99b]).

By contrast, in Proposition 4.6 we show that comparisons such as �Bob's system has
more photons� or, as above, �Bob's oscillator has the higher energy� are unstable whenever
both quantities have discrete spectra unbounded above. This instability has nothing to do
with noncommutativity: the order projection is diagonal in a product basis.

Summary of main results.

(1) Simulation by �nite mixtures. An observable is stable exactly when every idealized
preparation of Alice's system is reproduced to arbitrary accuracy, uniformly over
all probes, by �nite mixtures of actual preparations, with the probing system
idealized �rst; with Alice's system idealized �rst, simulation can succeed even
for unstable observables (see Theorem 6.1 and Example 6.2). For the swap test,
Hong�Ou�Mandel coincidences and equality tests, equal-weight mixtures of ⌈4/ε2⌉
preparations su�ce, in every dimension (see Theorem 6.5).

(2) Randomization. An observable is stable exactly when averages over random prepa-
rations of the two systems can be taken in either order (a Fubini theorem; see
Theorem 7.1), including random choices among idealized preparations, which are
described by �nitely additive measures; ordinary (countably additive) randomiza-
tion of either preparation never detects instability (see Proposition 7.2).

(3) Independent combination. An observable is stable exactly when the two orders
of idealization assign the same expectation to every pair of idealized preparations;
the common value is then the unique independent product, which is a state, ex-
tends the product of density operators and is symmetric in the two systems (see
Theorem 8.2).

(4) Discrimination and learning. A self-adjoint observable is uniformly stable, that
is, its ladders have bounded length at every margin, exactly when its decision
trees have bounded height at every margin, and this is equivalent to three other
conditions: at every margin, the number of preparations resolved by n probes
grows only polynomially in n; at every margin, online learning of the response has a
�nite mistake bound, uniform in the threshold; and the expectation remains stable
when preparations and probes are replaced by families of experiments indexed by
k, with the expectation taken as a limit over k along an ultra�lter. Otherwise,
at some margin, the observable encodes decision trees of every height, so that
n adaptive probes resolve 2n preparations. Uniform stability is strictly stronger
than stability, as a comparison of levels in spin multiplets shows (see Theorem 9.6
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and Example 9.8). For the swap test and Hong�Ou�Mandel coincidences, trees
at margin δ have height at most 4/δ2, and for equality tests at most 16/δ2, by
Noviko�'s perceptron bound (see Section 9).

(5) Algebraic and topological closure. Stable observables are closed under linear com-
binations, adjoints and norm limits, and include all norm limits of sums of products
and all inner-product observables. Stable yes/no tests are closed under negation
and under combining mutually exclusive tests. The closure stops at the quantum-
logical �and� (the projection onto the intersection of two ranges) and at strong
limits (see Section 10).

One property, many languages. The double limit condition (1) has been found in-
dependently in several parts of mathematics: as Grothendieck's criterion for weak com-
pactness [Gro52], as Pták's combinatorial lemma on convex means [Ptá63], as a Fubini
property for �nitely additive measures [Ptá63, Sim68], as Arens regularity of bilinear
forms [Are51, Pym65, Ü87], as Krivine and Maurey's stability of Banach spaces [KM81], as
Shelah's stability [She71], as Harrington's lemma on the symmetry of independence [HH84],
and, through Shelah's trees, as �nite Littlestone dimension in learning theory [Lit88, CF19].
Iovino observed that Shelah's order property is the two-valued case of the analytic condi-
tion and developed the real-valued theory [Iov94, Iov99a, Iov99b], building on Krivine and
Maurey.

Model theory as a common language. Model theory provides a common language for
these conditions. In continuous model theory [BYBHU08, BYU10], where the expectation
φC(ρ, σ) is a formula, each of the notions above has a standard counterpart, which we
describe in Section 8 and in the historical remarks at the end of the sections. Idealized
preparations correspond to types over a model, realized in an ultrapower of the model, and
e�ective observables to types realized in the model itself. Weak compactness of idealized
responses corresponds to de�nability of types, the two orders of idealization to the two
orders of realizing coheirs, means on state spaces to Keisler measures, the agreement of the
two orders to Harrington's lemma, ladders and decision trees to Shelah's order property
and binary trees, and families of experiments to ultraproducts. Stability of a formula is
the property that the double limit condition expresses in each case. This is the sense in
which model theory serves as a Rosetta stone: in Table 1, each row states one dichotomy
as a physical question, next to its mathematical language, its model-theoretic reading and
the section where it is proved, and the model-theoretic column is the one through which
any row can be translated into any other. Theorems A and B below state the equivalences
precisely.

Theorem A (stability in seven languages). For every bounded observable C on H1 ⊗H2,
the following are equivalent:

(A1) Analysis: order of idealization (Krivine�Maurey, Shelah). The observable C is
stable: the two iterated limits (1) agree. De�nition 3.1

(A2) Topology: idealized responses (Grothendieck). The e�ective observables Tr1((ρ⊗
I)C), for ρ ∈ D(H1), form a relatively weakly compact set; equivalently, the
expectation extends to a separately continuous function of two idealized states.
Theorem 5.1
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The Dichotomy
Physical question
language; model theory
(section)

Tame side: stable Wild side: unstable

Experiments
(§4)

swap test, Hong–Ou–Mandel
coincidences, equality tests,
product and compact observables

energy comparison [A < B] with
unbounded spectra, order
projection Pk<l

Dichotomy I: stability (see Theorem A)
Order of idealization
analysis; order property
(§3)

the two iterated limits commute infinite ladders: the iterated limits
are 1 and 0

Idealized responses
topology; definable types
(§5.1)

effective observables relatively
weakly compact; separately
continuous extension

an idealized response that is not
an observable

Factorization
geometry; reflexive pairing
(§5.2)

expectation is the pairing of a
reflexive space E with E∗

no factorization through a
reflexive space

Idealized states
algebra; coheirs in two
orders (§5.3)

Arens regular:
ω1 ⊗A ω2 = ω1 ⊗B ω2

the two orders of idealization
disagree

Simulation
convexity; definitions by
averages (§6)

idealized preparations simulated
by finite mixtures, with the
probing system idealized first

simulation error up to 1 for the
order projection

Randomization
probability; Keisler
measures (§7)

Fubini for all finitely additive
means

Fubini fails for some means, never
for countably additive ones

Independent
combination
independence;
Harrington’s lemma (§8)

a unique, symmetric independent
product ω1 ⊗ ω2

the two orders of realization
disagree

Dichotomy II: uniform stability (see Theorem B)
Uniform order of
idealization
analysis; order property at
a margin (§9.1)

ladders of bounded length at
every margin

ladders of every length at some
margin

Decision trees
combinatorics; Shelah’s
trees (§9.1)

trees of bounded height at every
margin

trees of every height at some
margin

Families of
experiments
ultraproducts; stability in
all models (§9.2)

expectation on ultrapowers is
stable

infinite decision trees in
ultrapowers

Discrimination
growth; Rowbottom’s
λ-stability (§9.3)

at margin δ, n probes resolve
O(nd) preparations, d = dC(δ)

at some margin, n probes resolve
2n preparations

Learning
learnability; Littlestone’s
mistake bound (§9.5)

finite mistake bound in the
threshold game; at most 4/δ2 for
the swap test (perceptron)

no finite mistake bound at some
margin

Table 1: Model theory as a Rosetta stone. Each row states the dichotomy as a physical question,
with its mathematical language, its model-theoretic reading and the section where it is proved; the
rows follow the order of the sections. For a bounded observable, either all the tame properties of
Dichotomy I hold or all fail (see Theorem A), and likewise for Dichotomy II for self-adjoint observables
(see Theorem B). The tame side of Dichotomy II is strictly smaller than that of Dichotomy I (see
Example 9.8). The entries in the column on the wild side give the failure in its sharpest example, not
in general.
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(A3) Geometry: factorization (Iovino; Davis�Figiel�Johnson�Peªczy«ski). The expec-
tation is the pairing of a re�exive Banach space with its dual. Theorem 5.1

(A4) Algebra: idealized states (Arens). The two orders of idealization agree on all
idealized states. Theorem 5.1

(A5) Convexity: simulation (Mazur). Every idealized preparation of Alice's system is
simulated to arbitrary accuracy, uniformly over all probes, by �nite mixtures of
actual preparations, with the probing system idealized �rst. Theorem 6.1

(A6) Probability: randomization (Simons, Pták). Iterated integrals of the expecta-
tion against any two �nitely additive probability measures on the state spaces
commute. Theorem 7.1

(A7) Independence: independent combination (Harrington). For every pair of idealized
preparations, the two orders of realizing the pair assign the same value to C,
which is then the unique, symmetric independent product. Theorem 8.2

Several of the equivalences in Theorem A are close at the level of proofs; for instance,
(A4) and (A7) express the same identity, through Arens products and through Harrington's
lemma (see Section 8.3). Their interest lies in their di�erent meanings.

Theorem B (uniform stability in �ve languages). For every bounded self-adjoint ob-
servable C on H1 ⊗H2, the following are equivalent:

(B1) Analysis: uniform order of idealization. The observable C is uniformly stable: at
every margin, its ladders, �nite staircases like that of the order projection, have
bounded length. De�nition 9.5

(B2) Combinatorics: decision trees (Shelah). At every margin, the binary decision
trees encoded by C have bounded height. Theorem 9.6

(B3) Ultraproducts: families of experiments. The expectation of C on ultrapowers,
that is, on families of experiments, is stable. Theorem 9.6

(B4) Growth: discrimination (Sauer�Shelah). For every margin δ > 0, the number of
preparations that n adaptive probes can tell apart at margin δ is bounded by a
polynomial in n, instead of being 2n. Theorem 9.9

(B5) Learnability: learning (Littlestone). For every margin, the response of an un-
known preparation can be learned, in the threshold game of Section 9.5, with a
bounded number of mistakes. Proposition 9.13

Uniform stability implies stability, but not conversely (see Theorem 9.6 and Exam-
ple 9.8). If φC(ρ, σ) = ⟨u(ρ), v(σ)⟩ with ∥u∥, ∥v∥ ≤ 1 in a Hilbert space, then both the
degree of the polynomial in (B4) and the mistake bound in (B5) are at most 16/δ2, in
every dimension (see Theorem 9.11).

Polynomial approximation is affine. In the study of deep computations [ADIW24,
DIMW+26], tame behavior corresponds, roughly, to approximation by polynomials in
�nitely many realized values, and wild behavior to exponential growth. For bipartite
observables the approximating polynomials can be taken of degree one, and the reason is
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convexity: since expectations are linear in the state, an a�ne combination
∑

j tjφC(ρj , σ) =
φC(

∑
j tjρj , σ) of actual responses is itself the response of a physical mixture, so the ac-

tual responses form a convex set. For a stable observable, idealized responses lie in the
weak closure of this set, and Mazur's theorem turns weak approximation by a convex set
into uniform approximation by its elements. Thus idealized responses are uniform lim-
its of a�ne combinations of actual responses (see Theorem 6.1 and Remark 6.4). (The
polynomial bounding the growth in (B4) has degree dC(δ), which need not be one: for
the comparison GTn of Section 11, it is at least n − 1 at margin 1.) In Theorems 9.11
and 6.5 we show that, for the swap test, Hong�Ou�Mandel coincidences and equality tests,
two further bounds come from linear arguments: Noviko�'s perceptron bound limits the
heights of decision trees, and Maurey's sampling argument limits the size of the mixtures,
both independently of dimension.

Classical results and new results. For bounded functions on products of sets, the
equivalences behind Theorem A are classical, as are the passage from ladders to trees,
the characterization of uniform stability through ultraproducts, the Sauer�Shelah bound
for trees, Littlestone's mistake bound, Noviko�'s perceptron bound and Maurey's sampling
argument; we cite them in the historical remarks at the end of the sections. What the paper
adds is their formulation for bipartite observables through the two orders of idealization,
the physical meaning of each, and the following results, which we have not found in the
literature in this form: the criterion that pure probes su�ce (see Proposition 5.2); the
fact that countably additive randomization never detects instability (see Proposition 7.2);
the form of simulation by mixtures and its failure in the other order (see Theorem 6.1
and Example 6.2); the Monte Carlo bound (see Theorem 6.5); the independent product
of idealized preparations (see Theorem 8.2); the strict gap between stability and uniform
stability for observables (see Example 9.8); the dimension-free tree bound for Hilbert-
factorable observables (see Theorem 9.11); and the failure of meets (see Proposition 10.3).
Several of these are short consequences of the classical results, and we present them as
such.

Organization of the paper. Each section is titled after the area it draws on. In Sec-
tion 2 (physics) we make idealized preparations precise and introduce the two orders of
idealization, and in Section 3 (analysis) we develop the double limit property. In Section 4
we treat the experiments listed above. In Sections 5�8 we prove Theorem A: in Section 5
the entries on topology, geometry and algebra (idealized responses, factorization and ide-
alized states), in Section 6 the entry on convexity (simulation), in Section 7 the entry
on probability (randomization), and in Section 8 the entry on independence (independent
combination). In Section 9 (combinatorics) we prove Theorem B. With both dichotomies
established, in Section 10 (order) we determine the closure properties of the class of stable
observables and locate their boundary. Sections 11 and 12 contain an outlook and open
questions.

2 Physics: two orders of idealization
The goal of this section is to give a precise meaning to an idealized preparation and to
show that two idealized preparations can be combined in two di�erent orders. Everything
else in the paper compares these two orders.
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2.1 Actual states and effective observables
We follow the mathematicians' convention that the inner product ⟨ψ, χ⟩ is linear in ψ, and
write matrix elements in Dirac notation. The space T(H) of trace-class operators on H,
with the trace norm ∥τ∥1 = Tr |τ |, has dual B(H), each operator A ∈ B(H) acting by
τ 7→ Tr(τA). For a unit vector ψ, the pure state |ψ⟩⟨ψ| is often written simply ψ.

Definition 2.1 (Bilinear form and slice maps). Let C ∈ B(H1 ⊗H2) be given.

(1) The bilinear form of C is the map mC(τ, τ ′) = Tr
(
(τ ⊗ τ ′)C

)
on T(H1) × T(H2).

(2) The slice maps of C are the operators TC : T(H1) → B(H2) and SC : T(H2) → B(H1)
determined by

Tr
(
τ ′ TC(τ)

)
= mC(τ, τ ′) = Tr

(
τ SC(τ ′)

)
.

The restriction of mC to D(H1) × D(H2) is the expectation φC , and both slice maps
have norm at most ∥C∥. In physical terms, the operator TC(ρ) = Tr1

(
(ρ⊗I)C

)
is a partial

trace: once Alice has prepared ρ, the observable C acts on Bob's system as the e�ective
observable TC(ρ). In orthonormal bases (ei) of H1 and (fk) of H2, and for a unit vector
ψ =

∑
i ψiei, we have

⟨fk|TC(ψ)|fl⟩ = ⟨ψ ⊗ fk|C|ψ ⊗ fl⟩ =
∑
i,j

ψi ψj ⟨ei ⊗ fk|C|ej ⊗ fl⟩.

For a product C = A⊗B, we have TC(ρ) = Tr(ρA)B: every preparation of Alice's system
leaves a multiple of B on Bob's side, and the slice map TC has rank one.

2.2 Idealized states
A state of B(H) is a positive linear functional ω with ω(I) = 1. The state space
S(B(H)) ⊆ B(H)∗ carries the weak∗ topology, in which it is compact. Density opera-
tors give the normal, or actual, states A 7→ Tr(ρA); we call the remaining states idealized.
For instance, if (ek) is an orthonormal sequence (number states of an oscillator, say) and
U is a nonprincipal ultra�lter on N, then the state

ω(A) = lim
k,U

⟨Aek, ek⟩

vanishes on every compact operator. It assigns probability zero to every �nite set of levels
and describes an oscillator excited to in�nite energy. More generally, for a sequence (ρk)
in D(H), the ultralimit state limk,U ρk is the state A 7→ limk,U Tr(ρkA).

Lemma 2.2. The normal states are weak∗ dense in S(B(H)). Every ω ∈ B(H)∗ is a
combination ω = c1ω1 − c2ω2 + ic3ω3 − ic4ω4 of four states ωj with 0 ≤ cj ≤ ∥ω∥.

Proof. For the first statement, suppose that a state ω is not in the weak∗ closure of the
convex set D(H). By the Hahn–Banach theorem, there is a self-adjoint A ∈ B(H) with
ω(A) > supρ∈D(H) Tr(ρA) = sup specA, which is impossible for a state. The second state-
ment is the Jordan decomposition of the hermitian parts of ω (see [KR83, Section 4.3]).
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2.3 The two orders of idealization
Suppose that Alice's preparation is idealized to a state ω1 of B(H1) and Bob's to a state
ω2 of B(H2). There are two natural ways of assigning an expectation to C.

Alice idealized �rst. Each actual state σ of Bob's system leaves on Alice's side the
e�ective observable SC(σ), to which Alice's idealized preparation assigns the expectation
ω1(SCσ). This is a bounded linear functional of σ ∈ T(H2), so there is a unique operator
Zω1 = S∗

C(ω1) ∈ B(H2) with

Tr(σZω1) = ω1(SCσ) for all σ ∈ T(H2).

The operator Zω1 is the e�ective observable that Alice's idealized preparation leaves on
Bob's side. Bob then evaluates his state on it.

Bob idealized �rst. Symmetrically, Bob's idealized preparation leaves on Alice's side the
operator Wω2 = T ∗

C(ω2) in B(H1), which satis�es Tr(ρWω2) = ω2(TCρ) for all ρ ∈ T(H1),
and Alice evaluates her state on it.

Definition 2.3 (The two products). For states ω1 of B(H1) and ω2 of B(H2), and for
C ∈ B(H1 ⊗H2), we define

(ω1 ⊗A ω2)(C) = ω2
(
Zω1

)
, (ω1 ⊗B ω2)(C) = ω1

(
Wω2

)
.

The subscript names the system that is idealized first.

The next lemma explains the names: each product is an iterated limit, taken in one of
the two orders.

Lemma 2.4. Let (ρi) and (σj) be nets of normal states with weak∗ limits ω1 and ω2, and
let C ∈ B(H1 ⊗H2) be given. Then we have

(ω1 ⊗A ω2)(C) = lim
j

lim
i
φC(ρi, σj), (ω1 ⊗B ω2)(C) = lim

i
lim

j
φC(ρi, σj).

Moreover, with T ∗∗
C : B(H1)∗ → B(H2)∗∗ the bitranspose of TC , we have

(ω1 ⊗B ω2)(C) = ⟨T ∗∗
C (ω1), ω2⟩, (ω1 ⊗A ω2)(C) = ⟨S∗∗

C (ω2), ω1⟩.

In particular, the map ω2 7→ (ω1 ⊗A ω2)(C) is weak∗ continuous for every C, being evalu-
ation at the operator Zω1 ∈ B(H2).

Proof. For a normal state σ, we have

Tr(σZω1) = ω1(SCσ) = lim
i

Tr(ρiSCσ) = lim
i
φC(ρi, σ),

and then ω2(Zω1) = limj Tr(σjZω1). The formula for ⊗B is symmetric. Finally, we have
⟨T ∗∗

C ω1, ω2⟩ = ω1(T ∗
Cω2) = ω1(Wω2), and symmetrically for S∗∗

C .

The two products are the two Arens extensions of the bilinear form mC to the bidu-
als [Are51], and Arens regularity of mC is the statement that they agree. In Corollary 2.5
below, we show that when one of the two states is actual, they always agree.

Corollary 2.5 (Instability requires two idealized factors). If ω1 or ω2 is normal,
then (ω1 ⊗A ω2)(C) = (ω1 ⊗B ω2)(C) for every C ∈ B(H1 ⊗H2).

Proof. If ω1 is given by a density operator ρ, then we have Zω1 = TC(ρ) and (ω1 ⊗B
ω2)(C) = Tr(ρ T ∗

Cω2) = ω2(TCρ), so both products equal ω2(TCρ). If ω2 is given by a
density operator σ, then we have T ∗

C(σ) = SC(σ), and both products equal ω1(SCσ).
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3 Analysis: stability is the double limit property
The goal of this section is to develop the double limit property for arbitrary bounded
functions on products: its ultra�lter form, the ladders that witness its failure, and its
preservation under the operations used later.

Definition 3.1 (Double limit property). Let X and Y be sets. A bounded function
f : X × Y → C is stable if for all sequences (xk) in X and (yl) in Y , we have

lim
l→∞

lim
k→∞

f(xk, yl) = lim
k→∞

lim
l→∞

f(xk, yl)

whenever both iterated limits exist. An observable C ∈ B(H1 ⊗H2) is stable if its expec-
tation φC(ρ, σ) = Tr

(
(ρ⊗ σ)C

)
is stable on D(H1) × D(H2).

Two elementary facts are used throughout. First, every bounded array, and every �nite
family of bounded arrays, has subsequences of rows and columns along which both iterated
limits exist: pass to a subsequence of columns along which every row converges (a diagonal
argument), then to a subsequence of rows along which every remaining column converges,
and then to further subsequences along which the two outer limits exist. Second, passing
to subsequences does not change iterated limits that already exist.

The basic tool is the following extraction lemma, which turns a gap between two iterated
ultra�lter limits into a ladder : an array that is close to one limit on and above the diagonal
and close to the other below it.

Lemma 3.2 (Ladder extraction). Let (akl)k,l∈N be a bounded complex array, let U and
V be nonprincipal ultrafilters on N, and let

L1 = lim
k,U

lim
l,V

akl, L2 = lim
l,V

lim
k,U

akl

be the two iterated limits. For every ε > 0 there are indices k1 < k2 < · · · and l1 < l2 < · · ·
such that |akilm − L1| ≤ ε for i ≤ m and |akilm − L2| ≤ ε for i > m.

Proof. The indices are chosen alternately, each in a set that belongs to the relevant ul-
trafilter. Put αk = liml,V akl and βl = limk,U akl. Given k1, l1, . . . , km−1, lm−1, choose
km > km−1 in the set

{k : |αk − L1| ≤ ε/2 and |akli − βli | ≤ ε/2 for all i < m},

which belongs to U, and then lm > lm−1 in the set

{l : |βl − L2| ≤ ε/2 and |akil − αki
| ≤ ε/2 for all i ≤ m},

which belongs to V. For i ≤ m, we have |akilm − L1| ≤ |akilm − αki
| + |αki

− L1| ≤ ε, and
for i > m, we have |akilm − L2| ≤ |akilm − βlm | + |βlm − L2| ≤ ε.

Corollary 3.3. Let X and Y be sets, and let f : X×Y → C be a bounded function. Then
the function f is stable if and only if, for all sequences (xk) in X and (yl) in Y and all
nonprincipal ultrafilters U and V on N, we have

lim
k,U

lim
l,V

f(xk, yl) = lim
l,V

lim
k,U

f(xk, yl).
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Proof. If ordinary iterated limits exist, they equal the ultrafilter ones; this gives one di-
rection. For the other, suppose that the ultrafilter iterated limits are L1 ̸= L2. Apply
Lemma 3.2 to akl = f(xk, yl) with 2ε < |L1 − L2|, and pass to further subsequences (kip)
and (lmq ) along which both ordinary iterated limits exist. For fixed p, we have ip ≤ mq for
all large q, so the limit over q is within ε of L1, and hence so is the iterated limit limp limq.
Symmetrically, the iterated limit limq limp is within ε of L2. The two iterated limits differ,
so the function f is unstable.

The argument after the application of Lemma 3.2 uses only the ladder inequalities. The
same argument therefore shows the following: if, for a bounded function f on X × Y and
complex numbers L1 and L2, sequences (xk) in X and (yl) in Y and indices k1 < k2 < · · ·
and l1 < l2 < · · · give values akilm = f(xki

, ylm) with |akilm − L1| ≤ ε for i ≤ m and
|akilm −L2| ≤ ε for i > m, for some ε with 2ε < |L1 −L2|, then the function f is unstable.

Lemma 3.4 (Preservation of stability). Let X and Y be sets.

(a) (Sums with one-variable coefficients.) Suppose that f1, . . . , fr are stable on X × Y
and c1, . . . , cr : X → C and d1, . . . , dr : Y → C are bounded. Then the function∑

j cj(x)dj(y)fj(x, y) is stable. In particular, linear combinations of stable functions
and separated sums

∑
j cj(x)dj(y) are stable.

(b) (Uniform limits.) If f and f ′ are bounded functions on X × Y , the function f ′ is
stable and supX×Y |f − f ′| ≤ ε, then any two iterated limits of f differ by at most
2ε. In particular, uniform limits of stable functions are stable.

(c) (Composition.) If f is stable on X × Y and g : X ′ → X and h : Y ′ → Y are maps,
then the function (x′, y′) 7→ f(g(x′), h(y′)) is stable on X ′ × Y ′.

(d) (Reduction to states.) For C ∈ B(H1 ⊗H2), the expectation φC is stable on D(H1)×
D(H2) if and only if the bilinear form mC is stable on the product of the unit balls
of T(H1) and T(H2).

Proof. (a) Put F =
∑

j cjdjfj , and let (xk) and (yl) be sequences along which both iterated
limits of F exist. Pass to subsequences along which every cj(xk) and every dj(yl) converges,
say to c∗

j and d∗
j , and both iterated limits of every fj exist. By stability, the two iterated

limits of fj agree, say with Λj , and both iterated limits of F along the subsequences equal∑
j c

∗
jd

∗
jΛj .

(b) Let L1 and L2 be iterated limits of f . Pass to subsequences along which both
iterated limits of f ′ exist. They are equal, say to Λ, and we have |L1 − Λ| ≤ ε and
|L2 − Λ| ≤ ε.

(c) Sequences in X ′ and Y ′ are mapped to sequences in X and Y .
(d) One direction is trivial. For the other, decompose each τ in the unit ball of T(H) as

τ = c1ρ1 −c2ρ2 + ic3ρ3 − ic4ρ4, using the positive and negative parts of the hermitian parts
of τ , with ρj ∈ D(H) and 0 ≤ cj ≤ 1 (choosing a fixed state when a part vanishes). These
choices define maps τ 7→ ρj(τ) and bounded coefficients τ 7→ cj(τ). The value mC(τ, τ ′)
is then a sum of sixteen terms of the form ±cj(τ)c′

j′(τ ′)φC(ρj(τ), ρ′
j′(τ ′)), with factors ±1

or ±i, so parts (a) and (c) apply.

3.1 Historical remarks
The double limit condition for a function on a product goes back to Grothendieck [Gro52],
as a criterion for weak compactness in spaces of continuous functions. Independently,
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Shelah introduced the order property of a formula and de�ned stable theories as those in
which no formula has it [She71]; a ladder is a �nite witness of the order property. Krivine
and Maurey introduced stable Banach spaces, those whose norm satis�es the double limit
condition along bounded sequences [KM81]. Iovino recognized that Shelah's order property
is the two-valued case of the same condition, developed stability for real-valued structures
on the basis of Krivine�Maurey [Iov94, Iov99a], and proved that stable functions are exactly
the restrictions of the pairing of a re�exive Banach space with its dual [Iov99b]. Ben Yaacov
and Usvyatsov developed local stability in continuous model theory [BYBHU08, BYU10],
and Ben Yaacov derived de�nability of types directly from Grothendieck's criterion [BY14].
Lemma 3.2 follows an argument in [Iov99b] (see also [Iov, Chapter 1]).

4 Experiments: the swap test, interference and equality tests are stable
The goal of this section is to decide stability for the observables listed in the introduction.
We show that in these examples, stability comes from one of two sources, approximation
by �nite sums of products or factorization through a Hilbert space (see Theorem 4.1 and
Proposition 4.4), and instability from an encoding of the order of N (see Theorem 4.7).

4.1 The minimal tensor product
We write B(H1) ⊙ B(H2) for the space of �nite sums of products A ⊗ B. Its norm
closure is the minimal C∗-tensor product B(H1)⊗minB(H2), which consists of the bipartite
observables that are uniform limits of �nite combinations of local ones.

Theorem 4.1. Every C ∈ B(H1) ⊗min B(H2) is stable. More generally, for every C ∈
B(H1 ⊗H2), any two iterated limits of φC differ by at most 2 dist

(
C,B(H1) ⊙B(H2)

)
.

Proof. For C ′ =
∑

j Aj ⊗Bj , we have φC′(ρ, σ) =
∑

j Tr(ρAj) Tr(σBj), which is stable by
Lemma 3.4(a), and |φC − φC′ | ≤ ∥C − C ′∥. Apply Lemma 3.4(b).

Corollary 4.2.

(a) Every compact operator on H1 ⊗H2, in particular every finite-rank projection such
as a Bell-state projection, is stable.

(b) If H1 or H2 is finite-dimensional, then every C ∈ B(H1 ⊗H2) is stable.

Proof. (a) The rank-one operators |ψ⊗χ⟩⟨ψ′⊗χ′| = |ψ⟩⟨ψ′|⊗|χ⟩⟨χ′| span a dense subspace
of the compact operators. (b) If H1 has dimension n, then C =

∑
i,j≤n |ei⟩⟨ej | ⊗ Cij for

suitable Cij ∈ B(H2), so the operator C lies in B(H1) ⊙B(H2).

Membership in the minimal tensor product is detected by the slice map.

Proposition 4.3. If C ∈ B(H1) ⊗min B(H2), then the slice map TC is compact.

Proof. The slice map TA⊗B = Tr( ·A)B has rank one, and ∥TC − TC′∥ ≤ ∥C − C ′∥; norm
limits of finite-rank operators are compact.
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4.2 Factorization through a Hilbert space
In Section 4.3 and Proposition 4.6 we show that several physically basic observables lie
outside the minimal tensor product and are nevertheless stable, because their expectation
is an inner product.

Proposition 4.4. Let X and Y be sets, let H be a Hilbert space, and let u : X → H

and v : Y → H be bounded maps. Then the function f(x, y) = ⟨u(x), v(y)⟩ is stable. In
particular, if φC(ρ, σ) = ⟨u(ρ), v(σ)⟩ for bounded maps u : D(H1) → H and v : D(H2) →
H, then the observable C is stable.

Proof. Bounded sets in a Hilbert space are relatively weakly sequentially compact. Given
sequences (xk) and (yl) along which both iterated limits exist, pass to subsequences with
u(xki

) ⇀ ξ and v(ylj ) ⇀ ξ′. For each i, we have limj⟨u(xki
), v(ylj )⟩ = ⟨u(xki

), ξ′⟩, which
tends to ⟨ξ, ξ′⟩; the other iterated limit is also ⟨ξ, ξ′⟩.

4.3 The swap operator, symmetrization, and Hong–Ou–Mandel interference
LetK be a Hilbert space. The swap F ∈ B(K⊗K) is the unitary operator with F (ψ⊗χ) =
χ⊗ ψ. Since F = F ∗ and F 2 = I, the operators

P+ = 1
2(I + F ), P− = 1

2(I − F )

are the projections onto the symmetric and the antisymmetric subspaces of K ⊗K.

Lemma 4.5 (Swap trick). For all τ1, τ2 ∈ T(K), we have Tr
(
(τ1 ⊗ τ2)F

)
= Tr(τ1τ2).

Proof. For τ1 = |ψ⟩⟨ψ′| and τ2 = |χ⟩⟨χ′|, one computes (τ1 ⊗ τ2)F = |ψ ⊗ χ⟩⟨χ′ ⊗ ψ′|,
whose trace is ⟨ψ, χ′⟩⟨χ, ψ′⟩ = Tr(τ1τ2). Extend by bilinearity and continuity.

By Lemma 4.5, the expectation of the swap is φF (ρ, σ) = Tr(ρσ), the inner product of
ρ and σ in the Hilbert space S2(K) of Hilbert�Schmidt operators, and therefore

φP±(ρ, σ) = 1
2
(
1 ± Tr(ρσ)

)
.

By Proposition 4.4, the operators F and P± are stable. On the other hand, the slice
map TF (ρ) = ρ is the inclusion T(K) → B(K), which is not compact when K is in�nite-
dimensional, since the images of orthogonal pure states are at distance one; likewise TP± =
1
2(Tr( · )I ±TF ). By Proposition 4.3, the operators F and P± do not belong to B(K) ⊗min
B(K).

The same quantity appears in three experiments:

� The swap test [BCWdW01]. An ancilla controls a swap of two registers prepared in ρ
and σ. The test accepts with probability 1

2(1 + Tr ρσ) = φP+(ρ, σ), which estimates
the overlap.

� Symmetric and antisymmetric subspaces. For two independently prepared systems
with the same state space, the number φP±(ρ, σ) is the probability that a projective
test for exchange symmetry (respectively, antisymmetry) succeeds. For genuinely
identical particles a product state ρ⊗σ is not itself admissible; the statement concerns
distinguishable carriers, or the internal degrees of freedom of identical ones, as in the
next item.

� Hong�Ou�Mandel interference [HOM87]. Two single photons whose internal (spec-
tral and polarization) states are ρ and σ enter the two ports of a balanced beam
splitter. The probability of a coincidence is 1

2(1−Tr ρσ) = φP−(ρ, σ), which vanishes
for equal pure states (bunching).
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4.4 Equality and order of discrete spectra
Let A and B be self-adjoint operators on H1 and H2 with pure point spectra, with spectral
decompositions A =

∑
λ λΠA

λ and B =
∑

λ λΠB
λ . The events �equal values� and �Bob's

value is larger� are described by the projections

[A = B] =
∑

λ

ΠA
λ ⊗ ΠB

λ , [A < B] =
∑

λ<λ′

ΠA
λ ⊗ ΠB

λ′ .

Proposition 4.6 (Equality is stable, order is not). Let A and B be as above.

(1) The projection [A = B] is stable. If A and B have infinitely many common eigen-
values, then the projection [A = B] does not belong to B(H1) ⊗min B(H2).

(2) If A or B has finitely many eigenvalues, then the projection [A < B] is stable.

(3) If the point spectra of A and B are both unbounded above, then the projection [A < B]
is unstable.

Proof. (1) We have φ[A=B](ρ, σ) =
∑

λ Tr(ρΠA
λ ) Tr(σΠB

λ ) = ⟨u(ρ), v(σ)⟩ℓ2 , where u(ρ) =
(Tr ρΠA

λ )λ and v(σ) = (TrσΠB
λ )λ are vectors of ℓ2-norm at most one, so Proposition 4.4

applies. For each common eigenvalue λ, pick a unit vector ψλ in the range of ΠA
λ . Then

T[A=B](ψλ) = ΠB
λ , and these are mutually orthogonal nonzero projections, so the slice map

T[A=B] is not compact; apply Proposition 4.3.
(2) If A has finitely many eigenvalues, then [A < B] =

∑
λ ΠA

λ ⊗
(∑

λ′>λ ΠB
λ′
)

is a finite
sum of products, and Theorem 4.1 applies. If B has finitely many eigenvalues, the same
argument applies to [A < B] =

∑
λ′
(∑

λ<λ′ ΠA
λ

)
⊗ ΠB

λ′ .
(3) Choose eigenvalues λ1 < λ′

1 < λ2 < λ′
2 < · · · , with λk an eigenvalue of A with unit

eigenvector ψk and λ′
l an eigenvalue of B with unit eigenvector χl. Then φ[A<B](ψk, χl) is

1 if k ≤ l and 0 if k > l, so the two iterated limits are 0 and 1.

4.5 The order projection
Theorem 4.7 (Instability of the order projection). Let (ek) and (fl) be orthonormal
sequences in H1 and H2, and let Pk<l be the projection onto the closed span of {ek ⊗ fl :
k < l}. Then φPk<l

(ek, fl) is 1 if k < l and 0 otherwise, so

lim
l

lim
k
φPk<l

(ek, fl) = 0 ̸= 1 = lim
k

lim
l
φPk<l

(ek, fl).

Hence the projection Pk<l is unstable, and its distance to B(H1) ⊗min B(H2) is at least 1
2 .

Proof. The values form the staircase
f1 f2 f3 · · ·

e1 0 1 1 · · ·
e2 0 0 1 · · ·
e3 0 0 0 · · ·
...

...
...

... . . .


Each column tends to 0 and each row to 1. The bound on the distance follows from
Theorem 4.1.
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The table summarizes the examples; uniform stability is introduced in Section 9.2
below, and the entries in its column are justi�ed by Theorem 9.6, Proposition 9.7 and
Example 9.8. Uniform stability corresponds to what is called superstability in Banach
space theory, where a space is superstable when all its ultrapowers are stable [Ray83]; we
prefer the name uniform stability because superstability has a di�erent meaning in model
theory [She71].

Observable Stable Uniformly
stable

Mechanism

A⊗B, A⊗ I + I ⊗B yes yes minimal tensor product

compact, Bell projections yes yes minimal tensor product

any C, one factor �nite-
dimensional

yes yes �nite sum of products

swap F ; P+ (swap test); P−
(HOM)

yes yes factors through S2(K)

[A = B], discrete spectra yes yes factors through ℓ2

[A < B], one spectrum �nite yes yes �nite sum of products

sector comparison Csec (see
Example 9.8 below)

yes no re�exive, not superre�ex-
ive

[A < B], spectra unbounded no no encodes the order of N
order projection Pk<l no no encodes the order of N

5 Topology: idealized responses are observables
The goal of this section is to prove that an observable is stable if and only if the response of
Bob's system to every idealized preparation of Alice's is again an observable. In topological
terms, this says that the slice map TC , which sends Alice's preparation to the e�ective
observable on Bob's side, maps bounded sets to relatively weakly compact sets. We then
derive the geometric and algebraic forms of the same condition, and show that pure probes
su�ce to test it.

5.1 Topology: weak compactness
The proofs in this section and in Section 6 rest on �ve classical theorems about a Banach
space X, which we recall in plain terms. A bounded operator is weakly compact if it maps
the unit ball to a relatively weakly compact set.

� Eberlein��mulian theorem [Ebe47, �40]. A subset of X is relatively weakly compact
if and only if every sequence in it has a weak cluster point in X.

� Gantmacher's theorem [Gan40]. An operator T : X → Y between Banach spaces is
weakly compact if and only if its bitranspose maps X∗∗ into Y .

� Mazur's theorem [Maz33]. The weak closure and the norm closure of a convex subset
of X coincide.

� Krein's theorem [K�40]. The closed convex hull of a relatively weakly compact subset
of X is weakly compact.
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� Davis�Figiel�Johnson�Peªczy«ski theorem [DFJP74]. Every weakly compact opera-
tor factors through a re�exive Banach space.

Theorem 5.1 (Characterization of stability). For every C ∈ B(H1 ⊗ H2), the
following are equivalent:

(1) The observable C is stable.

(2) The bilinear form mC is stable on the product of the unit balls of T(H1) and
T(H2).

(3) (Topology.) The slice map TC : T(H1) → B(H2) is weakly compact.

(4) (Geometry.) There are a reflexive Banach space E and bounded operators
a : T(H1) → E and J : E → B(H2) with TC = J ◦ a.

(5) (Algebra.) For all states ω1 of B(H1) and ω2 of B(H2), we have (ω1⊗Aω2)(C) =
(ω1 ⊗B ω2)(C). Equivalently, for every state ω1 of B(H1), we have T ∗∗

C (ω1) ∈
B(H2), and then T ∗∗

C (ω1) = Zω1.

(5′) The equality in (5) holds for all ultralimit states ω1 = limk,U ρk and ω2 = liml,V σl

of sequences of normal states.

(6) (Separate continuity.) There is a function φ̂ : S(B(H1)) × S(B(H2)) → C, weak∗

continuous in each variable separately, with φ̂(ρ, σ) = φC(ρ, σ) for all normal
states ρ and σ.

We prove Theorem 5.1 in three steps, one for each language: in this subsection we show
that (1) and (2) are equivalent and imply (3); in Section 5.2 we show that (3) and (4) are
equivalent; and in Section 5.3 we close the circle through (5), (5′) and (6).

Proof of the first step. We show that (1) and (2) are equivalent and imply (3). The equiv-
alence of (1) and (2) is Lemma 3.4(d).

For the implication from (1) to (3), the idea is that a weak cluster point of a sequence
of effective observables must be the operator Zω1 , and that any failure of this is a ladder.
Let (ρk) be a sequence in D(H1), let U be a nonprincipal ultrafilter, and let ω1 = limk,U ρk.
We claim that limk,U ω2(TCρk) = ω2(Zω1) for every state ω2. Suppose instead that the
left side is L1 and the right side is L2 ̸= L1, and let ε = |L1 − L2|/5. By Lemma 2.4, we
have limk,U Tr(σ TCρk) = Tr(σZω1) for every normal state σ. Choose recursively indices
k1 < k2 < · · · and normal states σ1, σ2, . . . as follows. The index km is chosen in the set{

k : |ω2(TCρk) − L1| ≤ ε and | Tr(σiTCρk) − Tr(σiZω1)| ≤ ε for all i < m
}
,

which belongs to U. The state σm is a normal state with | Tr(σmTCρki
) − ω2(TCρki

)| ≤ ε
for all i ≤ m and | Tr(σmZω1) − ω2(Zω1)| ≤ ε; such a state exists by Lemma 2.2. The
value φC(ρki

, σm) is then within 2ε of L1 for i ≤ m and within 2ε of L2 for i > m. Since
4ε < |L1−L2|, the remark after Corollary 3.3 shows that C is unstable, a contradiction. By
Lemma 2.2, the claim extends from states to all of B(H2)∗, so the operator Zω1 is a weak
cluster point of (TCρk). By the Eberlein–Šmulian theorem, the set TC(D(H1)) is relatively
weakly compact. By the decomposition in the proof of Lemma 3.4(d), the image of the
unit ball under TC lies in a sum of four sets of the form {cA : |c| ≤ 1, A ∈ TC(D(H1))},
each of which is relatively weakly compact, so the slice map TC is weakly compact.

18



5.2 Geometry: factorization through a reflexive space
Condition (4) says that the expectation is the pairing of a re�exive space with its dual:
with u(ρ) = a(ρ) and v(σ) = J∗(σ), the diagram

D(H1) × D(H2) E × E∗

C

(u,v)

φC

⟨·,·⟩ (2)

commutes.

Proof of the second step. We show that (3) and (4) are equivalent. If TC is weakly com-
pact, it factors through a reflexive space by the Davis–Figiel–Johnson–Pełczyński theorem,
and then we have φC(ρ, σ) = Tr(σ J(aρ)) = ⟨a(ρ), J∗(σ)⟩, which is the commutativity
of (2). Conversely, the image under a of the unit ball is bounded, hence relatively weakly
compact in the reflexive space E, and J is weak-to-weak continuous.

5.3 Algebra: the two orders of idealization agree
The algebraic form of stability is Arens regularity: the two products of De�nition 2.3
agree. Its proof closes the circle of implications in Theorem 5.1, and it also shows that
the agreement of the two products is equivalent to the separate continuity in (6), which
returns to topology.

Proof of the third step. We show that (3) and (5) are equivalent, that (5) implies (5′),
which implies (1), and that (5) and (6) are equivalent; together with the first two steps,
this proves the theorem. We first show that (3) and (5) are equivalent. For a state ω1
and a normal state σ, we have ⟨T ∗∗

C ω1, σ⟩ = ω1(T ∗
Cσ) = ω1(SCσ) = Tr(σZω1). Hence the

functional T ∗∗
C (ω1) belongs to B(H2) if and only if T ∗∗

C (ω1) = Zω1 , and by Lemma 2.4,
this happens if and only if (ω1 ⊗B ω2)(C) = ω2(Zω1) = (ω1 ⊗A ω2)(C) for all states ω2.
Since states span B(H1)∗ (see Lemma 2.2), condition (5) says that T ∗∗

C (B(H1)∗) ⊆ B(H2),
which is (3) by Gantmacher’s theorem.

The implication from (5) to (5′) is trivial. For the implication from (5′) to (1), suppose
that C is unstable. There are sequences whose ordinary iterated limits differ, and by
Lemma 2.4, the ultralimit states along any nonprincipal U and V reproduce these limits
as the two products.

Finally, we show that (5) and (6) are equivalent. By Lemma 2.4, the maps ω2 7→
(ω1 ⊗A ω2)(C) = ω2(Zω1) and ω1 7→ (ω1 ⊗B ω2)(C) = ω1(Wω2) are weak∗ continuous, so
under (5) their common value is separately continuous. Conversely, let φ̂ be as in (6).
For a normal state σ and a net (ρi) of normal states with limit ω1, continuity in the first
variable gives φ̂(ω1, σ) = limi φC(ρi, σ) = (ω1 ⊗A σ)(C). Both φ̂(ω1, · ) and (ω1 ⊗A · )(C)
are weak∗ continuous and normal states are dense, so we have φ̂ = ⊗A. Symmetrically,
we have φ̂ = ⊗B, which is (5).

5.4 Pure probes suffice
In an experiment, the probes that are easiest to prepare are pure. The next proposition
shows that pure probes detect every instability.

Proposition 5.2 (Pure probes suffice). Let C ∈ B(H1⊗H2) be given. If the restriction
of φC to pairs of pure states is stable, then the observable C is stable.
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Proof. The idea is to represent effective observables as continuous functions on the closure
of the pure states of B(H2), where Grothendieck’s criterion needs to test only a dense
set of points. For density operators we have φC∗ = φC , so the hermitian parts of C
inherit the hypothesis, and we may assume that C is self-adjoint; then the operator TC(ρ)
is self-adjoint for ρ ≥ 0. Let Ω ⊆ S(B(H2)) be the weak∗ closure of the pure states, a
compact space. For a self-adjoint operator A, the function Â(ω) = ω(A) on Ω satisfies
supΩ |Â| = ∥A∥, so the map A 7→ Â is a linear isometry of the self-adjoint part of B(H2)
onto a closed subspace of C(Ω). Since the pure states are dense in Ω, restriction to the set
P2 of pure states of Bob’s system is a linear isometry of C(Ω) onto a closed subspace of the
space ℓ∞(P2) of bounded functions on P2. By Grothendieck’s criterion for bounded subsets
of ℓ∞ of a set [Gro52] (see also [Ptá63]), the double limit property of the hypothesis shows
that the restrictions of the functions ω 7→ ω(TCψ), for pure states ψ of Alice’s system,
form a relatively weakly compact subset of ℓ∞(P2), and hence the functions themselves
form a relatively weakly compact subset of C(Ω). By the Hahn–Banach theorem, relative
weak compactness passes to the closed subspace, so the set of operators TCψ, for ψ pure, is
relatively weakly compact. By Krein’s theorem, its closed convex hull is weakly compact.
This hull contains TC(D(H1)), because every density operator is a trace-norm convergent
convex combination of pure states. Arguing as at the end of the first step of the proof of
Theorem 5.1, the slice map TC is weakly compact.

5.5 Historical remarks
For general bounded bilinear forms, the equivalence of (2) and (5) in Theorem 5.1 is
Pym's iterated limit criterion for Arens regularity [Pym65], and the equivalence of (3)
and (5) is due to Ülger [Ü87]; the Arens products themselves are from [Are51]. The
equivalence of (1) and (3) is an instance of Grothendieck's double limit criterion [Gro52];
the proof given here is a self-contained version adapted to states. The factorization (4)
is the operator form of Iovino's theorem that stable functions are exactly restrictions of
the pairing of a re�exive space with its dual [Iov99b, Theorem 3.3], whose proof combines
the construction of Krivine�Maurey and Raynaud [KM81, Ray83] with the Davis�Figiel�
Johnson�Peªczy«ski factorization [DFJP74].

6 Convexity: finite mixtures simulate idealized preparations
Idealized preparations are not available in the laboratory, but �nite mixtures of actual
ones are: Alice draws j with probability tj and prepares ρj . The goal of this section is
to show that stability is exactly the possibility of reproducing the response of an idealized
preparation by such mixtures, uniformly over all probes, idealized ones included, and to
bound the size of the mixtures for observables that factor through a Hilbert space. In
Example 6.2 we show that the order of idealization matters.
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Theorem 6.1 (Affine simulation). For every C ∈ B(H1 ⊗ H2), the following are
equivalent:

(1) The observable C is stable.

(2) (Bob idealized first.) For every state ω1 of B(H1) and every ε > 0, there is
ρ ∈ D(H1) such that for all states ω2 of B(H2), we have∣∣(ω1 ⊗B ω2)(C) − ω2

(
TC(ρ)

)∣∣ ≤ ε.

(3) (Tail mixtures.) For every sequence (ρk) in D(H1), every nonprincipal ultrafilter
U, every n and every ε > 0, there is a finite convex combination ρ =

∑
k≥n tkρk

such that for all states ω2 of B(H2), we have∣∣(ω1 ⊗A ω2)(C) − ω2
(
TC(ρ)

)∣∣ ≤ ε, where ω1 = lim
k,U

ρk.

If these conditions hold, then the two products agree, and the density operator ρ in (2)
can be taken to be a finite mixture from the tail of any net converging to ω1.

Proof. We first show that (1) implies (2) and (3). The idea is that, under stability, the
idealized response is an actual operator in the weak closure of a convex set of actual
responses, and Mazur’s theorem converts weak approximation into norm approximation.
By Theorem 5.1, we have T ∗∗

C (ω1) = Zω1 ∈ B(H2), and both products equal ω2(Zω1). If
ω1 = limk,U ρk, then the state ω1 lies in the weak∗ closure of the convex hull of {ρk : k ≥ n}.
The bitranspose T ∗∗

C is weak∗-to-weak∗ continuous, and on B(H2) the weak∗ topology of
B(H2)∗∗ is the weak topology. Hence the operator Zω1 lies in the weak closure of the
convex set TC(conv{ρk : k ≥ n}), hence in its norm closure by Mazur’s theorem: there
is ρ in that convex hull with ∥Zω1 − TC(ρ)∥ ≤ ε, and then |ω2(Zω1 − TCρ)| ≤ ε for every
state ω2. The same argument applies to nets.

Proof that (2) implies (1). By Lemma 2.4, the functional G = T ∗∗
C (ω1) − TC(ρ) on

B(H2)∗ satisfies |G(ω2)| ≤ ε for all states ω2, and hence we have ∥G∥ ≤ 4ε by Lemma 2.2.
Hence the functional T ∗∗

C (ω1) lies within 4ε of B(H2) for every ε, hence in B(H2), and
this holds for every state ω1. By Theorem 5.1(5), the observable C is stable.

Proof that (3) implies (1). Let (ρk) and (σl) be sequences along which the ordinary
iterated limits

L1 = lim
k

lim
l
φC(ρk, σl), L2 = lim

l
lim

k
φC(ρk, σl)

exist. Let U be a nonprincipal ultrafilter, let ω1 = limk,U ρk and ω2 = liml,U σl, and put
αk = liml φC(ρk, σl) = ω2(TCρk). Then we have (ω1 ⊗A ω2)(C) = L2. Given ε > 0, choose
n with |αk − L1| ≤ ε for all k ≥ n, and choose ρ =

∑
k≥n tkρk as in (3). Then we have

|L2 − L1| ≤ |L2 − ω2(TCρ)| +
∣∣∣∑

k

tkαk − L1
∣∣∣ ≤ 2ε.

In Example 6.2 below, we show that the order of idealization in (2) and the restriction
to tails in (3) cannot be dropped: if Alice is idealized �rst, approximation by actual states
can succeed for an unstable observable.

Example 6.2 (The order of idealization matters). Let (ek)k≥0 and (fl)l≥1 be or-
thonormal bases of H1 and H2, let Sk be the projection onto the span of f1, . . . , fk, and
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put
P = |e0⟩⟨e0| ⊗ I +

∑
k≥1

|ek⟩⟨ek| ⊗ Sk.

The operator P is a projection, and for k ≥ 1 we have φP (ek, fl) = 1 if and only if l ≤ k, so
the projection P is unstable. On the other hand, the operator TP (ρ) is diagonal, with l-th
diagonal entry ρ00 +

∑
k≥l ρkk. These entries form a nonincreasing sequence in [0, 1] whose

first term is 1, and every such sequence (cl) arises, from ρkk = ck − ck+1 and ρ00 = liml cl.
The set of these diagonal operators is weak∗ closed, so for every state ω1, the operator
Zω1 , which lies in the weak∗ closure of TP (D(H1)), equals TP (ρ) for some actual ρ. Thus
(ω1 ⊗A ω2)(P ) = ω2(TPρ) exactly, for all states ω2. For ω1 = limk,U ek, the simulating
state is e0; but for ω2 = liml,U fl, we have (ω1 ⊗B ω2)(P ) = 0 ̸= 1.

Example 6.3 (Maximal failure for the order projection). Let P = Pk<l with (ek) an
orthonormal basis, and let ω1 = limk,U ek. The effective observable TP (ek) =

∑
l>k |fl⟩⟨fl|

decreases to 0, so we have Zω1 = 0 and (ω1 ⊗A σ)(P ) = 0 for every normal probe σ.
For every ρ ∈ D(H1), however, we have TP (ρ) =

∑
k ρkk

∑
l>k |fl⟩⟨fl|, and Tr(fN TPρ) =∑

k<N ρkk tends to 1. Thus no actual preparation reproduces ω1 within any error less than
1, even on normal probes.

Remark 6.4 (Why degree one). In real-valued model theory, definitions of stable
types are uniform limits of polynomials, or of lattice expressions, in instances of the for-
mula [BYU10]. Since φC is affine in the state, an affine combination of instances is again
an instance:

∑
k tkφC(ρk, · ) = φC

(∑
k tkρk, ·

)
. Thus in Theorem 6.1 the approximating

“formula” is a physical preparation, and polynomials of degree one suffice.

6.1 A dimension-free Monte Carlo bound
Mazur's theorem gives no information on the size of the mixture. In Theorem 6.5 below,
we show that when C factors through a Hilbert space, a sampling argument does: the
mixture can be taken to be an empirical average of independent draws, and the law of
large numbers in the Hilbert space bounds the error.

Let H be a Hilbert space, let a : T(H1) → H be a bounded linear map and b : T(H2) →
H a bounded conjugate-linear map, and suppose that mC(τ, τ ′) = ⟨a(τ), b(τ ′)⟩. We write
Ra = supρ∈D(H1) ∥a(ρ)∥ and ∥b∥ = sup∥τ ′∥1≤1 ∥b(τ ′)∥.

Theorem 6.5 (Monte Carlo simulation). Let C, a and b be as above, let (ρk)
be a sequence in D(H1), let U be a nonprincipal ultrafilter, and let ω1 = limk,U ρk.
Then the observable C is stable, and for every n, every ε > 0 and every integer
M ≥ (2Ra∥b∥/ε)2, there are indices k1, . . . , kM ≥ n, not necessarily distinct, such that
the equal-weight mixture ρ̄ = 1

M

∑M
j=1 ρkj

satisfies∣∣(ω1 ⊗A ω2)(C) − ω2
(
TC ρ̄

)∣∣ ≤ ε for all states ω2 of B(H2).

Proof. For ξ ∈ H, let Bξ ∈ B(H2) be the operator with Tr(τ ′Bξ) = ⟨ξ, b(τ ′)⟩ for all
τ ′ ∈ T(H2). The map ξ 7→ Bξ is linear, we have ∥Bξ∥ ≤ ∥b∥ ∥ξ∥, and TC(ρ) = Ba(ρ).
Let ξ∗ be the weak limit of a(ρk) along U. For a normal state σ, we have Tr(σZω1) =
limk,U⟨a(ρk), b(σ)⟩ = ⟨ξ∗, b(σ)⟩, so we have Zω1 = Bξ∗ . By Mazur’s theorem, there is a
finite convex combination ξ =

∑
k≥n tka(ρk) with ∥ξ∗ − ξ∥ ≤ ε/(2∥b∥). Let κ1, . . . , κM be

independent random indices with Pr[κj = k] = tk. Since the summands are independent
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with expectation ξ, we have

E
∥∥∥ξ − 1

M

M∑
j=1

a(ρκj )
∥∥∥2

= 1
M

E
∥∥a(ρκ1) − ξ

∥∥2 ≤ R2
a

M
,

so some realization k1, . . . , kM satisfies ∥ξ − 1
M

∑
j a(ρkj

)∥ ≤ Ra/
√
M ≤ ε/(2∥b∥). Hence

∥Zω1 − TC ρ̄∥ = ∥Bξ∗−a(ρ̄)∥ ≤ ε. Stability follows from Proposition 4.4.

Corollary 6.6. In the setting of Theorem 6.5, for the swap operator F and for the equality
tests [A = B], equal-weight mixtures of ⌈4/ε2⌉ preparations ρk with k ≥ n simulate the state
ω1 within ε, uniformly over all probes. For the swap test P+ and the Hong–Ou–Mandel
projection P−, mixtures of ⌈1/ε2⌉ preparations suffice. These bounds do not depend on the
dimension of the systems.

Proof. For F , take H = S2(K), a(τ) = τ and b(τ ′) = τ ′∗, so that ⟨τ, τ ′∗⟩S2 = Tr(τ ′τ); since
∥τ∥2 ≤ ∥τ∥1, we have Ra ≤ 1 and ∥b∥ ≤ 1. On states, we have TP±(ρ) = 1

2(I±TF (ρ)), and
correspondingly ZP±

ω1 = 1
2(I±ZF

ω1), so the error for P± is half the error for F . For [A = B],
take H = ℓ2, a(τ) = (Tr τΠA

λ )λ and b(τ ′) = (Tr τ ′ΠB
λ )λ; then ∥a(τ)∥2 ≤

∑
λ | Tr τΠA

λ | ≤
∥τ∥1, and similarly for b.

If TC factors through a Banach space of Rademacher type r > 1, the same argument,
with the type-r form of Maurey's lemma [Pis81], gives mixtures of size M = O(ε−r/(r−1)).
Re�exivity alone, which characterizes stability, gives no rate (see Question (Q5)).

6.2 Historical remarks
That de�nitions of stable types in real-valued model theory are uniform limits of poly-
nomials or lattice expressions in instances follows from the Stone�Weierstrass theorem
(see [BYU10]); Ben Yaacov observed that, by Mazur's theorem, averages of instances al-
ready su�ce [BY14]. Pták's lemma [Ptá63] is the classical source of convex means in
the study of weak compactness. The sampling argument in the proof of Theorem 6.5 is
Maurey's empirical method, published by Pisier [Pis81].

7 Probability: Fubini’s theorem for finitely additive measures
The goal of this section is to show that stability is a Fubini property: the iterated integrals
of the expectation against two probability measures on the state spaces commute. The
property concerns �nitely additive probability measures only, since for countably additive
ones it always holds (see Proposition 7.2). We also relate the instability of the order
projection to the noncommutativity of ultra�lter products.

7.1 Fubini’s theorem for means
A mean on a set Γ is a �nitely additive probability measure de�ned on all subsets of
Γ; equivalently, it is a positive linear functional µ on the bounded functions on Γ with
µ(1) = 1. We write

∫
g dµ for µ(g). The barycenter of a mean µ on D(H) is the state

ωµ(A) =
∫

Tr(ρA) dµ(ρ) of B(H).
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Theorem 7.1 (Fubini’s theorem for means). An observable C ∈ B(H1 ⊗ H2) is
stable if and only if for all means µ on D(H1) and ν on D(H2), we have∫(∫

φC(ρ, σ) dµ(ρ)
)
dν(σ) =

∫(∫
φC(ρ, σ) dν(σ)

)
dµ(ρ).

Proof. The idea is that, since the expectation is affine in each state, iterated integrals
depend only on barycenters, and so they are the two products of Section 2. Since
φC(ρ, σ) = Tr(ρSCσ) is affine in ρ, we have

∫
φC(ρ, σ) dµ(ρ) = ωµ(SCσ) = Tr(σZωµ),

and integrating against ν gives (ωµ ⊗A ων)(C). Symmetrically, the other iterated integral
is (ωµ ⊗B ων)(C). Every state ω is a barycenter: by Lemma 2.2, there is a net (ρi) of
normal states with limit ω, and if W is an ultrafilter on its index set containing all tails,
then µ(g) = limi,W g(ρi) defines a mean with barycenter ω. Thus the identity holds for
all means if and only if condition (5) of Theorem 5.1 holds, that is, if and only if C is
stable.

7.2 Countably additive measures
The means in Theorem 7.1 cannot be replaced by countably additive probability measures,
because, as we show in Proposition 7.2 below, these never detect instability.

Proposition 7.2 (Countably additive measures never detect instability). Let µ
be a countably additive Borel probability measure on D(H1), with the trace norm, and let
ν be a mean on D(H2). Then for every C ∈ B(H1 ⊗H2), the two iterated integrals of φC

against µ and ν agree.
Proof. The barycenter of µ is the normal state given by the Bochner integral

∫
ρ dµ(ρ) ∈

D(H1). By the proof of Theorem 7.1, the two iterated integrals are the two products of
the barycenters, and these agree by Corollary 2.5.

Instability is therefore a purely �nitely additive phenomenon: it requires that both
systems be idealized by genuinely �nitely additive averages.

7.3 Ultrafilter products
For nonprincipal ultra�lters U and V on N, let U⊗V be the ultra�lter on N2 consisting of
the sets Q ⊆ N2 with {k : {l : (k, l) ∈ Q} ∈ V} ∈ U. Let ω1 = limk,U ρk and ω2 = liml,V σl.
By Lemma 2.4, the product (ω1 ⊗B ω2)(C) is the limit of φC(ρk, σl) along U ⊗ V, and the
product (ω1 ⊗A ω2)(C) is the limit along the transpose of V ⊗ U. The tensor square of a
single ultra�lter W is not symmetric: the set {(k, l) : k < l} belongs to W ⊗ W but not
to the transpose of W ⊗ W. On the pairs (ek, fl), the expectation of the order projection
of Theorem 4.7 is the indicator of this set, so for ω1 = limk,W ek and ω2 = liml,W fl the
two products are 1 and 0. Ultra�lters are {0, 1}-valued �nitely additive measures, and
Proposition 7.2 explains why no countably additive version of this example exists.

7.4 Means, mixtures and samples
Finitely supported means on D(H1) correspond to the �nite mixtures a laboratory can
implement. In this language, Theorem 6.1 says that for a stable observable, a mean µ on
D(H1) in Theorem 7.1 can be replaced by a �nitely supported mean, with an error at most
ε uniformly in ν, because the iterated integrals depend on µ only through its barycenter
(see the proof of Theorem 7.1). Theorem 6.5 replaces Mazur's existence statement by an
empirical average of independent draws.
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7.5 Historical remarks
Pták's combinatorial lemma [Ptá63] derives weak compactness from the existence of convex
means that interchange limits, and the Fubini form for �nitely additive means is studied by
Simons [Sim68] and Levy [Lev07]. In model theory, �nitely additive probability measures
on de�nable sets, the Keisler measures [Kei87], admit two products according to the order
of integration; the commutation of these products is tied to stability and generic stabil-
ity [HPP08, HP11]. The two products ⊗A and ⊗B are their operator-algebraic counterparts
(see the proof of Theorem 7.1).

8 Independence: Harrington’s lemma and the independent product
The goal of this section is to prove that on stable observables, two idealized preparations
combine independently in a unique and symmetric way, while on an unstable observable the
two orders of idealization disagree for some pair of idealized preparations (see Theorem 8.2
below). The mathematical counterpart is the theory of independence. In a stable theory,
independence over a model is symmetric, and the key to symmetry is Harrington's lemma:
the de�nitions of two types over a model commute [HH84]. We recall the origins of abstract
independence brie�y, explain that Harrington's lemma is an exchange of iterated ultra�lter
limits, and then prove the physical statement.

8.1 Abstract independence
The axiomatic study of independence is older than model theory: it begins with the ex-
change argument of Steinitz for transcendence bases and with van der Waerden's abstract
dependence relations, and leads to matroids and pregeometries (see the historical remarks
at the end of this section). In model theory, Shelah's forking [She90] carries independence
beyond pregeometries: nonforking independence is not given by a closure operator, yet in
a stable theory it is symmetric and has existence and uniqueness of independent extensions
over models. Lascar and Poizat [LP79] described it through heirs, coheirs and de�nability
of types, and Harnik and Harrington [HH84] characterized stable theories as those carrying
an abstract independence relation with these properties.

8.2 Harrington’s lemma as an exchange of limits
We recall the two-valued setting of [Iov, Chapter 4]. Let M be a model of a stable complete
�rst-order theory, let p and q be complete types over M in �nite tuples of variables x and
y, and let φ(x, y) be a formula with parameters from M. Stability gives de�nitions dpφ(y)
and dqφ(x) over M: for every tuple b from M, the formula φ(x, b) belongs to p if and only
if dpφ(b) holds in M, and symmetrically for q. In Section 8.3 below, a type over M will
correspond to an idealized state, and realizing a coheir to taking the inner limit �rst.

Fact 8.1 (Harrington’s lemma [HH84]). In the setting above, we have dpφ(y) ∈ q if
and only if dqφ(x) ∈ p.

Harrington's lemma is the key step in the proof that nonforking independence is sym-
metric in stable theories, and hence in the Harnik�Harrington characterization [HH84].
Let us notice that Harrington's lemma is an exchange of limits, which is the point for us:
every type over M is �nitely satis�able in M, so the type p is the trace of an ultra�lter U
on the tuples from M of the length of x, in the sense that a formula ψ(x) with parameters
from M belongs to p if and only if the set of its solutions in M belongs to U. Let V be an
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ultra�lter with trace q, and regard φ as a {0, 1}-valued function on pairs of tuples from
M. Then the two sides of Harrington's lemma take the form

dpφ(y) ∈ q ⇐⇒ lim
b,V

lim
a,U

φ(a, b) = 1, dqφ(x) ∈ p ⇐⇒ lim
a,U

lim
b,V

φ(a, b) = 1,

so Harrington's lemma is exactly the exchange of the two iterated ultra�lter limits of
Corollary 3.3, read in the language of types. The computation takes place entirely in M

and involves no heirs, saturation or realizations. The same computation explains the two
orders of realization: if b realizes the coheir of V and a then realizes the coheir of U over
Mb, then the formula φ(a, b) holds if and only if lima′,U limb′,V φ(a′, b′) = 1, and realizing
the two coheirs in the other order exchanges the limits. Thus the two orders of realizing
coheirs give the same type exactly when the iterated limits commute, and the symmetry of
independence is the commutation of ultra�lter limits. The proofs of these statements, and
of the Harnik�Harrington characterization, are given in [Iov, Chapter 4]; the real-valued
versions, for formulas with values in a compact interval, are proved in Iovino's thesis [Iov94]
(see also [BYU10]).

8.3 The independent product of idealized preparations
The correspondence with Section 2 is as follows. A type over a model corresponds to an
idealized preparation, and the trace of an ultra�lter to an ultralimit state. Realizing Bob's
coheir �rst and Alice's over it computes the inner limit over Bob's states, which corresponds
to the product ⊗B; the other order corresponds to ⊗A. Under this correspondence, the
conclusion of Harrington's lemma becomes condition (5) of Theorem 5.1. The analogy is
one of form: the theorem below is proved directly from Theorem 5.1, without model theory.
To state the resulting symmetry, let O be the set of stable observables in B(H1 ⊗H2), let
F12 : H1 ⊗ H2 → H2 ⊗ H1 be the unitary with F12(ψ ⊗ χ) = χ ⊗ ψ, and for states ω1 of
B(H1) and ω2 of B(H2), let ω1 ⊗ ω2 be the common value of the two products on O:

(ω1 ⊗ ω2)(C) = (ω1 ⊗A ω2)(C) = (ω1 ⊗B ω2)(C) (C ∈ O).

In Proposition 10.1 below, we show that the set O is a norm-closed self-adjoint subspace
of B(H1 ⊗H2) containing I.

Theorem 8.2 (The independent product). For all states ω1 of B(H1) and ω2 of
B(H2), the following hold:

(a) (Existence.) The functional ω1 ⊗ ω2 is a state of O: it is linear, positive on
positive elements of O, and takes the value 1 at I.

(b) (Extension.) If ω1 and ω2 are given by density operators ρ and σ, then (ω1 ⊗
ω2)(C) = Tr((ρ⊗ σ)C) for all C ∈ O.

(c) (Uniqueness.) For every C ∈ O, the assignment (ω1, ω2) 7→ (ω1 ⊗ω2)(C) is sepa-
rately weak∗ continuous, and it is the only separately weak∗ continuous function
on S(B(H1)) × S(B(H2)) that satisfies (b).

(d) (Symmetry.) For every C ∈ O, the observable F12CF
∗
12 on H2 ⊗ H1 is stable,

and (ω2 ⊗ ω1)(F12CF
∗
12) = (ω1 ⊗ ω2)(C).

Moreover, an observable C ∈ B(H1 ⊗H2) is stable if and only if the two products ⊗A
and ⊗B agree at C for all pairs of states.
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Proof. (a) The slice map SC is linear in C, and so is (ω1 ⊗A ω2)(C) = ω2(S∗
Cω1). If C ≥ 0

and σ ≥ 0, then we have SC(σ) ≥ 0, so Tr(σZω1) = ω1(SCσ) ≥ 0 for every positive σ;
hence Zω1 ≥ 0 and (ω1 ⊗A ω2)(C) = ω2(Zω1) ≥ 0. For C = I, we have SI(σ) = Tr(σ)I
and Zω1 = I.

(b) This is Corollary 2.5.
(c) This is the proof that (5) and (6) are equivalent in Theorem 5.1.
(d) Write C ′ = F12CF

∗
12. For density operators we have φC′(σ, ρ) = φC(ρ, σ), so the

observable C ′ is stable by Lemma 3.4(c). Let (ρi) and (σj) be nets of normal states with
limits ω1 and ω2. By Lemma 2.4, the product (ω2 ⊗B ω1)(C ′), in which the second factor
ω1 is idealized first, equals limj limi φC′(σj , ρi) = limj limi φC(ρi, σj) = (ω1 ⊗A ω2)(C).
Both sides are the respective independent products.

The final statement is the equivalence of (1) and (5) in Theorem 5.1.

In the language of independence relations, (a) is the existence of an independent combi-
nation, (c) is its uniqueness (stationarity), and (d) is its symmetry. Outside O these prop-
erties are lost together: by Theorem 5.1(6), an unstable observable admits no separately
continuous extension of its expectation to idealized states, and for the order projection the
two orders of realization give 1 and 0 (see Theorem 4.7).

8.4 Historical remarks
Steinitz [Ste10] introduced transcendence bases of �eld extensions and proved, by the ex-
change argument that also gives the dimension of a vector space, that any two of them
have the same cardinality. Van der Waerden [vdW30] observed that linear and algebraic
dependence obey the same few rules, and derived the existence of bases and the invariance
of their cardinality from an abstract dependence relation whose central axiom is exchange.
Whitney [Whi35] isolated these rules as matroids, with equivalent axiomatizations by inde-
pendent sets, bases, circuits and rank; Nakasawa developed the same theory independently
in the same years [NK09], and Birkho� [Bir35] and Mac Lane [ML36] related it to lattices
and to projective geometry. Crapo and Rota [CR70] developed matroids as combinatorial
geometries; in their terminology a closure operator with the exchange property is a pre-
geometry, the term still used in model theory. Baldwin and Lachlan [BL71] showed that
algebraic closure in a strongly minimal set is a pregeometry, so that every model has a
dimension. Kim and Pillay [KP97] extended the Harnik�Harrington characterization to
simple theories. The symbol |⌣ is due to Makkai [Mak84].

9 Combinatorics: polynomial versus exponential growth
The goal of this section is to prove Theorem B, which answers the question of discrimi-
nation: how many preparations n adaptive probes can tell apart, and whether responses
can be learned. We show that unstable observables encode binary decision trees of every
�nite height, that bounded tree height is a uniform form of stability characterized through
ultrapowers, that it is equivalent to polynomial growth of the number of preparations re-
solved, and that it is equivalent to a �nite mistake bound in a learning game with a �xed
threshold and margin. Throughout the section C is self-adjoint, so that φC is real; for a
general C, the results apply to its hermitian parts. For n ≥ 0, we write 2n for the set of
0�1 sequences of length n and 2<n =

⋃
m<n 2m; we write s ⊑ η if s is an initial segment of

η, and s⌢ι for s followed by ι ∈ {0, 1}.
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9.1 From ladders to decision trees
Definition 9.1 (Ladders and trees). Let δ > 0 be given.

(a) A δ-ladder of length N for C consists of states ρ1, . . . , ρN ∈ D(H1) and σ1, . . . , σN ∈
D(H2), a real number γ and a sign θ ∈ {±1} such that

θ
(
φC(ρi, σj) − γ

)
≥ δ/2 if i ≤ j, θ

(
φC(ρi, σj) − γ

)
≤ −δ/2 if i > j.

Infinite ladders are defined in the same way.

(b) A δ-tree of height n for C consists of states ρη ∈ D(H1) for η ∈ 2n (the leaves),
states σs ∈ D(H2) for s ∈ 2<n (the nodes), a real number γ and a sign θ such that,
whenever s⌢ι ⊑ η, we have

θ
(
φC(ρη, σs) − γ

)
≥ δ/2 if ι = 1, θ

(
φC(ρη, σs) − γ

)
≤ −δ/2 if ι = 0.

A tree is an adaptive measurement protocol. Starting at the root, Bob probes with σs;
the expectation of C falls on one side of the threshold γ or the other, and Bob moves to
s⌢1 or s⌢0 accordingly. After n probes, he knows which of the 2n preparations ρη Alice
made. Two leaves that �rst separate at the node s di�er there by at least δ.

Proposition 9.2 (Instability gives infinite ladders). Suppose that sequences (ρk) in
D(H1) and (σl) in D(H2) give iterated limits L1 ̸= L2 of φC(ρk, σl). Then for every
δ < |L1 − L2|, there is an infinite δ-ladder for C whose states are taken from these
sequences.

Proof. For any nonprincipal ultrafilters U and V on N, the iterated limits along U and V

equal the ordinary iterated limits L1 and L2. Apply Lemma 3.2 with ε = (|L1 −L2|−δ)/2,
and take γ = (L1 + L2)/2 and θ the sign of L1 − L2.

The passage from ladders to trees rests on a single arithmetic observation, which we
prove in Proposition 9.3 below: binary sequences, ordered by their binary expansions,
interleave so that each leaf lies to the left of every node at which it turns right, and to the
right of every node at which it turns left (see Figure 9.1).

Proposition 9.3 (Ladders give trees). Every δ-ladder of length 2n+1 − 1 for C yields
a δ-tree of height n for C, with the same γ and θ and with leaves and nodes taken from
the ladder.

Proof. For s of length at most n, put

pos(s) =
∑

k<|s|

(
1 − s(k)

)
2−(k+1) + 2−(|s|+1) ∈ (0, 1).

The binary expansion of pos(s) is 1 − s(0), . . . , 1 − s(|s| − 1), 1, so the map pos is injective,
and its image has 2n+1 − 1 elements. We claim that if s⌢ι ⊑ η with η ∈ 2n, then we have
pos(η) < pos(s) if and only if ι = 1. Indeed, with k = |s|, we have

pos(η) − pos(s) = −ι 2−(k+1) + ϱ, ϱ =
∑

k<j<n

(
1 − η(j)

)
2−(j+1) + 2−(n+1),

and 0 < ϱ ≤ (2−(k+1) − 2−n) + 2−(n+1) < 2−(k+1). The bound 0 < ϱ < 2−(k+1) is the point
of the construction: the digits after position k can move pos(η) by less than the digit at
position k, so the turn taken at s alone decides on which side of pos(s) the leaf lies.
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Let ρ1, . . . , ρN and σ1, . . . , σN , with N = 2n+1 −1, be the states of the ladder, and let π
be the increasing bijection from the image of pos onto {1, . . . , N}. Put ρη = ρπ(pos(η)) for
η ∈ 2n and σs = σπ(pos(s)) for s ∈ 2<n. If s⌢ι ⊑ η and ι = 1, then π(pos(η)) < π(pos(s)),
and the ladder gives θ(φC(ρη, σs) − γ) ≥ δ/2; if ι = 0, then π(pos(η)) > π(pos(s)), and
the ladder gives the opposite inequality.

1 2 3 4 5 6 7

σ∅

σ1 σ0

ρ11 ρ10 ρ01 ρ00

1 0

Figure 9.1: The map pos for n = 2. The seven sequences of length at most 2 are placed at the positions
1, . . . , 7 of a ladder of length 7, ordered by pos; the tree grows upward. Each leaf lies to the left of
the nodes at which its branch turns right (label 1), so the ladder inequalities for i ≤ j are the tree
inequalities for ι = 1.

Theorem 9.4 (Unstable observables encode trees). If C is unstable, then there
is δ > 0 such that for every n, there is a δ-tree of height n for C; its leaves and nodes
can be taken from any pair of sequences witnessing the instability, and in particular
can be taken pure if those are pure.

Proof. Combine Propositions 9.2 and 9.3.

For the order projection and for [A < B] with unbounded spectra, the trees have δ = 1
and consist of energy eigenstates (see Theorem 4.7, Proposition 4.6(3) and Proposition 9.3).
The converse of Theorem 9.4 fails (see Example 9.8 below): trees of unbounded height
detect a uniform form of instability, which we now describe through ultrapowers.

9.2 Ultrapowers and uniform stability
Fix a nonprincipal ultra�lter U on N. A sequence x = (xk) of states of Alice's system is
an element of the ultrapower of her preparations; it should be thought of as a family of
experiments indexed by k, in which both parties vary their preparations together. The
ultrapower expectation of C is the function

ΦU
C(x, y) = lim

k,U
φC(xk, yk)

(
x ∈ D(H1)N, y ∈ D(H2)N

)
.

It is a joint limit, not an iterated one, and so it di�ers in kind from the idealized states
of Section 2; it is the expectation of C on the Banach-space ultrapowers of T(H1) and
T(H2) [Hei80]. Ladders and trees for ΦU

C are de�ned as in De�nition 9.1, with elements of
the ultrapowers in place of states. An in�nite δ-tree consists of leaves xη for every in�nite
branch η ∈ 2N and nodes ys for s ∈ 2<N satisfying the inequalities of De�nition 9.1(b)
whenever s⌢ι ⊑ η.

Definition 9.5. The observable C is uniformly stable if for every δ > 0, the lengths of
δ-ladders for C are bounded. A bounded observable C is uniformly stable if its hermitian
parts 1

2(C + C∗) and 1
2i(C − C∗) are uniformly stable.

29



Theorem 9.6 (Uniform stability). For every self-adjoint C ∈ B(H1 ⊗ H2), the
following are equivalent:

(1) The observable C is uniformly stable.

(2) For every δ > 0, the heights of δ-trees for C are bounded.

(3) The ultrapower expectation ΦU
C is stable for every nonprincipal ultrafilter U.

(4) The ultrapower expectation ΦU
C is stable for some nonprincipal ultrafilter U.

If these conditions fail, then there is δ > 0 such that for every nonprincipal U, there
is an infinite δ-tree for ΦU

C . Every uniformly stable observable is stable.

Proof. The implication from (2) to (1) is Proposition 9.3.
Proof that (1) implies (3). Suppose that ΦU

C is unstable. The proof of Proposition 9.2
uses only Lemma 3.2, which holds for any bounded function on a product of sets, so it
gives an infinite δ-ladder (xi, yj) for ΦU

C . Fix N . For each of the N2 pairs i, j ≤ N , the
set of k with θ(φC(xi,k, yj,k) − γ) ≥ δ/4 (if i ≤ j), respectively ≤ −δ/4 (if i > j), belongs
to U. For k in the intersection of these sets, the states xi,k and yj,k form a δ/2-ladder of
length N for C. Hence the observable C is not uniformly stable.

The implication from (3) to (4) is trivial.
Proof that (4) implies (2). The idea is to glue trees of increasing height into an infinite

tree in the ultrapower, and to observe that an infinite tree has 2ℵ0 separated leaves, which
no separable dual can accommodate. Let U be as in (4), and suppose that for some δ
there are δ-trees (ρ(n)

η , σ
(n)
s , γn, θn) of every height n. Pass to a set in U on which θn = θ is

constant, and let γ = limn,U γn. For an infinite branch η ∈ 2N, put xη = (ρ(n)
η|n)n, with η|n

the initial segment of length n, and for s ∈ 2<N, put ys = (σ(n)
s )n, with arbitrary entries

for n ≤ |s|. If s⌢ι ⊑ η, then we have s⌢ι ⊑ η|n for all n > |s|, and passing to the limit,
we have θ(ΦU

C(xη, ys) − γ) ≥ δ/2 if ι = 1 and ≤ −δ/2 if ι = 0. This is an infinite δ-tree
for ΦU

C , which proves the statement of Theorem 9.6 on infinite δ-trees.
Now suppose that ΦU

C is stable. After an affine rescaling to values in [0, 1], which
multiplies gaps by c = 1/(2∥C∥), Iovino’s theorem [Iov99b, Theorem 3.3] gives a reflexive
Banach space E and maps u : D(H1)N → E and v : D(H2)N → E∗, with values in the
unit balls, such that c(ΦU

C + ∥C∥) = ⟨u(·), v(·)⟩. Let Y be the closed span in E∗ of the
countably many vectors v(ys). The space Y is separable and reflexive, so its dual Y ∗ is
separable. If η ̸= η′ first differ after the segment s, then |⟨u(xη) − u(xη′), v(ys)⟩| ≥ cδ,
so the restrictions of the vectors u(xη) to Y are 2ℵ0 points of Y ∗ at mutual distance at
least cδ, which is impossible in a separable space. Hence the function ΦU

C is unstable,
contradicting (4).

Finally, an unstable observable has infinite ladders by Proposition 9.2, so it is not
uniformly stable.

Theorem 9.6 applies verbatim to a bounded family of observables Cn on spaces H(n)
1 ⊗

H
(n)
2 , with ΦU(x, y) = limn,U Tr((xn ⊗ yn)Cn); this is the relevant notion for registers of

growing size (see Section 11).

Proposition 9.7. Every self-adjoint C ∈ B(H1)⊗minB(H2) is uniformly stable, and so is
every self-adjoint C with φC(ρ, σ) = ⟨u(ρ), v(σ)⟩ for bounded maps u and v into a Hilbert
space. In particular, the swap operator, the projections P± and the equality tests [A = B]
are uniformly stable.
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Proof. For C ′ =
∑

j Aj ⊗Bj , the function ΦU
C′(x, y) =

∑
j limk,U Tr(xkAj) · limk,U Tr(ykBj)

is a separated sum, and arguing as in the proof of Theorem 4.1, the function ΦU
C is stable.

In the Hilbert case, we have ΦU
C(x, y) = ⟨(u(xk))U, (v(yk))U⟩ in the ultrapower Hilbert

space HU, and Proposition 4.4 applies. Conclude with Theorem 9.6.

Example 9.8 (Stable but not uniformly stable). Let both H1 and H2 be the Hilbert
space

⊕
n≥1 Cn, with orthonormal bases (en

i )i≤n of the summands; for instance, the sum-
mand C2j+1 is the spin-j representation, with basis |j,m⟩ ordered by m. Put

Csec =
∑
n≥1

∑
1≤i≤l≤n

|en
i ⟩⟨en

i | ⊗ |en
l ⟩⟨en

l |,

the projection onto “both systems lie in the same sector, and Alice’s level does not exceed
Bob’s”. In the sector Cn, the states en

1 , . . . , e
n
n form a 1-ladder of length n, so the projection

Csec is not uniformly stable and has 1-trees of every finite height. The projection Csec is,
however, stable: the effective observable TCsec(ρ) depends only on the diagonal entries ρn

ii,
and TCsec = J ◦ a with

a : T(H1) →
(⊕

n

ℓ1n

)
ℓ2
, a(ρ) =

(
(ρn

ii)i≤n
)

n
, J

(
(wn)n

)
=
⊕

n

∑
l≤n

(∑
i≤l

wn,i

)
|en

l ⟩⟨en
l |.

Here ∥a(ρ)∥ ≤
∑

n

∑
i |ρn

ii| ≤ ∥ρ∥1 and ∥J∥ ≤ 1, and the ℓ2-sum of finite-dimensional
spaces is reflexive, so Theorem 5.1(4) applies.

The space (
⊕

n ℓ
1
n)ℓ2 is re�exive but not superre�exive. Superre�exivity is relevant

here: if TC factors through a superre�exive space E, then the ultrapower expectation
factors through the re�exive space EU [Hei80], so the observable C is uniformly stable.
Whether the converse holds is Question (Q2).

9.3 Counting the preparations resolved by adaptive probes
A tree of height n lets n adaptive probes tell apart 2n preparations. We now show that
this exponential behavior is the only alternative to polynomial behavior.

Fix δ > 0, a threshold γ and a sign θ. A probe tree of depth n is a family (σs)s∈2<n of
states of Bob's system. A branch η ∈ 2n is realized by ρ ∈ D(H1) if, whenever s⌢ι ⊑ η, the
inequalities of De�nition 9.1(b) hold for φC(ρ, σs). Realized branches are the outcomes
that the adaptive protocol can return with margin δ, and two preparations that realize
di�erent branches are told apart by n probes. For a set R ⊆ D(H1) of preparations, let
d(R) ∈ {−1, 0, 1, . . . ,∞} be the largest height of a δ-tree with these γ and θ whose leaves
lie in R, with d(∅) = −1. The growth function of C is

grC(n, δ) = sup #{η ∈ 2n : η is realized by some ρ ∈ D(H1)},

the supremum being over γ, θ and probe trees of depth n, and the tree dimension dC(δ) =
supγ,θ d(D(H1)) is the largest height of a δ-tree for C. We write

( n
≤d

)
=
∑d

i=0
(n

i

)
.
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Theorem 9.9 (Polynomial versus exponential growth). Let C ∈ B(H1 ⊗ H2)
be self-adjoint, and let δ > 0 be given.

(1) If d = dC(δ) is finite, then for all n we have

grC(n, δ) ≤
(
n

≤ d

)
≤
(en
d

)d
(n ≥ d ≥ 1),

which is a polynomial in n of degree d.

(2) If dC(δ) is infinite, then we have grC(n, δ) = 2n for every n.

Consequently, the observable C is uniformly stable if and only if grC(·, δ) grows poly-
nomially for every δ > 0; otherwise it equals 2n for some δ. In particular, unstable
observables have exponential growth.

Proof. Statement (2) holds because a δ-tree of height at least n, restricted to its nodes of
length less than n and one leaf above each branch of length n, realizes every branch of
a probe tree of depth n. For (1), the idea is that at each probe, at most one of the two
halves of the remaining preparations can carry a tree as tall as the whole set. Fix γ, θ
and a probe tree of depth n. We show by induction on n that the number of branches
realized by elements of a set R ⊆ D(H1) is at most

( n
≤d(R)

)
, with the convention that( n

≤−1
)

= 0. For n = 0 this is clear. For n ≥ 1, let Rι be the set of elements of R that
satisfy the inequality for ι at the root. The sets R0 and R1 are disjoint, because the two
inequalities are separated by δ. A branch ι⌢η′ is realized in R exactly when η′ is realized
in Rι for the subtree (σι⌢s)s of depth n− 1. We have d(Rι) ≤ d(R), and the two numbers
d(R0) and d(R1) cannot both equal d(R): two δ-trees of height d(R) with leaves in R0
and in R1, placed above the root probe σ∅, would form a δ-tree of height d(R) + 1 with
leaves in R. By induction and Pascal’s rule, the number of realized branches is at most(n−1

≤d

)
+
( n−1

≤d−1
)

=
( n

≤d

)
, with d = d(R). The bound

( n
≤d

)
≤ (en/d)d is standard. The last

statements follow from Theorems 9.4 and 9.6.

Remark 9.10 (Rowbottom’s definition of stability). Stability has many equivalent
characterizations, but its original definition was a growth condition. Rowbottom [Row64]
called a complete theory T stable in an infinite cardinal λ if for every model M of T
and every set A ⊆ M of cardinality λ, the space S1(A) of complete 1-types over A has
cardinality at most λ. The reverse inequality is trivial, since distinct elements of A realize
distinct types over A; so stability in λ says that |S1(A)| = |A|, that is, the number of types
grows linearly with the number of parameters, whereas a priori it can be as large as 2λ.
For a single formula φ, stability is equivalent to the bound |Sφ(A)| ≤ |A| for every infinite
set A of parameters (see [Pil96, Chapter 1] and [She90]). Theorem 9.9 is a finite and
adaptive counterpart of this condition: the number of preparations resolved by n probes
is bounded by a polynomial in n. For an infinite cardinal λ and an integer d ≥ 1, we
have λd = λ, so on infinite parameter sets the distinction between linear and polynomial
bounds disappears.

In Theorem 9.11 below, we show that for observables that factor through a Hilbert
space, the degree of the polynomial is controlled explicitly, by a linear learner.
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Theorem 9.11 (Linear bound for Hilbert-factorable observables). Let C ∈
B(H1 ⊗H2) be self-adjoint, and suppose that φC(ρ, σ) = ⟨u(ρ), v(σ)⟩ for maps u and
v into a Hilbert space H with ∥u(ρ)∥ ≤ Ru and ∥v(σ)∥ ≤ Rv. Then for every δ > 0,
we have

dC(δ) ≤ 16
(RuRv

δ

)2
,

independently of the dimensions of H1 and H2. In particular, we have dC(δ) ≤ 16/δ2

for the swap operator F and for [A = B], and dC(δ) ≤ 4/δ2 for the swap test P+ and
the Hong–Ou–Mandel projection P−.

Proof. The idea is to run the perceptron along the tree, always moving to the child that
contradicts its prediction; the leaf reached at the end is a linear separator with margin
δ/2, and the perceptron makes few mistakes against such a separator. Regard the Hilbert
space as a real inner product space with ⟨·, ·⟩R = Re⟨·, ·⟩; since φC is real, we have
φC = ⟨u, v⟩R. Let a δ-tree of height n be given, with threshold γ and sign θ. The tree
requires values of φC on both sides of γ, so we have |γ| ≤ RuRv. Put û(ρ) = (u(ρ), Ru)
and v̂(σ) = (v(σ),−γ/Ru) in H ⊕ R; then ⟨û(ρ), v̂(σ)⟩R = φC(ρ, σ) − γ, ∥û∥ ≤

√
2Ru

and ∥v̂∥ ≤
√

2Rv. Start with z0 = 0 at the root. At the node s reached at step i,
let ŷ = sign⟨zi, v̂(σs)⟩R, with sign 0 = 1, move to the child whose label y = θ(2ι − 1)
equals −ŷ, and put zi+1 = zi + y v̂(σs). After n steps we reach a branch η, and its leaf
û∗ = û(ρη) satisfies y⟨û∗, v̂(σs)⟩R ≥ δ/2 at every step. Hence we have ⟨û∗, zn⟩R ≥ nδ/2,
while ∥zn∥2 ≤

∑
i ∥v̂(σsi)∥2 ≤ 2nR2

v, because each step adds 2y⟨zi, v̂(σsi)⟩R ≤ 0 to the
cross term. By the Cauchy–Schwarz inequality, we have nδ/2 ≤

√
2Ru ·

√
2nRv, that is,

n ≤ 16(RuRv/δ)2.
For F and [A = B], we have Ru, Rv ≤ 1 (see Section 4.3 and Proposition 4.6). Since

φP± = 1
2(1 ± φF ), every δ-tree for P± is a 2δ-tree for F .

Remark 9.12 (Node-dependent thresholds). The proof of Theorem 9.11 uses the
threshold only through the probe vectors v̂(σs), and the bound |γ| ≤ RuRv holds at each
node separately, since every node has leaves on both sides of its threshold. The proof
therefore applies without change to trees in which the threshold γs depends on the node
s. Consequently, the response class {σ 7→ φC(ρ, σ) : ρ ∈ D(H1)} of a Hilbert-factorable
observable has sequential fat-shattering dimension at most 16(RuRv/δ)2 at scale δ in the
sense of [RST15], and so it is online learnable in that sense, with bounds independent of
the dimension.

9.4 Affine approximation versus exponential growth
The table collects the statements proved in this paper that correspond, for bipartite observ-
ables, to the dichotomy of deep computations described in the Introduction (see [ADIW24,
DIMW+26]).
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stable side unstable side

idealized responses limits of a�ne combinations
of actual responses, that is,
of �nite mixtures (see Theo-
rem 6.1)

for the order projection, not
approximable within any
error less than 1 (see Exam-
ple 6.3)

preparations resolved
by n adaptive probes
at margin δ

O(ndC(δ)) if C is uniformly sta-
ble (see Theorem 9.9)

2n at some margin (see The-
orem 9.4)

Hilbert-factorable ob-
servables

tree dimension at most 16/δ2,
and 4/δ2 for the swap test
and HOM; mixtures of ⌈4/ε2⌉
preparations (see Theo-
rems 9.11 and 6.5)

�

The approximating combinations in the �rst row are a�ne because expectations are a�ne
in the state (see Remark 6.4); the polynomial in the second row has degree dC(δ), which
need not be one: for the comparison GTn of Section 11, it is at least n− 1 at margin 1. In
the Hilbert-factorable case, two further arguments are linear: idealized responses are inner
products with a �xed vector, and tree heights are bounded by a linear classi�er. The �rst
two rows concern di�erent notions. The sector comparison of Example 9.8 is stable, so it
has a�ne simulation of idealized preparations, but it is not uniformly stable, so its growth
at margin 1 is 2n.

9.5 Learning: Littlestone’s mistake bound
Decision trees of this kind also govern mistake bounds in online learning [Lit88]. Fix a
threshold γ and a margin δ > 0, and consider the following game. Alice prepares an
unknown state ρ. In each round, Bob chooses a probe σ for which |φC(ρ, σ) − γ| ≥ δ/2; a
learner predicts whether φC(ρ, σ) lies above or below γ, and is then told the answer. Let
mistC(γ, δ) be the least integer m such that some deterministic learner makes at most m
mistakes, for every ρ and every sequence of probes, and let mistC(δ) = supγ mistC(γ, δ).
Let dγ be the largest height of a δ-tree for C with threshold γ and sign θ = 1. Since
re�ecting a tree exchanges θ = 1 and θ = −1, we have supγ dγ = dC(δ).

Proposition 9.13 (Mistake bound equals tree dimension). For every self-adjoint
C ∈ B(H1 ⊗ H2), every γ and every δ > 0, we have mistC(γ, δ) = dγ. Consequently, the
observable C is uniformly stable if and only if mistC(δ) is finite for every δ > 0, and then
mistC(δ) = dC(δ).

Proof. If there is a tree of height n, an adversary walks down it, choosing at each node the
child that contradicts the learner’s prediction; the leaf reached is a preparation consistent
with all answers, so every learner makes n mistakes. Conversely, run Littlestone’s standard
optimal algorithm: keep the set V of preparations consistent with the answers so far; for
a probe σ, let V 1 and V 0 be the sets of elements of V above γ + δ/2 and below γ − δ/2,
and predict the side ι for which d(V ι) is larger, in the notation of Section 9.3. Arguing
as in the proof of Theorem 9.9, the numbers d(V 0) and d(V 1) cannot both equal d(V ),
so after a mistake the new consistent set V 1−ι satisfies d(V 1−ι) < d(V ). Since the true
preparation stays in V , we have d(V ) ≥ 0 throughout, and there are at most dγ mistakes.
The second statement follows from Theorem 9.6.
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By Theorem 9.4, for an unstable observable the mistake bound in the threshold game
is in�nite at some margin, and the sector comparison of Example 9.8 shows that stability
alone does not give a �nite mistake bound. The threshold game is a restricted form of
online learning: general online learnability of real-valued classes allows thresholds that
vary from probe to probe (see the historical remarks below and Question (Q6)). In the
Hilbert-factorable case the restriction is immaterial: by Remark 9.12, the perceptron of
Theorem 9.11 learns online with at most 16(RuRv/δ)2 mistakes even when the thresholds
vary, in every dimension.

9.6 Historical remarks
Stability in a cardinal λ was introduced by Rowbottom [Row64] in his work on the �o±
conjecture for uncountable theories, extending Morley's ω-stability [Mor65] to uncountable
languages; Shelah studied the stability spectrum, the class of cardinals in which a theory
is stable, and related it to the order property [She71, She90]. For Banach space structures,
the stability spectrum theorem was proved by Iovino in his dissertation [Iov94]. Binary
trees of formulas and the associated rank are due to Shelah [She71, She90], and the equiv-
alence between bounded ladders, bounded trees and stability of a formula in all models
of a theory, which underlies Theorem 9.6, is part of classical stability theory [She90]. For
Banach spaces, the stability of all ultrapowers is Raynaud's superstability [Ray83], the
analytic counterpart of condition (3) of Theorem 9.6; Proposition 9.3 adapts [Iov, Propo-
sition 2.3.1], where it is proved for �rst-order formulas, with the gap δ given by the failure
of the double limit property in place of the negation of a formula, and with ultraprod-
ucts in place of compactness. Quantitative bounds in the converse direction come from a
Ramsey argument for trees due to Hodges [Hod93]; Conant and Terry give explicit bounds
for real-valued functions [CT26]. Theorem 9.9 is the tree analogue of the Sauer�Shelah
lemma [Sau72, She72]; versions for Littlestone classes appear in [BDPSS09, RST15]. Lit-
tlestone introduced the dimension and the optimal algorithm that bear his name [Lit88];
for real-valued classes, online learnability is characterized by �niteness of the sequential
fat-shattering dimension at every scale [RST15], which allows node-dependent thresholds
(see Question (Q6)). The link between stability and Littlestone dimension in model theory
is due to Chase and Freitag [CF19]. The bound in Theorem 9.11 is Noviko�'s mistake
bound for the perceptron [Nov62, Blo62], read as a bound on tree height. For n-qubit
states probed by two-outcome measurements, Aaronson, Chen, Hazan, Kale and Nayak
showed that the sequential fat-shattering dimension is O(n) at each �xed scale [ACH+18].

10 Order: stable observables are closed under norm limits and orthogo-
nal sums

The goal of this section is to determine the algebraic and topological operations under
which stability is preserved, and to locate the boundary of these closure properties: we
show that stability survives norm limits and orthogonal sums, but not meets or strong
limits.

10.1 Topological and algebraic closure
Proposition 10.1 (Topological and algebraic closure). The set O of stable observ-
ables is a norm-closed operator system: a self-adjoint linear subspace of B(H1 ⊗H2) that
contains I and is closed in the norm topology. The set O contains the minimal tensor prod-
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uct B(H1) ⊗min B(H2) and every observable whose expectation factors through a Hilbert
space. The same holds for the set of uniformly stable observables.

Proof. The identity I = I ⊗ I is stable, and for density operators we have φC∗ = φC .
Linear combinations and norm limits are handled by Lemma 3.4(a) and (b), and for
uniform stability the same lemma applies to ΦU

C . The last two statements are Theorem 4.1,
Proposition 4.4 and Proposition 9.7.

Corollary 10.2 (Orthocomplements and orthogonal sums). The stable projections
form an orthomodular poset: if P is stable, then so is I − P , and if P and Q are stable
with PQ = 0, then the projection P +Q is stable.

Proof. If the projections P and Q are stable, then the projections I − P , P + Q (when
PQ = 0) and Q − P (when P ≤ Q) are linear combinations of stable observables, and
hence they are stable by Proposition 10.1. Thus the stable projections are closed under
orthocomplements and orthogonal sums, and the orthomodular law, which holds for all
projections on H1 ⊗H2, holds among them.

10.2 The boundary of closure: meets and strong limits
In Proposition 10.3 below, we show that the boundary of these closure properties lies at
meets.

Proposition 10.3 (The boundary: meets). If H1 and H2 are infinite-dimensional,
then there are projections P1 and P2 in B(H1) ⊗minB(H2), hence uniformly stable, whose
meet P1 ∧ P2 is unstable.

Proof. The idea is to hide the order projection inside the intersection of two subspaces
that are compact perturbations of a product projection, by tilting each matrix entry into
a fresh direction through a small angle, in opposite senses for the two subspaces. Let
(ek) ∪ (e′

k) be an orthonormal sequence in H1 and (fl) ∪ (f ′
l ) one in H2, and let Pk<l be

the order projection built from (ek) and (fl). For k ≥ l, let ζk = 1/k and

nkl = cos ζk ek ⊗ fl + sin ζk e
′
k ⊗ f ′

l , n′
kl = cos ζk ek ⊗ fl − sin ζk e

′
k ⊗ f ′

l ,

and let P1 and P2 be the projections onto the closed subspaces ranPk<l ⊕span{nkl : k ≥ l}
and ranPk<l ⊕ span{n′

kl : k ≥ l}. The planes spanned by ek ⊗ fl and e′
k ⊗ f ′

l are mutually
orthogonal and orthogonal to the range of Pk<l, and in each of them the lines through nkl

and n′
kl meet only in 0, since 0 < ζk < π/2. Both subspaces are block diagonal for this

decomposition, so their intersection is the range of Pk<l, that is, P1 ∧ P2 = Pk<l, which is
unstable by Theorem 4.7.

Let Q1 and Q2 be the projections onto the closed spans of (ek) and (fl). The operator
P1 −Q1 ⊗Q2 is the orthogonal sum over k ≥ l of the rank-two operators |nkl⟩⟨nkl| − |ek ⊗
fl⟩⟨ek ⊗fl|, of norm sin ζk. For every ε > 0, only finitely many pairs k ≥ l have 1/k ≥ ε, so
this sum is compact. Since Q1 ⊗Q2 and the compact operators lie in B(H1) ⊗min B(H2),
so does P1, and likewise P2. Conclude with Theorem 4.1 and Proposition 9.7.

By von Neumann's alternating projection theorem, the meet is the strong limit P1∧P2 =
limn(P1P2)n [Deu01]. The convergence is in norm if and only if the sum of the ranges of
P1 and P2 is closed [Deu01]. In Proposition 10.3, the angles ζk accumulate at 0, so the sum
of the ranges is not closed. Since B(H1) ⊗min B(H2) is an algebra, the operators (P1P2)n

are stable, and their strong limit P1 ∧ P2 is unstable. Thus stability passes to norm limits
(see Lemma 3.4(b)), but not to strong limits.
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11 Outlook: registers of growing size
The goal of this section is to indicate how the uniform notions of Section 9 apply to quantum
computation, where the natural setting is a family of registers Hn = (C2)⊗n with readout
observables Cn on Hn ⊗ Hn, and deep computations idealized as ultralimits limk,U Ek ◦
· · · ◦ E1(ρ0) of outputs of quantum channels Ek, in the sense of [ADIW24, DIMW+26].
Each Cn acts on a �nite-dimensional space and is therefore stable (see Corollary 4.2); the
meaningful condition is the uniform stability of the family, in the sense of the remark after
Theorem 9.6.

Two families illustrate the distinction. The equality tests EQn =
∑

x |x⟩⟨x| ⊗ |x⟩⟨x|
in the computational basis factor through ℓ2 with constants independent of n (see the
proof of Proposition 4.6). The family is therefore uniformly stable, its tree dimension is
at most 16/δ2 for all n (see Theorem 9.11), so its growth is polynomial of a degree inde-
pendent of n, and the Monte Carlo bound of Corollary 6.6 holds with M = ⌈4/ε2⌉ for all
n. The comparisons GTn =

∑
x>y |x⟩⟨x| ⊗ |y⟩⟨y| contain 1-ladders of length 2n − 1, hence

1-trees of height n − 1 by Proposition 9.3: the family is not uniformly stable, and n − 1
adaptive probes resolve 2n−1 basis preparations. Let us notice that the same dichotomy
appears in communication complexity: equality has constant public-coin randomized cost,
while Greater-Than on n-bit inputs has cost Θ(logn) [KN97, Vio15]. In the language of
graphs, the communication matrix of Greater-Than is a half-graph, which is a ladder in the
sense of De�nition 9.1, and a family of communication problems excludes large Greater-
Than instances exactly when its matrices contain no large half-graphs. Harms, Wild and
Zamaraev showed that this exclusion, which is stability, is necessary for constant random-
ized cost [HWZ22], and Harms and Zamaraev showed that it is su�cient for matrices of
sign-rank at most 3 and for unit disk graphs [HZ23].

12 Questions
We close with questions raised by the results above, on the structure of O, on the gap
between stability and uniform stability, and on quantitative bounds:

(Q1) Is every stable observable a norm limit of observables whose slice maps factor through
a Hilbert space?

(Q2) Is a self-adjoint observable C uniformly stable if and only if TC factors through a
superre�exive Banach space?

(Q3) Is the operator system O closed under products, and hence a C∗-algebra? If so, the
meet of two stable projections whose ranges have a closed sum would be stable.

(Q4) Is the meet of two commuting stable projections stable?

(Q5) For a uniformly stable family of readouts on n-qubit registers, what is the minimal
size of a mixture simulating idealized preparations to precision ε, and when is it
independent of n? Theorem 6.5 answers this for Hilbert-factorable families.

(Q6) Theorem 9.9 and Proposition 9.13 concern trees with a constant threshold. Does
uniform stability imply that the response class has �nite sequential fat-shattering
dimension at every scale, with node-dependent thresholds? Remark 9.12 gives a
positive answer for Hilbert-factorable observables.
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(Q7) Is the tree dimension dC(δ) of a uniformly stable observable always bounded by a
polynomial in 1/δ, as in the Hilbert case, and is the degree of that polynomial related
to the type of a space through which TC factors?
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